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Abstract
In this paper, we introduce genetic programming over context-free languages with linear constraints for combinatorial optimization, apply this method to several variants
of the multidimensional knapsack problem, and discuss its performance relative to
Michalewicz’s genetic algorithm with penalty functions. With respect to Michalewicz’s
approach, we demonstrate that genetic programming over context-free languages with
linear constraints improves convergence. A final result is that genetic programming
over context-free languages with linear constraints is ideally suited to modeling complementarities between items in a knapsack problem: The more complementarities in
the problem, the stronger the performance in comparison to its competitors.
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1 Introduction
In this paper, we present genetic programming over context-free languages with linear
constraints for combinatorial optimization problems. We perform a first comparison
with the penalty function based genetic algorithm of Michalewicz (1994) for variants of
the knapsack problem whose multidimensional zero-one version can be formulated as
follows:
maximize
subject to

pT x
Wx ≤ b
xj ∈ N0 ∀j,
b > 0, p > 0, wij > 0

(1)
(2)
(3)
∀i, j,

(4)

where x represents the n-dimensional vector of items in the knapsack, p the ndimensional vector of prices of the items, b the m-dimensional vector of constraint
bounds for each of the m constraints, W the m × n-dimensional coefficient matrix of
the constraints, and i = 1 . . . m, j = 1 . . . n. Note that we get the multidimensional zeroone version of the knapsack problem by replacing constraint (3) with xj ∈ {0, 1} ∀j.
c
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1. Infeasible solution candidates.
2. Hybrid genetic algorithms.
3. Feasible solution candidates.
1.1

Infeasible Solution Candidates

This strategy allows for the generation of infeasible solution candidates that violate
some of the constraints of the combinatorial optimization problem. We deal with the
violation of constraints either with penalty functions or with repair or decoder algorithms. Penalty functions reduce the fitness of a solution candidate that violates a
constraint. The problem of calibrating these functions, raised in Goldberg (1987), is
discussed in the context of a small set-covering problem in Richardson et al. (1989).
The genetic algorithm of Michalewicz (1994), which we show in more detail in Section
3.1, represents the penalty function approach to the knapsack problem as does the algorithm of Khuri et al. (1994) who report only moderate results on a small number of
standard problems. However, if additional nonlinear constraints must be respected in
a knapsack problem, penalty functions are a natural choice. For example, see Powell
and Skolnick (1993).
The basic idea of repair and decoder algorithms is to find an algorithm that is guaranteed to translate an infeasible solution candidate into a feasible one. The difference
between a repair algorithm and a decoder is that in a repair algorithm, the infeasible
solution candidate is replaced by a feasible one in the population of a genetic algorithm, while a decoder just computes the fitness of the infeasible solution candidate
from the decoded feasible solution candidate. A decoder leaves the infeasible solution
candidate in the population of the genetic algorithm. The algorithm of Chu and Beasley
(1998) for the multidimensional knapsack problem is distinguished by its repair algorithm explained in the next paragraph. Note that a repair algorithm often requires a
problem-specific heuristic and is one of the spots for hybridization, that is, integrating
a competing algorithm. A comparison of several applications of decoder-based evolutionary algorithms for the multidimensional zero-one knapsack problem is given in
Gottlieb and Raidl (2000).
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Why is the problem still of considerable interest? First, the multidimensional
zero-one knapsack is a well-known, NP-hard problem, and it is equivalent to any
zero-one integer programming problem with non-negative coefficients, a view taken
in most early work in this area (e.g., Hillier (1969)). Second, many practical problems
can be solved as a knapsack problem, e.g., cutting stock problems (Gilmore and Gomory, 1966), resource allocation in distributed computer systems (Gavish and Pirkul,
1982), container/vehicle loading (Shih, 1979), and more recently, combinatorial auctions (Rothkopf et al., 1998). Third, variants with varying degrees of difficulty and a set
of benchmark problems available from the OR-Library (Beasley, 1990, 1996) make the
knapsack problem and its variants attractive as a testbed for new methods.
For a review of the literature on the knapsack problem, we refer the reader to Chu
and Beasley (1998). We restrict our presentation in the following to a short discussion of
the main ideas, how genetic algorithms can be extended for combinatorial optimization
problems, in principle, and how suitable and successful these ideas are when applied in
the knapsack problem domain. For clarity of exposition, we distinguish the following
three strategies; each allows for a number of refinements and can be mixed together:

GP for Variants of the Knapsack Problem

1.2

Hybrid Genetic Algorithms

1.3

Feasible Solution Candidates

This strategy concentrates on generating only feasible solution candidates by an appropriate choice of representation with suitable genetic operators that guarantee constraints are never violated. An example of this approach is the genetic algorithm of Hoff
et al. (1996), which achieves this with the help of a random repair algorithm. To implement this strategy, we can distinguish two different approaches: test and reject methods, and problem representations and operators with guaranteed feasible solutions. In
test and reject methods, solution candidates are randomly generated/modified, and
infeasible solution candidates are rejected. This approach is often used in the design of
random number generators for multivariate distributions (Robert, 1999, chapter 2.3).
However, no evolutionary algorithms of this type are known to us.
An example of the second approach is the development of order-based genetic
algorithms for the traveling salesman problem and other variants of scheduling problems. The basic characteristic of this class of algorithms is that a solution candidate for
a scheduling problem can be represented as a sequence of alleles, and suitable genetic
operators can be defined in terms of exchanging two arbitrarily selected alleles so that
the resulting sequence remains feasible. A comparison of such sequencing operations
can be found in Starkweather et al. (1991). Note that although this approach does not
seem to be suitable for the multidimensional knapsack problem, for combinatorial optimization problems like the vehicle routing problem, which combine scheduling and
knapsack type problems, this approach might provide a point of departure for modeling the sequencing aspects of the problem.
Another variant of the second approach is the following: Instead of representing a
knapsack as a bit-string whose bits set indicate the items in the knapsack, one may use,
for example, a robot language that describes the program of a robot that actually packs
items in a knapsack until a solution candidate is found. Such a program can be evolved
by a genetic program for solving this type of optimization problem. In this approach,
the constraints must be integrated in the robot simulation environment. The (optimal)
genetic program is a description of the production process with which a solution can
actually be produced. This idea was suggested under the heading emergent intelligence
by Angeline (1994). For a certain type of cutting-stock problem, Auer (1996) developed
a programmable simulator of a production line, a machine programming language for
the simulator, and a specialized integer-coded genetic algorithm for breeding machine
Evolutionary Computation

Volume 10, Number 1

53

Downloaded from http://direct.mit.edu/evco/article-pdf/10/1/51/1493256/106365602317301772.pdf by guest on 24 September 2021

Hybrid genetic algorithms are genetic algorithms that integrate competing algorithms
or heuristics. For an introduction to hybrid genetic algorithms, P
see Davis (1991). Chu
m
and Beasley (1998) integrate the pseudo utility ratio µj = pj i=1 ωi Wij into their
greedy repair algorithm, where the ωi are the values of the dual variables (the shadow
prices) of the ith constraint of the linear programming relaxation of the multidimensional knapsack problem. Raidl (1998) improves Chu and Beasley’s algorithm, in principle, with a randomized repair strategy based on the values of the primal variables
of the relaxed linear programming solution. Raidl (1999) investigates weight coding
combined with several relaxation-based decoding heuristics.
Other attempts at hybridization of genetic algorithms are reported in Thiel and
Voss (1994) who experiment with several local search algorithms and recommend a
tabu search heuristic. Rudolph and Sprave (1996) suggest the following modifications:
selection is restricted to neighboring solutions, infeasible solutions are penalized, and
an adaptive threshold acceptance schedule is “borrowed” from Dueck (1993).

P. Bruhn and A. Geyer-Schulz

1.4 Outline
In Section 2, we present genetic programming over context-free languages with linear
constraints, which extends the work of Geyer-Schulz (1996) with a constraint propagation mechanism for linear constraints. This new algorithm is a pure representative of
the strategy to allow only feasible solution candidates and the first extension of genetic
54
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programs, which solves the cutting-stock problem. In a series of experiments, he compared his approach to exact solutions found using the method of Gilmore and Gomory
(1966) and reported favorable results for low-volume order sets with a high number of
different cutting patterns.
In our work, we use a representation based on a language that allows only feasible solutions. Other work in the literature has achieved the same objective. Stronglytyped genetic programming adds constraints to genetic programming with the help
of a type system (Montana, 1995). Another approach is grammar-based genetic programming. We attribute to Antonisse (1991) the concept of grammar-based genetic
algorithms for general languages, including type-0 (unrestricted) and type-1 (contextsensitive), and the development of a syntactically closed crossover operator. The part
of the theory for genetic algorithms over type-2 (context-free) languages was developed for the comparison of crisp- and fuzzy-rule languages in Geyer-Schulz (1991) (a
full version of this appeared as Geyer-Schulz (1993)). Algorithms in APL2 were implemented in 1993 and published in Geyer-Schulz (1994), where explicit representations of grammars were used in two applications: evolving 3-D models of jet-planes
with a hybrid GA/GP combination (Nguyen and Huang, 1994), and genetic microprogramming of neural networks (Gruau, 1994). The first extension of simple genetic
algorithms to context-free languages and their analysis with the help of formal power
series is in Geyer-Schulz (1994), which finally appeared as Geyer-Schulz (1995) and
revised as Geyer-Schulz (1996). A C++ implementation more or less based on the
APL2 implementation in Geyer-Schulz (1995, chapter 8) has been developed by Hörner
(1996a, 1996b). The same class of algorithms has been independently developed by
Whigham (1995a, 1995b, 1995c, 1996a, 1996b), albeit without analysis by formal power
series. The algorithms of Whigham and Geyer-Schulz are both based on derivation
trees. Gruau (1996) adopts a similar approach for improving genetic programming performance. In a logic programming context, Wong and Leung (1996) have developed a
genetic algorithm based on definite clause grammars, which evolved from Wong and
Leung (1995). As Keller and Banzhaf (1996) demonstrated, grammar-based genetic
programming is not necessarily linked to a tree representation. Programs in arbitrary
context-free languages can be generated by a clever interpretation of a set of random
numbers as choices of productions of a grammar (and a suitably defined set of default rules for tree completion). Some work on grammatical evolution is based on the
same idea (Ryan et al, 1998; Ryan and O’Neill, 1998; O’Neill, 1999; O’Neill and Ryan,
1999a, 1999b, 1999c, 1999d, 2001). Note that in these approaches, the process of generating a program from a grammar is coded. This is very similar to the idea of Angeline
outlined above.
With regard to multidimensional knapsack problems, all of these genetic programming methods share the same deficiency: the constraint system of the problem cannot
be represented directly by the language describing the knapsack. No extension of genetic programming to combinatorial optimization problems is known to us. But as
we show in Section 3.1, the integer-valued multidimensional knapsack problem can be
represented by a context-free language and a set of linear constraints.
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Figure 1: Two derivation trees.

