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tribute to the present Symposium, and gave much helpful ad-
vice for the revision of this paper. 
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Discussion 
R. J. KOCHENBURGER.4 The author should be commended for 

the work he has done in advancing the theory of nonlinear servo-
mechanisms as represented by this and his previous papers. I t 
is believed that these contributions have provided additional 
mathematical justification to those techniques where the fre-
quency-response approach is applied to such nonlinear systems. 
His work also has pointed out carefully the limitations imposed 
on this approach. 

The writer wishes to supplement the paper by mentioning sev-
eral other contributions in this field. The original suggestion 
regarding the concept of neglecting higher harmonics first arose 
in the textbook by Oldenbourg and Sartorius (9).s The author 
has mentioned contributions made by J. R. Dutilh and this dis-
cusser; it might also be mentioned that Goldfarb (10) in the 
USSR, arrived at similar conclusions at about the same time. 
Goldfarb's work, however, was not brought to  the general atten-
tion  of engineers in the U. S. and Western Europe until some 
number of years later. Following these original contributions, 
E. C. Johnson (11) extended this approach in a number of respects. 
Among other suggestions and conclusions, he proposed a means 
for including the effects of some of the more significant higher-
harmonic components. 

Since that time other papers have appeared which apply this 
general "describing function" method to specific types of servo-
mechanism problems. One by V. B. Haas (12) applies this 
method to systems which include significant friction effects. One 
by the discusser (13) applies the method to instances where limit-
ing and saturation effects are important. This latter, and a paper 
by E. S. Sherrard (14) discuss the difficulties that can arise when 
limiting effects appear in conditionally stable systems and sug-
gest means for eliminating these difficulties. 

It is believed that many further advances employing this gen-
eral technique can be expected to advance the theory of nonlinear 
control-system design in the near future. The author, for exam-
ple, calls attention to a number of problems that still await solu-
tion. 

1 Professor of Electrical Engineering, University of Connecticut, 
Storrs, Conn. 

• Numbers in parentheses apply to the Bibliography references 
(9 to 14, inclusive) at the end of this discussion. 
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W . H. SURBER, JR.6 This paper outlines some aspects of a 
method of generalizing the "frequency-response" methods of 
analyzing linear systems so that they may be applied approxi-
mately to nonlinear systems. If valid, this method may be 
used to predict the stability of the system and to locate approxi-
mately the phase space trajectories or "limit cycles" of unstable 
systems. This is an attractive possibility, of course, due to 
the well-known difficulties in handling nonlinear differential 
equations of the third order or higher, and it has been studied 
by a number of investigators. 

The method assumes that the linear part of the system com-
pletely filters out the harmonic wave-form distortion produced 
by the nonlinear element, i.e., that these harmonics are not 
transmitted around the loop and do not appear at the input to 
the nonlinear device. This is justified approximately in many 
cases. Fortunately, the more complex the system, the better the 
method usually applies. Since it is potentially so useful, how-
ever, it would be desirable to place it on a more rigorous founda-
tion  if possible. One paper, by E. C. Johnson (11), has appeared in 
which a method taking these nonlinearly generated harmonics of 
the signal wave form into account is described. Although the 
calculations are rather complex, it provides a valuable method 
of checking the applicability of the more approximate approach. 

R. H. MACMILLAN.7 What is now generally known as the 
"describing function" method, as first applied by Tustin to 
hereditary nonlinearities in linear servosystems and by Koch-
enburger to relay-control systems, involves the plotting of a har-
monic response locus Y(to) for the linear elements of the servo 
loop, together with a second locus, or describing function, 
—1 /f(x), which is the reciprocal of the amplitude-dependent gain 
of the nonlinear elements. Intersections of these loci may rep-
resent the possibility of sustained oscillation at the amplitude and 
frequency indicated. 

When the amplitude and frequency-dependent elements are 
separable, it is rather easy to see from a sketch whether an inter-
section of the loci represents a stable or an unstable mode of 
oscillation. Consider, for example, the loci indicated in Fig. 8, 
herewith, intersecting at A, B, and C. 

If the locus F ( — a + ju) is plotted, as shown by the dotted 
line, it will lie close to FO'co) for small values of a and on the side 
of that locus indicated. Intersections of this curve with the 
describing function locus represent states of positively damped 
oscillation; i.e., the amplitude tends to decrease. 

