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This article is concerned with the reliable search for optimally performing BSB (brain state in a box) neural associative memories given a set of
prototype patterns to be stored as stable equilibrium points. By converting and/or modifying the nonlinear constraints of a known formulation
for the synthesis of BSB-based associative memories into linear matrix inequalities, we recast the synthesis into semidefinite programming problems and solve them by recently developed interior point methods. The
validity of this approach is illustrated by a design example.
1 Introduction
Since Hopfield (1982) showed that fully interconnected feedback neural networks trained by Hebbian learning rule can function as a new concept of
associative memories, numerous neural network models have been proposed with synthesis methods for realizing associative memories (Michel &
Farrell, 1990). Many studies on how well they perform as associative memories followed. In general, desirable characteristics emphasized in these
performance evaluations include the following (Lillo, Miller, Hui, & Zak,
1994; Zak, Lillo, & Hui, 1996): asymptotic stability of each prototype pattern, large domain of attraction for each prototype pattern, small number
of stable equilibrium points that do not correspond to prototype patterns
(i.e., spurious states), global stability, incremental learning and forgetting
capabilities, high storage capacity, and high retrieval efficiency.
Among the various kinds of promising neural models showing good performance are the so-called BSB (brain-state-in-a-box) neural networks. This
model was first proposed by Anderson, Silverstein, Ritz, and Jones (1977)
and has been noticed as particularly suitable for hardware implementation.
Its theoretical aspects, especially stability issues, are now well documented.
Cohen and Grossberg (1983) proved a theorem on the global stability of the
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continuous-time, continuous-state BSB dynamical systems with real symmetric weight matrices. Golden (1986) showed that all trajectories of the
discrete-time continuous-state BSB dynamical systems with real symmetric weight matrices approach the set of equilibrium points under certain
conditions, and a further extension of this was given in Golden (1993) for
a generalized BSB model. Marcus and Westervelt (1989) also reported a related result for a large class of discrete-time, continuous-state BSB model
type systems. Perfetti (1995), inspired by Michel, Si, and Yen (1991), analyzed qualitative properties of the BSB model and formulated the design
of the BSB-based associative memories as a constrained optimization in
the form of a linear programming with an additional nonlinear constraint.
Also, he proposed an ad hoc iterative algorithm to solve the constrained
optimization and illustrated the algorithm with some design examples.
In this article, we focus on the reliable search for optimally performing BSB neural associative memories. By converting and/or modifying the
nonlinear constraints of Perfetti’s formulation into linear matrix inequalities (LMIs), we transform the synthesis to semidefinite programming (SDP)
problems, each comprising a linear objective and LMI constraints. Since
efficient interior point algorithms are now available to solve SDP problems with guaranteed convergence (Boyd, El-Ghaoui, Feron, & Balakrishnan, 1994; Jansen, 1997), recasting the synthesis problem of the neural associative memories to an SDP problem is equivalent to finding a solution to
the original problem. In this article, we use MATLAB LMI Control Toolbox
(Gahinet, Nemirivskii, Laub, & Chilali, 1995) as an optimum searcher for
each synthesis formulated as an SDP problem.
Throughout this article, the following definitions and notation are used:
Rn denotes the normed linear space of real n vectors with the Euclidean
norm k · k. For a symmetric matrix W ∈ Rn×n , λmin (W) and kWk denote the
minimum eigenvalue and the induced matrix norm defined by maxx6=0
kWxk/kxk, respectively. In denotes the n × n identity matrix, and Hn denotes
the hypercube [−1, +1]n . By binary vectors (or binary states), we mean the
vectors whose elements are either −1 or +1, and Bn denotes the set of all
these binary vectors in Hn . HD(v, v∗ ) denotes the usual Hamming distance
between two vectors v ∈ Bn and v∗ ∈ Bn .
The rest of this article is organized as follows: In section 2, we briefly
introduce the BSB model, stability definitions, and Perfetti’s formulation
for the synthesis of BSB-based associative memories. In section 3, we obtain three SDP formulations (BSB I, BSB II, and BSB III) for the design
of BSB neural associative memories via converting and/or modifying the
original formulation. In section 4, we consider a design example to illustrate the validity of the SDP-based approach established in this article.
BSBs are obtained by solving the corresponding SDP problems for the
given prototype patterns of the example. Performance comparisons are
made between the BSBs designed by the SDP approach and the one obtained by Perfetti’s algorithm, which show the correctness and effective-
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ness of the proposed methods. Finally, in section 5, we give concluding
remarks.
2 Background Results

v(k + 1) = g[v(k) + αWv(k)],

(2.1)

where v(k) ∈ Rn is the state vector at time k, α > 0 is the step size, W ∈ Rn×n
is the symmetric weight matrix, and g : Rn → Rn is a linear saturating
function whose ith component is defined as follows:

1
gi ([v1 , . . . vi , . . . , vn ]T ) = vi

−1

if
if
if

vi ≥ 1,
−1 < vi < 1,
vi ≤ 1.