programming for combinatorial optimization problems in this way. A full account of
this work including implementation details and source code is given by Bruhn (2000).
In Section 3, we investigate the performance of this algorithm for an integervalued multidimensional knapsack problem compared to the genetic algorithm of
Michalewicz (Section 3.1) and for an integer-valued multidimensional knapsack
problem for complementary goods, again compared with the genetic algorithm of
Michalewicz (Section 3.2).
In Section 4, we discuss the limitations and problems of our new algorithm and
identify directions for research and improvement of the algorithm.

2 Genetic Programming over Context-Free Languages with Linear
Constraints
2.1

A Motivating Example

As an illustration of the idea of genetic programming over context-free languages with
linear constraints, consider the following knapsack problem:
maximize
subject to
with

2x1 + 5x2 + 3x3
4x1 + x2 + 5x3 ≤ 9
x1 , x2 , x3 ∈ N0

(5)
(6)
(7)

The following context-free grammar with start symbol S represents all knapsacks
of this problem, with x1 , x2 , and x3 denoting the number of items i1 , i2 , and i3 contained in the knapsack:
S

→

K,

K

→
→

I|IK,
i1 |i2 |i3 ,

I

(8)
(9)
(10)

where each terminal symbol i1 , i2 , and i3 denotes an item that could be contained in
the knapsack. For example, i1 may represent a battery pack, i2 a flash light, and i3 a
cellular phone.
Figure 1 shows two derivation trees for this grammar, the left tree represents the
knapsack i1 i2 with a value of 7 and a weight of 4 + 1 = 5, which is below the limit of 9.
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Figure 2: Two derivation trees with linear constraints.

The right tree represents the knapsack i3 i3 with a value of 6 and a weight of 5 + 5 = 10,
which is infeasible because its weight is above the limit of 9. Obviously, by adding a
constraint check that discards infeasible derivation trees to the grammar-based genetic
programming algorithm of Geyer-Schulz (1996), we can immediately solve our example problem at the cost of generating and then discarding infeasible derivation trees.
Unfortunately, the cost of testing and rejecting derivation trees increases with problem
size.
We can try to keep track of constraint (6) by extending the information stored in a
node of the derivation tree in a suitable manner that supports testing the feasibility of
a derivation tree and generating and substituting feasible derivation trees.
As a first step in this direction, we have to represent the constraint
4x1 + x2 + 5x3 ≤ 9

(11)

in the derivation trees shown in Figure 1. We note that the terminal symbols i1 , i2 , and
i3 have weights of 4, 1, and 5, respectively. A knapsack is denoted by the nonterminal
symbol K, and its weight is restricted to 9. In Figure 2, we integrated these coefficients
into the derivation trees shown in Figure 1. Note that only the nonterminal symbol K
has a restriction r = 9, whereas all other symbols are unrestricted (r = ∞). Only the
terminal symbols i1 , i2 , and i3 have weights c > 0; all nonterminals have a weight of 0
(c = 0).
In Figure 2, we achieved an integration of the linear constraint (6) into the derivation tree in a systematic way. But what we really want (and need) to know is:
1. How much weight has been used up by each derivation subtree (usage u)?
2. What is the weight limit for replacing a derivation subtree with another derivation
subtree with the same root (limit l)?
As Figure 3 shows, we recursively compute the usage of a node in the derivation
tree as the sum of its own usage and the usages of its sons as defined in Equation (12).
56

Evolutionary Computation

Volume 10, Number 1

Downloaded from http://direct.mit.edu/evco/article-pdf/10/1/51/1493256/106365602317301772.pdf by guest on 24 September 2021

r=9
c=0

8

8

K

8

r=
c=0

I

8

S

GP for Variants of the Knapsack Problem

r=
c=0
u=5
l=

S

r=
c=0
u=10
l=

K

r=9
c=0
u=5
l=9

K

r=9
c=0
u=10
l=9

8

8

S

8

8
r=9
c=0
u=1
l=5

I

i1

r=
c=4
u=4
l=8

I

r=
c=0
u=1
l=5

i3

r=
c=0
u=5
l=4

r=9
c=0
u=5
l=4

I

r=
c=0
u=5
l=4

8

r=
c=5
u=5
l=4

8

8

8

K

i2

r=
c=1
u=1
l=5

r=
c=5
u=5
l=4

8

8

Subtree A

Subtree B

i3

Figure 3: Two derivation trees with linear constraints, usages, and limits.

