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The characteristics of probability distribution of
groundwater model output based on sensitivity analysis
Xiankui Zeng, Jichun Wu, Dong Wang and Xiaobin Zhu

ABSTRACT
The probability distribution of groundwater model output is the direct product of modeling
uncertainty. In this work, we aim to analyze the probability distribution of groundwater model
outputs (groundwater level series and budget terms) based on sensitivity analysis. In addition, two
sources of uncertainties are considered in this study: (1) the probability distribution of model’s input
parameters; (2) the spatial position of observation point. Based on a synthetical groundwater model,
the probability distributions of model outputs are identiﬁed by frequency analysis. The sensitivity of
output’s distribution is analyzed by stepwise regression analysis, mutual entropy analysis, and
classiﬁcation tree analysis methods. Moreover, the key uncertainty variables inﬂuencing the mean,
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variance, and the category of probability distributions of groundwater outputs are identiﬁed and
compared. Results show that mutual entropy analysis is more general for identifying multiple
inﬂuencing factors which have a similar correlation structure with output variable than a stepwise
regression method. Classiﬁcation tree analysis is an effective method for analyzing the key driving
factors in a classiﬁcation output system.
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INTRODUCTION
Groundwater modeling and prediction are inﬂuenced by

Uncertainty analysis of groundwater models is often

many factors from the surface to underground. The uncer-

implemented in a probability statistical framework (Blasone

tainty of groundwater model outputs stems from a number

et al. ; Hassan et al. ). The results are generally

of factors including incomplete model structure, incorrect

expressed as the probability distributions of outputs of inter-

boundary conditions, and aquifer parameters (Hassan

est

(e.g.,

groundwater

level,

boundary

ﬂux,

solute

et al. ; Wu et al. ; Zhang et al. ; Gungor &

concentration). The uncertainty of a random variable can

Goncu ; Zeng et al. ). Data scarcity and obser-

be described by its characteristics of probability distribution,

vation

handling

which include probability density function (PDF) and

simulation uncertainty (Hassan et al. ; Mpimpas

numerical characteristics (e.g., mean and variance). The

et al. ; Wang et al. ). In recent years, a number

location, range, and shape of a random variable’s distri-

of studies have been developed to assess the uncertainties

bution are determined by the probability distribution. The

errors

enhance

the

difﬁculty

in

on groundwater model outputs. Moreover, these studies

sensitivity analysis of groundwater output’s probability dis-

focus on the uncertainty assessments by referring uncer-

tribution is primarily aimed at identifying two types of

tainty

parameters,

inﬂuencing factors. One is the factor affecting the numerical

conceptual model, and scenario (Blasone et al. ;

characteristics of a random variable, the other is the driving

Hassan et al. ; Ye et al. ; Hashemi et al. ;

factor which leads the output variable to obey a speciﬁc

Morway et al. ).

PDF.

sources

such

as

hydrogeological
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For the uncertainty analysis of groundwater simulation,

groundwater levels series (GLS) and groundwater budget

in general, we are interested in the probability distribution of

terms. The suitable PDFs of outputs were selected by the

model output. However, little attention has been devoted to

Kolmogorov–Smirnov

the inﬂuencing factors of model output’s distribution in pre-

regression and mutual entropy analysis were used to identify

test.

After

that,

the

stepwise

vious studies. In this paper, we focus on the sensitivity of

the inﬂuencing factors of the ﬁrst two moments of GLS

groundwater model output’s probability distribution for

(mean and variance). In addition, mutual entropy analysis

two sources: (1) the probability distribution of the input par-

is a reliable sensitivity analysis method based on infor-

ameters; (2) the spatial position of observation point.

mation

Frequency analysis is a technique which has been exten-

theory,

which

is

compared

with

stepwise

regression analysis. Finally, for the sensitivity analysis of

sively used in hydrologic uncertainty issues (Lang et al. ;

classiﬁcation output system, classiﬁcation tree analysis was

Neppel et al. ), such as the design of ﬂood control and

used to identify the driving factors that lead the GLS to

risk management. The observation series is used to ﬁt an

obey a speciﬁed distribution.