(2.2)

Throughout this article, we assume α = 1. In the discussion on the stability
of the BSB (see equation 2.1), we use the following definitions (Lillo, Miller,
Hui, & Zak, 1994; Haykin, 1994):
Definition 1. A point ve ∈ Rn is an equilibrium point of the BSB if v(0) = ve
implies v(k) = ve , ∀k > 0.
Definition 2. An equilibrium point ve of the BSB is stable if for any ² > 0, there
exists δ > 0 such that kv(0) − ve k < δ implies kv(k) − ve k < ², ∀k > 0.
Definition 3. An equilibrium point ve of the BSB is asymptotically stable if it
is stable and there exists δ > 0 such that kv(0) − ve k < δ implies v(k) → ve as
k → ∞.
Definition 4. The BSB is globally stable if every trajectory of the system converges to the set of equilibrium points.
A well-chosen set of parameters W can make the BSB (see equation 2.1)
work as an effective associative memory. A good associative memory must
store each prototype pattern as an asymptotically stable equilibrium point
of the network. Also, additional guidelines should be provided to address
other performance indices such as the size of the domain of attraction for
each prototype pattern. In Perfetti (1995), some guidelines were proposed
for the BSB neural networks based on the conjecture that the absence of
equilibrium points near stored patterns would increase their domains of
attraction, and the experimental results showed that such strategy is very
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effective in reducing the number of spurious states as well as in increasing
the attraction basins for prototype patterns. Perfetti (1995) formulated the
synthesis of an optimally performing BSB neural associative memory as the
following constrained optimization problem:
Find W, which maximizes δ > 0 subject to the linear constraints



wij vj(k)  > δ, ∀i ∈ {1, . . . , n}, ∀k ∈ {1, . . . , m},

(2.3)

−1 < wij < +1, ∀i, j ∈ {1, . . . , n},

(2.4)

wij = wji , ∀i, j ∈ {1, . . . , n},

(2.5)

wii = 0, ∀i ∈ {1, . . . , n},

(2.6)

j=1

and to the nonlinear constraint
λmin (W) > −2.

(2.7)

The role of each element of this optimization is as follows: The inequalities
(see equation 2.3) are for the given prototype patterns v(k) ∈ Bn , k = 1, . . . , m
to be stored as asymptotically stable equilibrium points (theorem 2 of Perfetti, 1995). Note that the v(k) are hypercube vertices. Roughly speaking,
with larger δ, the domain of attraction of each prototype pattern becomes
wider; thus the formulation seeks the maximum δ. The bound for the elements of the weight matrix is set by equation 2.4. Both equations 2.5 and 2.7
are constraints for ensuring the global convergence of the synthesized BSBs
(Golden, 1986). The condition 2.6, together with 2.3, guarantees that no binary stable equilibria exist at HD = 1 from each stored pattern (corollary 2
of Perfetti, 1995). The zero diagonal condition, 2.6, also ensures that only
vertices can be stable equilibrium points (theorem 1 of Perfetti, 1995). Due
to this property and noise, only binary steady-state solutions of equation 2.1
can be observed in practice (Perfetti, 1995).
3 Transformation into SDP Problems
In this section, we establish SDP-based synthesis methods for the BSB neural
associative memories by converting and/or modifying the constraints 2.3–
2.7 of Perfetti’s formulation into LMIs.
An LMI is any constraint of the form
4

A(z) = A0 + z1 A1 + · · · + zN AN > 0,
4

(3.1)

where z = [z1 · · · zN ]T is the variable, and A0 , . . . , AN are given symmetric
matrices. In general, LMI constraints are given not in the canonical form, 3.1,
but in a more condensed form with matrix variables. The linear constraints
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3.1 First SDP Formulation (BSB I). The formulation by Perfetti has not
only linear constraints but also a nonlinear constraint, which prevents us
from applying the classical linear programming technique such as the simplex method. However, the nonlinear constraint can be easily converted
into LMIs, which leads to our first SDP formulation. Consider the nonlinear
condition, 2.7. Since W is real and symmetric, its eigenvalues are real, and
corresponding eigenvectors can be chosen to be real orthonormal (Strang,
1988). Thus, its spectral decomposition can be written as
W = U3UT ,
where the real eigenvalues of W appear on the diagonal of 3, and U, whose
columns are the real orthonormal eigenvectors of W, satisfies UUT = UT U =
In . Note that the nonlinear condition 3.7 is equivalent to
3 > −2In .
Therefore, we have the following:
3 > −2In ⇔ U3UT > U(−2In )UT ⇔ W > −2In ⇔ 2In + W > 0. (3.2)
As a result, Perfetti’s formulation can be transformed into the following
SDP problem (BSB I):
max
s.t.