For example, consider node K with c = 0, sons I, u = 4, and K with u = 1 in the left
derivation tree of Figure 3. We get uK = 5 = 0 + 4 + 1.
The limit of a node is the minimum of its own restriction r and the sum of its
own usage added to the difference of the limit of its father and the usage of its father
as defined in Equation (13). Consider node I with r = ∞ and u = 4 and its father
node K with l = 9 and u = 5 in the left derivation tree of Figure 3. We get lI = 8 =
min(∞, 9 − 5 + 4). That is, resource usage by other sons has to be taken into account.
Clearly, a derivation tree does not violate constraint (6) if l ≥ u holds in all of its nodes.
We immediately see that the right derivation in Figure 3 violates constraint (6), because
in the second node K, we see that l = 9 and u = 10 (bold in Figure 3).
We see that we can substitute the subtree A for the subtree B in Figure 3, resulting
in the derivation tree shown in Figure 4, where the recomputed values are in bold.
2.2

Context-Free Grammars with Linear Constraints

We start with a repetition of a few basic definitions for formal languages (Hopcroft and
Ullman, 1979):
An alphabet is a finite set of symbols. A string is a finite sequence of symbols. A
(formal) language Σ is a (finite or infinite) set of strings based on a chosen alphabet.
We denote the set of all strings over a given alphabet by Σ∗ , the set of all strings with
length n over a given alphabet by Σn .
A context-free grammar is a tuple G = (V, T, P, S), where V is the set of nonterminal
symbols, T the set of terminal symbols with V ∩T = ∅, the relation P ⊆ V ×(V ∪T )∗ is a
finite set of production rules and S the start symbol with S ∈ V . We denote productions
by A → α (A derives α), where A ∈ V is a non-terminal and α ∈ (V ∪ T )∗ a string. The
set of all strings consisting only of terminals that can be derived from start symbol
Evolutionary Computation
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Figure 4: Derivation tree after substitution.

S by sequential application of production rules is called the context-free language L(G),
which is produced from grammar G. (The derivation A → α can be seen as substitution
σ(A, α), too.)
Every string of a context-free language with a context-free grammar G =
(V, T, P, S) can be represented as a derivation tree with the following properties:
1. The root is marked with S.
2. Every inner node is marked with a symbol from V .
3. Every leaf node is marked with a symbol from T .
4. If node n is marked with A and the sons of node n from left to right are marked
with X1 , X2 , . . . , Xk , then there must be a production rule A → X1 X2 . . . Xk in P .
For the purpose of grammar-based genetic programming, we note that a grammar
can be used as a device for generating random strings of a context-free language by
randomly selecting which derivation should be done next. A formal analysis of such
devices can be found in Böhm and Geyer-Schulz (1997).
In addition, the building block for genetic operators (like mutation and crossover)
in grammar-based genetic programming is feasible subtree substitution that is closed
over L(G), as shown in Geyer-Schulz (1996): Suppose D is a complete derivation tree
for a context-free grammar G = (V, T, P, X) with a set of subtrees D1 , . . . , Dn whose
roots are labeled with symbols from V ∪ T . I is a complete derivation tree for the
context-free grammar G0 = (V, T, P, S) whose root is labeled with S. A subtree substitution is feasible, if I replaces a subtree Di of D, which is labeled with S (Geyer-Schulz,
1996). To guarantee that feasible subtree substitution is closed, we complete it with an
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identity operation: if no subtree labeled with S exists in D, the result of the operation
is D.
In the context of combinatorial optimization problems, we can interpret each
string of a suitably defined, context-free language as a solution candidate for the optimization problem. Unfortunately, a context-free grammar allows for the generation
of strings that violate one or more of the constraints that are part of the combinatorial
optimization problem. Since in this paper we concentrate on the knapsack problem
and its variants, it suffices to integrate linear constraints of the form Wx ≤ b with
context-free grammars for grammar-based genetic programming.

1. Each symbol in V ∪ T is represented by a triple (e, r, c), where e denotes the label of the
symbol, r the m-dimensional vector of bounds (ri ∈ R ∪ ∞), and c the m-dimensional
vector of technical coefficients of e.
2. For the start symbol S: r = ∞, and c = 0.
3. For the special non-terminal symbol, say K, that represents the configuration of items (e.g.,
the knapsack): r = b, and c = 0.
4. For all other non-terminal symbols: r = ∞, and c = 0.
5. For the terminal symbol representing ij , counted by variable xj : r = ∞, and c = wj ∀j.
In the examples in Section 3, we denote the assignment of vectors r and c to the
symbol s of V ∪ T as r(s) and c(s) as suggested in Bruhn (2000). Note that we can use a
context-free grammar with linear constraints as a word-generating device in the same
way as a context-free grammar.
In the derivation trees generated from such a context-free grammar with linear
constraints, we keep track of the constraints in each node e of the derivation tree with a
vector ue of resource usage and le of limits available for the subtree labeled e given the
rest of the derivation tree.
We recursively define the usage of resources ue for each node e in a derivation tree
by computing
X
ue = ce +
(12)
uv ,
v∈S(e)