alternative PDF, and then the variable’s distribution uncer-

The main results of this study were obtained from a syn-

tainty is analyzed statistically (Smakhtin ; Katz et al.

thetic groundwater model. This groundwater model is

). Generally, there are three basic procedures for fre-

simple compared to a real groundwater system. Therefore,

quency analysis: (1) selecting a suitable PDF for data

the research results can be regarded as a mathematical

series; (2) parameter estimation for the selected PDF; (3)

exploration into the characteristics of probability distri-

uncertainty assessment for the data series (Onoz & Bayazit

bution of groundwater model outputs. Some conclusions

). Herein, how to select a suitable PDF is the key pro-

need further conﬁrmation in the real ﬁeld. Nevertheless,

blem for a frequency analysis. According to Mcmahon &

the use of a real groundwater model is not easy for such

Srikanthan (), Haktanir (), Onoz & Bayazit (),

analysis, because observations are often limited in the

and Vogel et al. (), there is not a universal applicable

number and length of a data series.

rule to select the best PDF, and the qualiﬁed PDF should
be selected based on effective comparison and testing.
For the complicated groundwater model, it is hard to

In the following sections, the methods used for this
research are described. Then, a synthesized groundwater
ﬂow model is presented. In the results and discussion sec-

describe the inﬂuences of model inputs on outputs directly

tion,

we

describe

the

characteristics

of

probability

by mathematic model. Sensitivity analysis provides an effec-

distribution of model output. Finally, the main conclusions

tive framework for unraveling the relationship between the

drawn from the analysis are provided.

input variables and outcomes. In general, the studying
object is the direct model output, such as hydraulic head
(Rojas et al. ; Mazzilli et al. ) and solute concen-

METHODS

tration (Huysmans et al. ; Zhang et al. ). The
inﬂuencing factors of output variable can be identiﬁed by

Parameter estimation and goodness of ﬁt test

sensitivity analysis. In this study, the research object is not
the direct model output, but the probability distribution of

Seven functions were chosen as the alternative probability

output. The importance of this kind of inﬂuencing factor

distribution functions to ﬁt the outputs of groundwater

can be regarded as another form of sensitivity to model

model.

output. Furthermore, recognizing the distribution character-

gamma, log-2-parameter gamma, Pearson type III, log-

istics of model output will help in identifying groundwater

Pearson type III, and uniform distribution, respectively.

modeling uncertainty, improving model structure, and pro-

The methods used for parameter estimation have been illus-

viding feedback for data collecting activities relating to

trated in many papers and will not be provided here.

model uncertainty analysis.

Readers can obtain detailed derivation processes by refer-

A synthetic groundwater model was built for producing
groundwater outputs. The outputs of the model include
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The Kolmogorov–Smirnov test (Melo et al. ; Wang

equal-width intervals. The number in each contingency

& Wang ) is a convenient method of a hypothesis test by

table is a nonnegative integer which represents the

comparing the statistic value with the critical value at a

number of observed events satisfying the joint conditions

speciﬁed conﬁdence level. The statistic value is evaluated

of row and column.

by comparing the proposed PDF with the empirical distri-

The probability of the state with input variable xi and

bution function constructed based on samples. The

output variable yi is pij ¼ Nij/N, where Nij is the value of

Kolmogorov–Smirnov test is a standard procedure of good-

the contingency table at i-th row and j-th column, and N is

ness of ﬁt test, and it will not be described here.

the number of samples. In addition, Ni. is the cumulative
number of samples in the i-th interval of x for the whole
range of y, and N.j denotes the cumulative number of

Stepwise regression analysis

samples in the j-th interval of y for the whole range of x.
Stepwise regression analysis is a common approach for

Consequently, when considering the state xi only, the prob-

global sensitivity analysis. The basic idea for regression

ability can be written as pi. ¼ Ni./N, and the probability of

analysis is to ﬁt the input and output variable with a linear

outcomes only with the state yj is given by p.j ¼ N.j/N

regression model (Pappenberger et al. ; Mishra et al.