δ
Pn
(k)
v(k)
i ( j=1 wij vj ) > δ(> 0), ∀i ∈ {1, . . . , n}, ∀k ∈ {1, . . . , m},
−1 < wij < +1, ∀i, j ∈ {1, . . . , n},
wij = wji , ∀i, j ∈ {1, . . . , n},
wii = 0, ∀i ∈ {1, . . . , n},
2In + W > 0.

3.2 Second SDP Formulation (BSB II). Note that condition 2.4 is to limit
the magnitude of weight matrix W. The same purpose can be achieved by
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imposing kWk < s, where s is an appropriate positive constant. Since the
matrix norm constraint kWk2 < s2 is equivalent to
xT W T Wx < xT (s2 In )x, ∀x 6= 0,
the norm-bound condition can be reduced to
(3.3)

By the Schur complement (Boyd et al., 1995), this can be rewritten as the
following LMI:
¸
·
sIn W T
> 0.
(3.4)
W sIn
Therefore, our second formulation utilizing kWk < s can be reduced to the
following SDP problem (BSB II):
max
s.t.

δ

Pn
(k)
v(k)
i ( j=1 wij vj ) > δ(> 0), ∀i ∈ {1, . . . , n}, ∀k ∈ {1, . . . , m},
¸
·
sIn W T
> 0,
W sIn
wij = wji , ∀i, j ∈ {1, . . . , n},
wii = 0, ∀i ∈ {1, . . . , n},
2In + W > 0.

3.3 Third SDP Formulation (BSB III). A measure of the degree to which
equation 2.3 is satisfied can be constructed by defining the objective func4

T

tions Qk (W) = v(k) Wv(k) , k = 1, . . . , m. A required necessary (but not sufficient) condition for equation 2.3 is that
Qk (W) > nδ(> 0), ∀k ∈ {1, . . . , m}.

(3.5)

4

With this observation and δ̃ = nδ, we get the third SDP problem (BSB III):
max
s.t.

δ̃
T
v(k) Wv(k) > δ̃(> 0), ∀k ∈ {1, . . . , m},
wii = 0, ∀i ∈ {1, . . . , n},
W = WT ,
¸
·
sIn W T
> 0,
W sIn
2In + W > 0.

(3.6)

A remarkable feature of equation 3.6 is that it is substantially simpler than
the original formulation, BSB I and BSB II.
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4 Experiments and Results
In this section, a design example is presented to show the correctness of
the proposed methods. Consider the BSB model, 2.1, with the dimension
n = 10. Given are the following m = 5 prototype patterns that we should
store as asymptotically stable equilibria of equation 2.1:
= [−1 + 1 − 1 + 1 + 1 + 1 − 1 + 1 + 1 + 1]T
= [+1 + 1 − 1 − 1 + 1 − 1 + 1 − 1 + 1 + 1]T
= [−1 + 1 + 1 + 1 − 1 − 1 + 1 − 1 + 1 − 1]T
= [+1 + 1 − 1 + 1 − 1 + 1 − 1 + 1 + 1 + 1]T
= [+1 − 1 − 1 − 1 + 1 + 1 + 1 − 1 − 1 − 1]T

(4.1)