where S(e) is the set of the sons of node e.
The limit le of a node e is the amount of resources the subtree maximally could
have used. Once again, we compute le for all nodes of a derivation tree (except the
root) recursively:
(13)
le = min[re , (lV (e) − uV (e) + ue )],
where V (e) is the father of node e.
A derivation tree for a context-free grammar with linear constraints does not
violate constraints Wx ≤ b, if 1 ≡ (le ≥ ue ) ∀e with x ≡ y defined as 1 if
xi = yi ∀i = 1, . . . , m and x and y m-dimensional vectors, and x ≡ y defined as 0
otherwise. When suitable, 0 stands for false and 1 stands for true. Finally, we extend
Evolutionary Computation
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D EFINITION 1 (Context-Free Grammar with Linear Constraints): A set of linear constraints Wx ≤ b, W = [w1 | . . . |wn ] (with xj ∈ N0 ∀j, b > 0, wij > 0 ∀i, j, with i =
1, . . . , m, j = 1, . . . , n) is integrated with a context-free grammar G = (V, T, P, S) in the
following way:
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Figure 5: Generating an individual.

the definition of a feasible subtree substitution for derivation trees of context-free
grammars with linear constraints as follows:
D EFINITION 2 (Feasible Subtree Substitution with Linear Constraints): A feasible subtree
D of a derivation tree of a context-free grammar with linear constraints may replace a subtree
E of a derivation tree of the same grammar if
1. the root nodes W (D) of D and W (E) of E are labeled with the same symbol,
2. 1 ≡ (u(W (D)) ≤ l(W (E))) holds. (Usage of resources is less than resources available.)
And if these conditions do not hold, we complete with an identity operation.
2.3

The Genetic Programming Algorithm for Context-Free Grammars with Linear
Constraints

In this section, we describe the algorithm used in the experiments in Section 3. The
algorithm has been implemented in OCAML.1 We use a generation-based genetic algorithm with elitism.
Selection is proportional to fitness and based on Baker’s (1987) stochastic universal sampling algorithm. It is modified for elitism so that the best individual always
remains in the population.
Conceptionally, generating an individual is a process with three phases:
1. In the first phase, we generate a random derivation tree from a context-free grammar with linear constraints by randomly choosing a production rule from the set of
production rules suitable for the expansion of a non-terminal symbol. Derivation
tree (1) in Figure 5 is the result of the first phase.
2. In the second phase, we compute the usage of resources of each node of the derivation tree as defined in Equation (12). Derivation tree (2) in Figure 5 illustrates the
result of this phase.
1 See http://caml.inria.fr/ocaml; its source is contained in Bruhn (2000) and can be obtained by
request from the authors.
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3. In the third phase, we apply Equation (13) recursively to compute the limits of the
nodes of the derivation tree. Derivation tree (3) in Figure 5 shows the result of this
phase.
In the current implementation, the random generation of a derivation tree is repeated until a feasible individual has been generated.
This implementation of the generation of a derivation tree for a context-free grammar is assumed to work reasonably well as long as the linear constraints are not restricting the search space in such a way that only a few or none of the words are feasible
solutions. In this case, however, the generation of an initial population may need quite
some time, because of the high number of retries due to constraint violations. In the current version, this drawback can be reduced by reducing the number of derivation steps
allowed in the generation process or specifying redundant, additional production rules
that favor the derivation of smaller trees. Allowing for redundant production rules in
a context-free grammar is a crude but readily available method of changing the search
behavior of the genetic programming algorithm.
Mutation is defined as feasible subtree substitution with linear constraints of a
randomly selected subtree by a new, randomly generated subtree such that Definition
2 holds. The first step consists of randomly selecting an interior node of the derivation
tree with equal probability, which must be labeled by a non-terminal symbol and regenerating this subtree. This must be possible because at least one such subtree exists,
namely the subtree that should be replaced. Finally, all l- and u-values of the tree must
be recomputed. Figure 6 illustrates the mutation operator. The bold subtree in derivation tree (1) is replaced by the bold subtree in derivation tree (2). In the current version,
the mutation rate specifies the probability that a single mutation operation is applied
to an individual (a “one-subtree” mutation).
Recombination of two individuals is based on feasible subtree substitution with
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Figure 7: Recombination.

linear constraints given in Definition 2. A randomly selected subtree of the first individual is substituted by a suitable subtree of the second individual such that Definition
2 holds. In detail, for each interior node of individual 1, we generate a list of feasible
subtree substitutions, and we choose from all these substitutions with equal probability. An example of a feasible recombination is shown in Figure 7. The bold subtree
in derivation tree (1) replaces the bold subtree in derivation tree (2), and the result is
derivation tree (3) in Figure 7. Obviously, after the subtree substitution, the l- and uvalues of the resulting subtree must be recomputed.
In the current version, two parents always produce only one child for recombination. This is in contrast to other genetic programming variants that implement recombination by exchanging subtrees. The rationale for this change is that with an additional
linear constraint system, it may be possible that only one of the two subtree substitutions is feasible and allowing only recombinations where both subtree substitutions are
feasible would severely restrict the set of possible recombinations of two individuals.

3 First Results for Variants of the Knapsack Problem
In the following, we present first performance results of genetic programming over
context-free languages with linear constraints for:
1. An integer-valued, multidimensional knapsack problem compared to the penalty
function based genetic algorithm of Michalewicz (1994).
2. An integer-valued, multidimensional knapsack problem for complementary goods
compared with the same algorithm.
In the description of these two experiments, we provide a short problem description and a characterization of the data set for the experiment; we describe the competing algorithms and their parameters for the experiment; and we describe the experiment itself and the inferences we can draw from it.
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GP for Variants of the Knapsack Problem

Table 1: Parameters of experiments 1, 2a, and 2b.