(Mishra et al. ).

). The model generated at every step is tested to

The entropy of a variable represents the amount of aver-

ensure that all the regression variables are important to

age information. According to information theory, the

the model. The t-test measuring the difference between

entropies of variable x, y, and (x, y) are deﬁned as follows:

samples and the regression model is applied to test the
importance of a variable. In addition, if some variables are
found to be insigniﬁcant, then the most insigniﬁcant variable
is removed from the model. Moreover, the stepwise
regression process will continue until each variable in the
regression model becomes signiﬁcant and the variables outside of the model are insigniﬁcant (Mishra et al. ;
Bergante et al. ; Zeng et al. ). After that, the uncertainty importance of input variable can be deﬁned as
standardized regression coefﬁcient (SRC):
 
bj σ xj
SRC ¼
σ ð yÞ

HðxÞ ¼ 

X

pi: ln pi: ; Hð yÞ ¼ 

X

i

Hðx; yÞ ¼ 

ð2Þ

p:j ln p:j

j

XX
i

ð3Þ

pij ln pij

j

In information theory, the mutual information of two
variables is a quantity that measures the mutual dependence
of two variables. The mutual entropy between x and y is
described as the reduction in the uncertainty of y due to
the information of x, which can be given by:

ð1Þ

Iðx; yÞ ¼ HðxÞ þ Hð yÞ  Hðx; yÞ ¼

XX
i

j

pij ln

pij
pi: p:j

ð4Þ

where y is the output variable, xj is the input variable num-

In mutual entropy method, the uncertainty importance

bered by j, σ(xj), σ(y) are the standard deviations of xj and

of input variables on output variable is indicated by two indi-

y, respectively, bj is the regression coefﬁcient of xj.

cators: uncertainty coefﬁcient (U) and R statistic (R)

Mutual entropy analysis

(Mishra et al. ; Zeng et al. ):


Iðx; yÞ
U ðx; yÞ ¼ 2
HðxÞ þ Hð yÞ

ð5Þ

The distribution character of data set (X, Y ) can be
described using contingency tables. For the contingency
tables’ rows, the label denotes the input variable x, and

Rðx; yÞ ¼ ½1  expf2Iðx; yÞg1=2

ð6Þ

the range is divided into i equal-width intervals. For

These two measures take values in the range [0, 1], U (or

the contingency tables’ columns, the label denotes

R) is 0 if x and y are independent, and it takes 1 if x is com-

the output variable y, and the range is divided into j

pletely related to y.

Downloaded from https://iwaponline.com/jh/article-pdf/16/1/130/387160/130.pdf
by guest

133

X. Zeng et al.

|

Probability distribution of groundwater model output

Journal of Hydroinformatics

Classiﬁcation tree analysis

|

16.1

|

2014

Assuming the splitting variable X, with n samples
ordered by magnitude, the amount of alternative split

Sensitivity analysis techniques such as stepwise regression,

points of X is n-1 by choosing the midpoint of two adjacent

regionalized sensitivity analysis (Pappenberger et al. ),

samples. The point that maximizes the information gain or

and mutual entropy analysis are useful for identifying impor-

minimizes the uncertainty of outputs is selected. InfoGain

tant inﬂuencing factors if the study object is a continuous

is calculated by the equation (Myles et al. ):

variable. When the problem relates to binary outcomes
such as ‘right’ vs. ‘wrong’, ‘yes’ vs. ‘no’, the classiﬁcation

InfoGain ¼ Infoð parentÞ 

tree method provides a more efﬁcient framework for identi-

X

ð pk ÞInfoðchildk Þ

ð8Þ

k

fying the factors driving the result into particular categories
(Mishra et al. ; Englehart & Douglas ; Esther et al.
; MacQuarrie et al. ).