Suppose now that oscillation is occurring at the point A when 
its amplitude is slightly increased, so moving the operating point 

8 Associate Professor of Electrical Engineering, Princeton Univer-
sity, Princeton, N. J. 

7 University Lecturer, Cambridge University, Cambridge, England. 
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along the describing function locus to A'. We have shown that 
the resulting motion at this point is one of decreasing amplitude, 
so that the oscillation tends to return to its equilibrium value at 
A, which is thus a stable point. One can show similarly that 
B is an unstable point and C is stable. This alternation of stable 
and unstable limit cycles is in accordance with the general theory 
propounded by PoincarS. 

I t will be noted that if the system is started oscillating freel}' 
with amplitude x0, it would appear possible to determine the 
nature of the initial mode of damped oscillation, x0e ~mi cos coot, 
from the curve F(<Xo + jwo) on which the point z0 of the de-
scribing function lies. Such an elementary approach ignores the 
rate of change of damping and frequency and can lead to appre-
ciable error. When a and o> are taken into account, however, rela-
tively simple analytical expressions can be derived for the tran-
sient response of nonlinear systems; these are as accurate as 
the results obtainable by the describing function method for 
the sustained oscillation. This work was done by Mr. P. E. W. 
Grensted at Cambridge University and will be published shortly. 

When the amplitude and frequency-dependent elements are 
not separable, it would be possible to regard the describing func-
tions as a series of contours for each frequency, the whole being 
plotted so as to form a surface with frequency as a third axis 
normal to both those already used. This surface would have 
upon it lines of constant x. The Y(a + jw) lines form a second 
surface with lines of constant a. These two surfaces intersect, 
in general, in an "operating line," to every point of which there 
corresponds a single value of both x and a. Points of possible 
continuous oscillation are those where a = 0. A small disturb-
ance at such a point would move the system along the operating 
lin e and the sign of a determines, as formerly, the state of equi-
librium of the operating conditions considered. This is a graphi-
cal interpretation of what M. Loeb has done analytically in his 

paper; analysis is indispensable fori any nonseparable system, 
except the very simplest, but the foregoing approach may help 
toward a physical understanding of the equations. 

R. L. COSGRIFF.8 The author is to be congratulated on his 
excellent paper. The writer was particularly interested in his 
discussion of methods for determining the stability of limit, cycles, 
having used the method for determining the stability of several 
systems that the writer has studied and found that the results 
so obtained were reliable in all cases except one. The exception 
occurred in a system whose open-loop frequency response exhib-
ited jump phenomenon or response hysteresis. The difficulty 
arises from the fact that the gain curves are discontinuous and 
may not pass through the —1 point which is point N, Fig. 4 (a) 
of the paper. 

The writer agrees with the author's conclusion that the fre-
quency-response approach can be used in the analysis of many 
nonlinear systems which cannot be handled by other methods. 
He would like to call attention to the fact that the frequency-
response approach for nonlinear systems only indicates the system 
stability, while other performance criteria based upon the fre-
quency response of linear systems are not always reliable when 
used for nonlinear systems. 

AUTHOR'S CLOSURE 

I am grateful to the discussers for the great amount of informa-
tion they contributed to the subject of the paper. First among 
the discussers to be acknowledged is Prof. R. J. Kochenburger 
who gave a careful survey of literature that is not familiar in our 
country. 

I agree fully with Prof. W. H. Surber's statement: "Fortu-
nately, the more complex the system, the better the method usually 
applies." That is, the more involved are the high-degree transfer 
functions, the more accurate becomes the filtering assumption. 

Dr. R. H. Macmillan points to an equivalence between my 
limit-cycle stability criterion and his graphic example in Fig. 8. 
However, it is established with the tacit assumption that the de-
scribing function is analytic. We saw that this is not so, and that 
the analyticity assumption can be considered as a limit assump-
tion. 

I am in agreement with Prof. R . L. Cosgriff's statements. Up 
to the present, the "describing function" method has been able to 
solve stability problems but gives very little information about 
other requirements such as response speed. 

I would like to mention that until now one point has escaped 
th e attention of various writers; namely, the equations that are 
presented in the paper are true under the assumption that the non-
linear part gives an output comprising only the fundamental and 
upper harmonics. But it also can give a d-c component that is 
not filtered by the linear part of the servomechanism. A paper 
concerning this subject will soon be published by the  Annales des 
TiUcommunications  under the signature of J. D. Lebel (Schlum-
berger Well Surveying Company) and the author. 

'Assistant Professor, Department of Electrical Engineering, Ohio 
State University, Columbus, Ohio. 
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