3.1
3.1.1

GA
0.05
0.70
SUS, elitist
300
300
500

GP
0.05
0.70
SUS, elitist
300
300
500

The Integer-Valued Multidimensional Knapsack Problem
Problem

In the integer-valued multidimensional knapsack problem, we maximize the value of
items that we pack into a knapsack subject to several linear constraints on, e.g., the
weight of the knapsack, the volume of the knapsack, and the assumption that several
items of a kind are available. For this problem, we refer the reader to Equations (1)–(4)
in Section 1.
3.1.2

Test Data Set

The test data set chosen for this experiment is the first data set of file mknapcb7.txt.2
The method for generating this data set is described in Chu and Beasley (1998). The
data set contains a knapsack problem with 100 different types of items subject to 30
constraints; its optimal solution is unknown (n = 100, m = 30). This data set was
originally constructed as a test for zero-one knapsack algorithms.
3.1.3 The Genetic Algorithm of Michalewicz (GA)
Following Michalewicz (1994), we propose the following fitness function f (x) with
penalty term P (x) for genetic algorithms subject to linear constraints:

where
and

f (x) = pT x − P (x)
P (x) = ρ(v > 0)T v
v = (Wx − b)
T

ep
n
ρ = maxm
i=1 maxj=1 ( W )i,j .

(14)
(15)
(16)
(17)

with the m-dimensional column vector e = (1, . . . , 1)T and A
B as elementwise division
aij
of corresponding matrix elements bij
for two matrices A, B of the same dimensions.
For convenience, a > b is defined as elementwise comparison of corresponding vector
elements.
A knapsack is coded as a variable length vector of integers from 1 to n, where each
integer j represents an item of type j (e.g., the solution vector (10, 5, 3, 5, 5) corresponds
to the knapsack solution x3 = 1, x5 = 3, x10 = 1, and xj = 0 for j 6= 3, 5, 10).
The initial population consists of vectors of integers from 1 to 100 drawn with equal
probability. The initial length of each vector is an integer drawn with equal probability
from 1 to 7.
2 This can be obtained from ftp://mscmga.ms.ic.ac.uk/pub/mknapcb7.txt of the OR-Library
(http://www.ms.ic.ac.uk/info.html).
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Figure 8: Comparison of GA and GP average performance in experiment 1 (500 runs).

Mutation is applied elementwise; crossover is a one-point crossover operator
adapted for variable length strings: crossover positions are selected independently for
each parent vector. Selection is done by stochastic universal sampling (SUS), selection
is elitist. The parameters used in the experiment are shown in Table 1.
In all runs in all experiments (1500 runs), the best individual of this genetic algorithm was feasible and, therefore, without penalty term.
3.1.4 Genetic Programming with Linear Constraints (GP)
For the genetic programming algorithm of Section 2, the following context-free grammar G1 with linear constraints is used in the experiment:
S
K
A

→

K,
→ A|AK|AKK,
→ a1 |a2 | . . . |a100 .

(18)
(19)
(20)

The terminal symbols aj represent items of type j with j = 1, . . . , 100. Note that
the production AKK is redundant—its only purpose is to change the probability distribution of derivation trees. It increases the probability of generating knapsacks that
contain “more” items.
In addition, the linear constraint set Wx ≤ b leads to the following allocation of 2
m-dimensional vectors c(s) and r(s) to each symbol s ∈ (V ∪ T ):
c(aj ) = wj

∀j, c(S) = c(A) = c(K) = 0,
r(S) = b, r(K) = r(A) = r(aj ) = ∞ ∀j,

(21)
(22)

where W = (w1 , . . . , wn ) is partitioned in column vectors wj . Again, the parameters
of the genetic programming algorithm used in the experiment are presented in Table 1.
3.1.5 Experiment 1
To compare the average performance of GP with respect to GA, we ran both algorithms
500 times with the parameter settings shown in Table 1.
64

Evolutionary Computation

Volume 10, Number 1

Downloaded from http://direct.mit.edu/evco/article-pdf/10/1/51/1493256/106365602317301772.pdf by guest on 24 September 2021

Average fitness of best individual

P. Bruhn and A. Geyer-Schulz

GP for Variants of the Knapsack Problem

k
Table 2: Test for H0k versus HA
in experiment 1.