where parent denotes the space before splitting, childk
denotes the subspace after splitting, and pk is the ratio of

The fundamental target for constructing a classiﬁcation

the samples which passed into the k-th subspace. The

tree model is searching for a classifying rule. The output is

purity of a space describing the distribution of samples’

classiﬁed by a series of splits based on splitting variables.

types is expressed as follows:

Each split is determined by the appropriate classiﬁer.
Thus, the following two steps are essential for constructing
a classiﬁcation tree: (1) selecting an appropriate splitting

purity ¼

X
j

p2j ; pj ¼

Nj ðtÞ
N ðtÞ

ð9Þ

variable and determining the split point; (2) deciding when
where pj is the proportion of samples belonging to class j.

to continue splitting or to declare splitting termination.
The split can be deﬁned by several principles, such as

The classiﬁcation tree is constructed by the successive

maximum information gain (InfoGain), maximum impurity

selection of splitting points. It is beneﬁcial to set up some

reduction, and maximum reduction in deviance (Mishra

constraint for preventing excessive splitting. If the number

et al. ; Myles et al. ). The InfoGain index based

of samples in a subspace below the minimum value, or the

on information entropy theory was applied to construct a

purity of samples in a subspace is higher than the maximum

classiﬁcation tree in this study. The outputs are classiﬁed

value speciﬁed by the user, the splitting is terminated at that

into subspaces by selecting a splitting point of the splitting

node. Furthermore, a classiﬁcation tree can be optimized by

variable. This implies the complicated and disordered out-

pruning and reconstruction, which acquires a balance

puts are arranged and sorted with higher order within

between the complexity and classiﬁcation precision. After

subspaces. Therefore, the uncertainty of output variable is

the classiﬁcation tree is constructed, the sensitivities of split-

reduced by acquiring information.

ting variables can be simply determined by comparing the

A classiﬁcation tree is built on two types of nodes:

order used to classify outputs (Mishra et al. ).

branch nodes and leaf nodes. Each branch node is the
parent of two children branch nodes, and the leaf node is

IMPLEMENTATION OF METHODS

the endpoint of the tree.
The uncertainty or information entropy of output vari-

Description of the synthesized model

able y in node t is deﬁned as:
Info ¼ 

X Nj ðtÞ
j

N ðtÞ



Nj ðtÞ
ln
N ðtÞ

ð7Þ

For the purpose of frequency analysis, we constructed a synthetic three-dimensional steady-state groundwater model
(Rojas et al. ) (Figure 1). The model domain is

where Nj (t) denotes the number of samples belonging to

5,000 m in the x direction, 3,000 m in the y direction, and

the class j at node t, and N(t) is the number of samples

53 m in the z direction (thickness). The model area is a rec-

at node t.

tangle (5,000 m by 3,000 m) and discretized into 25 m by
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A schematic diagram of synthetic groundwater model.

25 m grid cells. Five pumping wells and 240 observation

Table 1

|

Spatial correlation parameters of hydraulic conductivity K for the layers of
synthetic groundwater model

points are placed at the conﬁned aquifer. The upper layer
is 25 m in thickness and is modeled as an unconﬁned aqui-

Parameter

fer. The lower layer is 25 m in thickness and is conﬁned. The
Layer

Mean of K (m/d )

Variance of lnK

Correlation length of lnK (m)

neglecting its storage capacity. The three model layers were

1

5.0

2.0

80

assumed to be horizontal in extension. The hydraulic con-

2

0.1

0.5

80

ductivity distribution within each aquifer is heterogeneous,

3

5.0

2.0

80

upper and lower layer is separated by a 3-m conﬁning bed by

and the hydraulic conductivity ﬁeld within each layer is
assumed to be statistically stationary.

