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along the describing function locus to 4’. We have shown that
the resulting motion at this point is one of decreasing amplitude,
so that the oscillation tends to return to its equilibrium value at
A, which is thus a stable point. One can show similarly that
B is an unstable point and C isstable. This alternation of stable
and unstable limit cycles is in accordance with the general theory
propounded by Poincaré.

It will be noted that if the system is started oscillating freely
with amplitude z,, it would appear possible to determine the
nature of the initial mode of damped oscillation, ze=%% cos wyf,
from the curve Y(ay, + jw,) on which the point z, of the de-
scribing function lies. Such an elementary approach ignores the
rate of change of damping and frequency and can lead to appre-
ciable error. When &t and  are taken into account, however, rela-
tively simple analytical expressions can be derived for the tran-
sient response of nonlinear systems; these are as accurate as
the results obtainable by the describing function method for
the sustained oscillation. This work was done by Mr. P. E. W.
Grensted at Cambridge University and will be published shortly.

When the amplitude and frequency-dependent elements are
not separable, it would be possible to regard the describing func-
tions as a series of contours for each frequency, the whole being
plotted so as to form a surface with frequency as a third axis
normal to both those already used. This surface would have
upon it lines of constant z. The Y(a + jw) lines form a second
surface with lines of constant a. These two surfaces intersect,
in general, in an “‘operating line,”” to every point of which there
corresponds a single value of both z and «. Points of possible
continuous oscillation are those where @ = 0. A small disturb-
ance at such a point would move the system along the operating
line and the sign of « determines, as formerly, the state of equi-
librium of the operating conditions considered. This is a graphi-
cal interpretation of what M. Loeb has done analytically in his

paper; analysis is indispensable for any nonseparable system,
except the very simplest, but the foregoing approach may help
toward a physical understanding of the equations.

R. L. Coscgrirr.2 The author is to be congratulated on his
excellent paper. The writer was particularly interested in his
discussion of methods for determining the stability of limit cycles,
having used the method for determining the stability of several
systems that the writer has studied and found that the results
so obtained were reliable in all cases except one. The exception
occurred in a system whose open-loop frequency response exhib-
ited jump phenomenon or response hysteresis. The difficulty
arises from the fact that the gain curves are discontinuous and
may not pass through the —1 point which is point ¥, Fig. 4 (a)
of the paper.

The writer agrees with the author’s conclusion that the fre-
quency-response approach can be used in the analysis of many
nonlinear systems which cannot be handled by other methods.
He would like to call attention to the fact that the frequency-
response approach for nonlinear systems only indicates the system
stability, while other performance criteria based upon the fre-
quency response of linear systems are not always reliable when
used for nonlinear systems.

AvuTHOR’S CLOSURE

I am grateful to the discussers for the great amount of informa-
tion they contributed to the subject of the paper. First among
the discussers to be acknowledged is Prof. R. J. Kochenburger
who gave a careful survey of literature that is not familiar in our
country.

I agree fully with Prof. W. H. Surber’s statement: ‘“Fortu-
nately, the more complex the system, the better the method usually
applies.” That is, the more involved are the high-degree transfer
functions, the more accurate becomes the filtering assumption.

Dr. R. H. Macmillan points to an equivalence between my
limit-cycle stability criterion and his graphic example in Fig. 8.
However, it is established with the tacit assumption that the de-
scribing function is analytic. We saw that this is not so, and that
the analyticity assumption can be considered as a limit assump-
tion.

I am in agreement, with Prof. R. L. Cosgriff’s statements. Up
to the present, the ‘“‘describing function” method has been able to
solve stability problems but gives very little information about
other requirements such as response speed.

I would like to mention that until now one point has escaped
the attention of various writers; namely, the equations that are
presented in the paper are true under the assumption that the non-
linear part gives an output comprising only the fundamental and
upper harmonics. But it also can give a d-c component that is
not filtered by the linear part of the servomechanism. A paper
concerning this subject will soon be published by the Annales des
Télécommunicalions under the signature of J. D. Lebel (Schlum-
berger Well Surveying Company) and the author.

8 Assistant Professor, Department of Electrical Engineering, Ohio
State University, Columbus, Ohio.
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