k
x̄GP,k
x̄GA,k
2
sGP,k
2
sGA,k
Zk

50
18192.17
18043.85
282520.38
176896.31
4.89

100
19128.34
18613.91
233186.13
191146.73
17.66

150
19649.96
18946.10
207547.33
176846.42
25.39

200
19967.34
19163.66
196776.39
169702.02
29.69

250
20175.37
19334.93
172135.19
179705.77
31.68

300
20324.17
19472.21
170300.06
173959.08
32.47

1. The expected average fitness of the best individual in a GP start population is far
higher than in the GA start population (14147 for GP versus 5951 for the GA). The
best individual in all GA start populations is feasible. This implies that the penalty
function does not contribute to the inferior start solutions in the GA.
2. GP seems to produce better solutions in the long run.
To test the impression that the average performance of the GP is better than GA, we
2
set up the following test for each generation: Let x̄GP,k , x̄GA,k , sGP,k
, and s2GA,k denote
the sample means and variances of the fitness of the best individual at generation k for
2
2
, and σGA,k
a sample of 500 independent runs of GP and GA. Let µGP,k , µGA,k , σGP,k
denote the true means and variances. Since the observed sample values xGP,k and
xGA,k are independently identically distributed (i.i.d.) by the central limit theorem, we
expect x̄GP,k and x̄GA,k to be approximately normally distributed with means µGP,k
2
2
and σGA,k
. For testing
and µGA,k and variances σGP,k
H0k : µGP,k − µGA,k = 0

(23)

with respect to the alternative hypothesis
k
HA
: µGP,k > µGA,k

(24)

we use the standard test statistic
x̄GP,k − x̄GA,k
,
Zk = q 2
sGP,k
s2GA,k
+
nGP
nGA

(25)

which is asymptotically standardnormal under the null-hypothesis, where nGP and
nGA represent the number of runs of the algorithms GP and GA.
Setting the probability of a type I error α to 0.05, we have to dismiss the nullhypothesis if Zi > 1.65.
Table 2 shows these statistics for several generations. We have to reject H0k for all
cases shown in the table. Tests for all generations have rejected H0 for all generations
but 8 to 39. We conclude that GP outperforms GA during the first 7 generations and
from generation 40 to 300. GP seems to be a good anytime algorithm.
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Figure 8 shows the average fitness of the best individual for the two algorithms,
GA and GP, for each generation . A first visual inspection of Figure 8 shows the following:
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3.2

The Integer-Valued Multidimensional Knapsack Problem for Systems
(Complementary Goods)

3.2.1 Problem

maximize
subject to

pT x

(26)

Wx ≤ b
xj ∈ N0 ∀j,
X
X
xc −
xd = 0

(27)
(28)

xc ∈C

(29)

xd ∈D

b > 0, p > 0, wij > 0
T
),
xT = (xTC , xD

∀i, j,

(30)
(31)

where xC is the vector of item types of component class C and xD is the vector of item
types of component class D.
Note that, at least for GP, our simplifications are without restriction of generality
and can be easily dropped as we discuss in Section 3.2.4. The system constraint is
modeled by Equation (29) for 2-component systems; it must be appropriately adapted
for the general case.
3.2.2

Test Data Set

The test data set chosen is the same as in the previous experiment. It is described in
Section 3.1.2. For experiment 2a, we treat the first 50 types of items as members of component class C and the remaining 50 as members of component class D. In experiment
2b, the first 10 belong to component class C and the remaining 90 to component class
D.
3.2.3 The Genetic Algorithm of Michalewicz (GA)
For the algorithm of Michalewicz, we use the version described in Section 3.1.3 with
the parameters shown in Table 1 and a penalty function P 0 (x):



P (x) = P (x) + ρ · 

0

0

X
xc ∈C

xc −

X
xd ∈D

!


xd 


(32)

P (x) is given in Equation (15). The second term penalizes violations of the system
constraint (29), where ρ0 is a constant (set to 50 in the experiments).
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In this problem, we maximize the value of systems we pack into a knapsack. The knapsack is subject to several linear constraints and the system constraints. The system
constraints enforce that each system is fully composed of components of proper type.
In economics, complementary effects between goods are well known, and the impact
of systems consisting of a number of compatible and complementary goods on competition and standardization has been analyzed in Katz and Shapiro (1985). A practical
example is the assembly of PCs. For experiments 2a and 2b, we restrict ourselves to
the simplest version of this problem—systems consisting of two types of components,
C and D, each having a number of compatible items available, and the assumption that
the value of a system is simply the sum of the value of its components:

GP for Variants of the Knapsack Problem

k
Table 3: Test for H0k versus HA
in experiment 2a.

k
x̄GP,k
x̄GA,k
s2GP,k
s2GA,k
Zk

50
18225.08
17212.99
219919.88
217428.74
34.22

100
19108.12
17757.29
191182.30
206411.55
47.90

150
19564.27
18054.32
170806.15
194283.01
55.88

200
19831.57
18297.28
185494.70
200053.16
55.25

250
20017.84
18481.15
206676.24
200316.03
53.86

300
20164.64
18623.71
216147.43
206224.97
53.02

k
x̄GP,k
x̄GA,k
s2GP,k
2
sGA,k
Zk

50
18051.99
9759.22
168326.06
10037992.16
58.04

100
18832.07
12617.35
146895.43
7893595.85
49.01

150
19225.37
14203.47
171070.64
5208914.12
48.41

k
x̄GP,k
x̄GA,k
s2GP,k
2
sGA,k
Zk

200
19480.24
15250.79
208669.48
3261738.05
50.77

250
19667.99
15962.36
220428.95
2173218.10
53.56

300
19819.74
16378.02
226741.05
1552639.26
57.69

3.2.4 Genetic Programming with Linear Constraints (GP)
Grammar G2a used in experiment 2a models the system constraint (29) in a natural
way:
S → K,
K → A|AK|AKK,
A → CD,
C → a1 |a2 | · · · |a50 ,
D → a51 |a52 | · · · |a100 .