Model parameters

Boundary conditions set up
As shown in Figure 1, for the model aquifers, two impermeable boundary conditions are speciﬁed along the south and

Model layers are assumed to be homogeneous statistically

north boundaries. Along the west boundary, a constant head

with a constant mean of hydraulic conductivity K. Smaller-

boundary condition is imposed. The east side of the domain

scale variability is represented using the theory of random

is bounded by a 20 m-wide river, and the river level is 40 m.

space functions. In addition, an isotropic exponential covari-

The riverbed’s thickness is 2 m, and the elevation at the

ance function is used to describe the K ﬁelds of layers. The

bottom of the riverbed is 35 m. Furthermore, sources and

spatial distribution of hydraulic conductivity is generated

sinks in the model include recharge from precipitation, dis-

using the direct Fourier transform method (Robin et al.

charge from pumping and evapotranspiration. The top

). The spatial structure parameters of lnK for different

surface of unconﬁned aquifer receives the precipitation

layers are presented in Table 1.

recharge
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impermeable boundary. In addition, the pumping wells and

The Monte Carlo simulation procedure involves two parts

observation wells are only screened at layer 3. An evapotran-

(part I and part II).

spiration zone, delineated by a rectangle in the left side of
the study area, is deﬁned with an evapotranspiration surface

Part I

elevation at 51 m, and the extinction depth is set as 5 m.
Then, the unknown model parameters including the
water level of constant head boundary, the conductance of

Part I includes the following steps:
1. Generating model mesh, setting the initial head condition,

river bed, precipitation rate, maximum evapotranspiration

the positions of pumping wells and observation points, etc.

rate, and pumping rate are deﬁned in speciﬁed ranges

2. Setting the hydraulic conductivity K of model layers.

(Table 2). In addition, the conductance of riverbed rep-

Based on the mean and the covariance function of lnK

resents the interconnection between river and unconﬁned

(Table 1), the random ﬁelds of K are generated by the

aquifer, which is calculated as follows (Harbaugh ):
CRiv ¼

KRiv  l  w
m

direct Fourier transform method.

ð10Þ

where CRiv is the conductance of riverbed, KRiv is the vertical hydraulic conductivity of riverbed, l is the length of
reach, w is the width of river, and m the thickness of
riverbed.
The probability distribution of groundwater model
output is inﬂuenced by input parameters. Therefore, two
conditions that the input parameters follow, uniform and
normal distributions, are both considered in this study. In
addition, the range of uniform distribution is consistent
with interval of corresponding normal distribution. The parameters of these two distributions are shown in Table 2.

stant head boundary, conductance of riverbed, and
pumping rate. A boundary condition is assigned a value by
sampling uniformly from the corresponding range (Table 2).
4. Running the established model and collecting the outputs
of groundwater model. The outputs include the groundwater levels of observation points in layer 3, the inﬂow
from constant head boundary and precipitation, the outﬂow from well pumping, evapotranspiration process,
and river boundary.
5. Repeating step 2 to step 4 500 times.
6. Conducting frequency analysis for groundwater model
constructed by the output of every realization, e.g., the
groundwater levels of an observation point from 1st to

The numerical model of synthesized groundwater ﬂow
system is built using MODFLOW-2005 (Harbaugh ).
|

rate, maximum evapotranspiration rate, water head of con-

outputs. The data series used for frequency analysis is

Monte Carlo simulation

Table 2

3. Setting the boundary conditions, including precipitation

500th realization. Therefore, each data series has 500
samples. The data series include 240 GLS and ﬁve
groundwater budget series. The procedure of frequency
analysis can be summarized as two steps: (1) parameter

Probability distributions of model parameters

estimation for each alternative PDF; (2) taking the
Uniform distribution

Normal distribution

Kolmogorov–Smirnov test for each PDF. If all the

Model parameter

Minimum

Maximum

Mean

Variance

alternative PDFs have poor performance (cannot pass

Precipitation rate
(m/d)

6.0 × 105

6.0 × 104

3.3 × 104

7.1 × 105

Evapotranspiration
rate (m/d)

5.0 × 10

5.0 × 10

2.75 × 10

Constant head (m)

47.0

52.0

49.5

0.6579

Conductance of
riverbed (m2/d)