This is the same set of prototype patterns that was considered in Perfetti
(1995).
Solving the corresponding SDPs (BSB I, BSB II with the norm-bound
s = 2.2, and BSB III with the norm-bound s = 2.5), we obtained three different weight matrices. We call the BSB memories with these weight matrices
BSB I, BSB II, and BSB III, respectively. For a comparison purpose, we also
consider the BSB memory that was designed for equation 4.1 in Perfetti
(1995). To evaluate the performance of these BSB memories, we performed
simulations. For each BSB, every possible binary state was applied as an
initial condition for the memory, and the memory was allowed to evolve
from its initial condition to a final binary state. Our simulation results show
that in all four BSB memories, the stable equilibria are the five prototype
patterns (see equation 4.1) and their negatives. These negative patterns can
be considered as spurious states of the memories. For an investigation of attraction domains, we collected data on the Hamming distances between the
initial condition vectors and their final responses. Then, for each prototype
pattern v(k) and each Hamming distance p, the recall probability P(v(k) , p)
was computed as (the number of the initial condition vectors which are
p-bits away from v(k) and converged to v(k) )/ (the total number of the initial condition vectors which are p-bits away from v(k) ). Shown in Table 1
P
are their averages over the five prototype patterns { 5k=1 P(v(k) , p)}/5. The
interpretation of the data in each entry of the table should be clear (e.g., in
the first row of Table 1, which is for BSB I, the data in the entry corresponding to HD = 2 are 31.6/45. This indicates that there are 45 possible initial
condition vectors at Hamming distance 2 away from a prototype pattern,
and the simulation results show that, on average, 31.6 of them successfully
converge to the prototype pattern). From the table, we can see that the four
BSB memories have similar recall probabilities. For readers’ convenience,
we plotted the contents of Table 1 in Figure 1. Also, we investigated how
many initial condition vectors converged to the nearest prototype pattern
for a comparison of the recall quality. The initial condition vectors can be
divided into three classes based on which is their final response among the
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Table 1: Average Recall Probabilities of the BSB Neural Associative Memories.
HD = 1

HD = 2

HD = 3

HD = 4

HD = 5

1/1
1/1
1/1
1/1

9.6/10
9.6/10
9.6/10
9.6/10

31.6/45
33.2/45
30.8/45
28.8/45

38.0/120
41.2/120
40.8/120
42.4/120

19.4/210
16.6/210
15.6/210
19.2/210

2.8/252
0.8/252
4.2/252
1.4/252

Notes: For each prototype pattern v(k) and each Hamming distance p, the recall probability P(v(k) , p) was computed as (the number of the initial condition vectors which are
p-bits away from v(k) and converged to v(k) )/ (the total number of the initial condition
vectors which are p-bits away from v(k) ). Shown in this table are their averages over the
P5
five prototype patterns { k=1 P(v(k) , p)}/5.

nearest prototype vector, a prototype pattern that is not the nearest one,
and the negatives of prototype patterns. We call these classes best, good,
and negative, respectively. Table 2 shows how many binary states belong
to each class. The contents of the table indicate that BSB II is the most efficient in recalling the nearest prototype pattern. Finally, it should be noted

Figure 1: Comparison of average recall probabilities: For each prototype pattern
v(k) and each Hamming distance p, the recall probability P(v(k) , p) was computed
as the percentage of the initial condition vectors, which are p-bits away from v(k)
P5
and converged to v(k) . Shown in this figure are { k=1 P(v(k) , p)}/5.
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Table 2: Summary of the Final Responses of the Initial Condition Vectors.
Class
Good

Negative

475
483
457
478

37
29
55
34

512
512
512
512

Notes: The initial condition vectors were divided
into three classes based on their final response
among the nearest prototype vector (best), a prototype pattern that is not the nearest one (good),
and the negatives of prototype patterns (negative). Shown in this table are the numbers of binary vectors in these classes.

that the key contribution of this article is not that BSB I, BSB II, and BSB III
have better performance than the BSB memory of Perfetti (1995) but that
BSB I, BSB II, and BSB III solutions are obtained by solving a system of linear
matrix inequalities, while Perfetti (1995) had to solve a system of nonlinear
matrix inequalities.
5 Conclusion
In this article, we addressed the synthesis of optimally performing BSB
neural associative memories by recasting a known formulation into SDP
problems. This recast is particularly useful in practice, because the interior
point methods that can solve SDP problems (i.e., can find the global optimum efficiently within a given tolerance or find a certificate of infeasibility)
are readily available. A design example was presented to illustrate the proposed methods, and the resulting BSBs demonstrated their correctness and
effectiveness, and verified positively the applicability of LMIs to the synthesis of associative memories. The main results of this article concern the
problem of forcing some vertices to be attractors. To prevent other vertices
from becoming attractors is often of interest. In this connection, we can easily
verify with the help of corollary 4 of Perfetti (1995) that the strategy of BSB I
Pn
(k)
wij v(k)
and II, which maximizes a lower bound δ for j=1
i vj , ∀i, ∀k, has an
effect that nearby vertices of the stored prototype patterns are prevented
from becoming attractors.
An important problem we have not addressed here is that of comparing the computational complexity of our LMI-based methods with other
numerical methods for designing BSB model memories that exist in the
literature.
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