(33)
(34)
(35)
(36)
(37)

For experiment 2b, we replace the last two productions, (36) and (37), to obtain
grammar G2b :
C → a1 |a2 | · · · |a10 ,

(38)

D → a11 |a12 | · · · |a100 .

(39)

For the linear constraint set, we simply add the (usual) definitions for c(s) and r(s)
for the nonterminals C and D to Equations (21) and (22):
c(C) = c(D) = 0
r(C) = r(D) = ∞
Evolutionary Computation
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k
Table 4: Test for H0k versus HA
in experiment 2b.
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Figure 9: GA vs. GP for complementary goods (experiment 2a).

These production rules do constrain the search space, since only those derivation
trees are valid that contain pairs of complementary items that form a system. Note that
the production rules of the grammar can easily represent quite complex specifications,
how systems should be composed, or what types of systems are possible.
3.2.5 Experiments 2a and 2b
The experimental setup for both experiments is the same as for experiment 1 in Section
3.1.5. However, experiments 1, 2a, and 2b differ in the way the system constraint (29)
restricts the search: no restriction for experiment 1, a moderate restriction for experiment 2a (2500 complete systems), and an even tighter restriction for experiment 2b (900
complete systems). Tables 3 and 4 summarize the statistical test results. With α = 0.05,
all Zk in both tables are larger than 1.65, and for all generations in both experiments,
we have to reject the hypothesis that GA and GP have the same average performance.
Figures 8, 9, and 10 tell the tale: average GP performance increases with respect to GA
performance with the tightness of the system constraint.
Figure 11 graphically shows the effect of using a grammar in the experiments. For
experiment 1, the grammar G1 of the GP specified the same search space as Σ∗ for
the GA. All performance differences must, therefore, be attributed to differences in the
structure of the σ-algebra of GP and GA whose characterization merits further investigation. However, in experiment 2a, grammar G2a successfully models the system
constraint (29) and thus reduces the search space of GP considerably. Experiment 2b
is deliberately set up to demonstrate that grammar 2b achieves a further search space
size reduction. The performance gains of GP in experiments 2a and 2b is, therefore, at
least partially explained by the reduction of the search space by the grammars G2a and
G2b .

4

Conclusion and Further Work

In this article, we have extended genetic programming over context-free languages to
handle linear constraint systems in a straightforward and general manner. The algorithm was applied to two variants of the multidimensional knapsack problem, and
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Figure 10: GA vs. GP for complementary goods (experiment 2b).

its performance was compared to Michalewicz’s genetic algorithm with penalty functions. In the experiments reported in Section 3, genetic programming over context-free
languages with linear constraints outperformed Michalewicz’s genetic algorithm. Especially in early generations, a large discrepancy in the fitnesses of the best individuals
was observed. We attribute this superior performance at least partially to a higher
sampling rate in the feasible region, which increases the probability of finding better
solutions.
This new grammar-based genetic programming variant is more flexible than
its competitor, because all presented knapsack variants are easily handled within
the framework of genetic programming over context-free languages with linear constraints. With the knapsack variant for systems (or complementary goods) we have discovered a new knapsack variant ideally suited for genetic programming over contextfree languages with linear constraints, and it seems to be a promising approach for
system assembly problems or modeling network effects between bundles of complementary goods (e.g., combinatorial auctions). In addition, we intend to extend this
approach for multidimensional zero-one knapsack problems and compare it with Chu
and Beasley’s algorithm.
However, as usual, the current implementation still leaves several areas of improvement. In the algorithm for generating derivation trees, for example, the following
options may improve performance:
• Keeping a table of a few small subtrees for each non-terminal symbol and, in case
of a constraint violation, retry with one of these smaller subtrees or
• integrating a penalty function approach.
Variants of mutation and recombination algorithms that have not been studied are:
• If generation of a new subtree fails for a node, then choose another node and try.
• Various transformations of the probability of selecting an interior node for substitution by functions of tree-metrics (subtree size, depth, ...).
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Grammar G1

Figure 11: Feasible solution and search spaces in the experiments 1, 2a, and 2b.

• The mutation rate specifies the probability that a subtree is replaced. This would
allow for more than one mutation operation per individual. Note, however, that
a single mutation operation may affect a complete derivation tree and that mutation in a simple binary-coded genetic algorithm usually does not affect a complete
chromosome.
For zero-one knapsack problems, set operations on the available terminal symbol sets should be implemented in order to replace the linear constraint system that
enforces the zero-one condition on items. With this change, however, we leave the
framework of context-free languages.
In all experiments, we used a grammar with the redundant production K →
AKK. The effect of this redundant rule on the performance of the algorithm is an
average improvement of approximately one percent in the best solution found in all
three experiments. However, even when using the grammar without the redundant
production, genetic programming over context-free languages with linear constraints
outperformed Michalewicz’s genetic algorithm. For further research, we plan the analysis of redundant grammars and of the influence of normal forms on the performance
of such algorithms, as well as the development of a version of an algorithm that coevolves redundant context-free grammars and the development of hybrid algorithms in
the spirit of Chu and Beasley.
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