10.0

500.0

255.0

64.4737

Pumping rate
(m3/d )

500.0

3000.0

1750.0

328.9474

4

3

3

through the Kolmogorov–Smirnov test, and the signiﬁcance level α was set to 0.05 in this study), we will

5.92 × 10

4

mark the GLS as an unknown PDF.
Part II
The procedure of part II is the same as that of part I, except for
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uniform distribution nearly. Moreover, when the input parameters are sampled from normal distribution, it is

Figure 2 shows the frequency distribution of parameters’

obvious that most of the GLS obey normal distribution

samples which are sampled from uniform and normal distri-

(Figure 3(b)).
The groundwater budget terms include the inﬂows from

butions, respectively.

constant head boundary (InCH) and precipitation (InPre),
and outﬂows from river leakage (OutRiv), evapotranspiration

Frequency analysis

(OutEva), and pumping (OutPum). Obviously, the probability
The outputs of groundwater model are tested for each

distributions of InPre and OutPum are fully controlled by

alternative PDF by Kolmogorov–Smirnov test, and the sig-

model input parameters (precipitation rate and pumping

niﬁcance level is 0.05. The numbers of GLS which obey

rate). Figure 4 shows the frequency distributions of InCH,

normal, log-normal (Log-nor), 2-parameter gamma (G2),

OutRiv, and OutEva. When input parameters are sampled

log-2-parameter gamma (Log-G2), Pearson type III (P3),

from uniform distribution, none of the budget terms can

log-Pearson type III (Log-P3), uniform, and unknown distri-

pass the Kolmogorov–Smirnov test (Figures 4(a)–4(c)). More-

bution are denoted as ni (i ¼ 1,2,…,8) in order. After that, the

over, the distributions of these budget terms are signiﬁcantly

ratio for each PDF was calculated as:

different from uniform distribution. By contrast, all the
budget terms have passed the Kolmogorov–Smirnov test as

ratioi ¼ ni =240

ð11Þ

normal distribution when input parameters are sampled
from normal distribution (Figures 4(d)–4(f)).

As shown in Figure 3, the PDF of GLS is strongly inﬂuenced by the probability distribution of model input

Stepwise regression analysis

parameters. When the input parameters are sampled from
uniform distribution, although a majority of GLS obey

Figure 3 shows that only a part of GLS obeys a speciﬁed

unknown distribution (Figure 3(a)), the rest of GLS obey

PDF. The observed GLS show different characteristics of

Figure 2

|

The frequency distributions of precipitation rate (PREC), evapotranspiration rate (EVAP), constant head (CH), conductance of riverbed (CRIV), and pumping rate (PUMP). First and
second rows represent these parameters are sampled from uniform and normal distributions, respectively.
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The ratios of GLS which obey normal, G2, P3, uniform, Log-nor, Log-G2, Log-P3, and unknown distribution. (a) and (b) denote input parameters are sampled from uniform and
normal distributions, respectively.

Frequency distributions of inﬂow from constant head boundary (InCH), outﬂows from river leakage (OutRiv) and evapotranspiration (OutEva). The plots (a), (b), (c) and the plots
(d), (e), (f) denote input parameters are sampled from uniform and normal distributions, respectively.

probability distributions among observation points. The

pumping well, evapotranspiration area, and the average dis-

probability distribution of GLS is inﬂuenced by the spatial

tance from ﬁve pumping wells. The variables are listed in

position of an observation point. Thus, the stepwise

Table 3 and numbered from 1 to 7, all of them are normal-

regression analysis is used to identify the key factors of the

ized before regression analysis.

mean and variance of GLS. The input variables of regression

As shown in Figure 5, as the input parameters are

model are the distances of an observation point from sur-

sampled from uniform and normal distribution, respectively,

rounding model boundaries. They are the distances of an

the sensitivities of inﬂuencing factors are almost identical

observation point from northern boundary, river boundary,

for the mean of GLS, e.g., Figure 5(a) vs. Figure 5(b). How-

southern boundary, constant head boundary, the nearest

ever, the inﬂuences of regression variables on the variance
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larger than that in the variance model, e.g., Figure 5(a) vs.

Input variables of stepwise regression model and their numbers

Variable

No.

Distance from an observation point to northern boundary
(D1)

1

Distance from an observation point to river boundary (D2)

2

Distance from an observation point to southern boundary
(D3)

3

Distance from an observation point to constant head
boundary (D4)

4

Distance from an observation point to the nearest pumping
well (D5)

5

Average distance from an observation point to ﬁve pumping
wells (D6)

6

Distance from an observation point to evapotranspiration
area (D7)

7

Figure 5(c), Figure 5(b) vs. Figure 5(d). Thus, the mean of
GLS is more dependent on the distance from river boundary
than the variance of GLS. In addition, the average distance
from ﬁve pumping wells (D6) is inversely related with the
mean and variance of GLS.

Mutual entropy analysis
Stepwise regression analysis is restricted in monotonic
linear issues, and mutual entropy analysis is capable of treating the complicated non-monotonic relationship between
output and input variables. The same as for stepwise
regression analysis, the input variables are also listed in
Table 3, and the output variables are the mean and variance

of GLS are slightly different for these two distributions, such

of GLS. Tables 4–7 display the contingency tables of mutual

as Figure 5(c) vs. Figure 5(d).

entropy analysis.

For the regression analysis of the mean of GLS, four

Figure 6 shows the results of mutual entropy analysis.

variables (D2, D5, D6, and D7) passed into the regression

Similar to the results of stepwise regression analysis, the sen-

model. The variable with the largest sensitivity is D2 (the

sitivities of input variables are similar for the mean and

regression coefﬁcient is about 0.97). For the regression

variance of GLS. The most important inﬂuencing factors

analysis of the variance of GLS, four variables (D2, D5,

for the mean and variance of GLS are the distances from

D6, and D7) also passed into the regression model. The vari-

an observation point to river and constant head boundaries

able with the largest sensitivity is also D2 (the regression

(D2 and D4). In addition, for the mean of GLS, the variables

coefﬁcient is about 0.80). Therefore, the mean and variance

with the weakest sensitivity are the distances from an obser-

of GLS are affected similarly by the regression variables.

vation point to northern and southern boundaries (D1 and

They are both signiﬁcantly inﬂuenced by the distance

D3). For the variance of GLS, the distance from an obser-

from river boundary (D2), and other regression variables

vation point to evapotranspiration area (D7) holds the

have very low inﬂuences relative to D2. Furthermore,

smallest sensitivity. Nevertheless, the index values of D1,

the regression coefﬁcient of D2 in the mean model is

D3, and D7 are very close for the mean and variance of

Figure 5

|

The regression coefﬁcients of the entered variables in stepwise regression analysis. The plots (a), (b) and the plots (c), (d) denote output variables are the means and variances of
GLS, respectively. The plots (a), (c) and the plots (b), (d) indicate input parameters are sampled from uniform and normal distributions, respectively.
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Contingency tables when Y (labeled by column) is the mean of GLS, and model parameters are sampled from uniform distribution
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Contingency tables when Y (labeled by column) is the mean of GLS, and model parameters are sampled from normal distribution
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Contingency tables when Y (labeled by column) is the variance of GLS, and model parameters are sampled from normal distribution
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Index values of input variables in mutual entropy analysis. First and second rows represent input parameters are sampled from uniform and normal distributions, respectively.
The plots (a), (c) and the plots (b), (d) indicate output variables (Y ) are the mean and variance of GLS, respectively.

GLS. Moreover, when the model input parameters are

Classiﬁcation tree analysis

sampled from uniform and normal distributions, respectively, the inﬂuences of input variables are similar for these

Figure 7 displays a conventional diagram that labels the PDF

two distributions.

of GLS, when input parameters are sampled from uniform

Compared with the results of stepwise regression analysis, the distance from constant head boundary (D4) has a

distribution. Figure 8 shows the PDF of GLS when input
parameters are sampled from normal distribution.

signiﬁcant inﬂuence on the ﬁrst two moments of GLS. How-

Figure 3 shows that the PDF of GLS is strongly related

ever, the variable D4 has been excluded from the stepwise

to the probability distribution of groundwater model input

regression analyses of both mean and variance of GLS. As

parameters. However, as shown in Figures 7 and 8, the

shown in Figure 1, the sum of the distances from an obser-

PDF of GLS is not fully controlled by the probability distri-

vation point to the river boundary and constant head

bution of input parameters. The category of the PDF of GLS

boundary is a constant (the width of the study area,

is not uniformly distributed in the space of model layer. For

5,000 m). According to the constructing mechanism of step-

identifying the driving factors that lead GLS to follow the

wise regression model, the inﬂuence of D2 and D4 is

speciﬁc PDF (uniform or normal), classiﬁcation tree

presented by only one variable (D2) in stepwise regression

method is used to identify these driving factors. The GLS

analysis. Moreover, the importance of D4 is signiﬁcant as

are classiﬁed into two categories: 0 obeys uniform or

well as D2. The inﬂuence mode of D2 on the output vari-

normal distribution when the input parameters are sampled

ables is inversed to that of D4, and this situation is the

from uniform or normal distribution, respectively; 1 does

same as D1 and D3. In addition, the relationship between

not obey. The input variables in the classiﬁcation tree

the inﬂuence modes of D2 and D4 (or D1 and D3) on

model have identical numbers to the variables used in step-

output variables is certiﬁed by the contingency tables in

wise regression and mutual entropy analyses (see Table 3).

Tables 4–7. Furthermore, the input variables excluded

As shown in Figure 9, GLS is passed into subspaces by

from the stepwise regression model are able to be identiﬁed

selecting suitable input variables used for splitting. In

by mutual entropy analysis. By contrast, these variables are

addition, the classiﬁcation tree (four ranks in this paper) is

roughly treated as invalid inﬂuencing factors by stepwise

built by constantly splitting. The maximum purity was set

regression analysis.

as 0.82 in this classiﬁcation tree. The results indicate that
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Furthermore, when the model input parameters are sampled
from normal distribution, the tree model contains four variables, and the entry order is D6, D2, D5, and D1. Moreover,
variable D6 and D2 are also the most signiﬁcant driving
factors.
Groundwater is a complex system affected by many factors. According to the central limit theorem, when a system
is constructed by a large number of independent random
variables, each with ﬁnite mean and variance, the output
Figure 7

|

Conventional diagram labeling the probability distribution of GLS when input
parameters are sampled from uniform distribution.

of the system will be approximately normally distributed.
Thus, when the groundwater model parameters are sampled
from normal and uniform distributions, respectively, the outputs of groundwater model following normal distribution
are many more than that following uniform distribution
(see Figures 3, 4, 7 and 8). Moreover, Figure 9 shows that
whether the GLS obey normal distribution is controlled by
more driving factors than that leading GLS to obey uniform
distribution.
As has been stated, the key driving factors of GLS are
D2 and D6. In addition, variable D2 obtains a signiﬁcant
importance in stepwise regression and mutual entropy analyses. However, the mean and variance of GLS are slightly

Figure 8

|

Conventional diagram labeling the probability distribution of GLS when input

inﬂuenced by variable D6. As a result, the mean and var-

parameters are sampled from normal distribution.

iance of GLS are both controlled by the distance from
observation point to river boundary (or constant head

when the groundwater model input parameters are sampled

boundary). The category of the PDF of GLS is dominated

from uniform distribution, only two variables (D6 and D2)

by the average distance from observation point to ﬁve pump-

entered into the classiﬁcation tree model. Therefore, the

ing wells, and the distance from observation point to river

probability distribution of GLS is driven by D6 and D2.

boundary (or constant head boundary).

Figure 9

|

Splitting process of classiﬁcation tree analysis. SZ denotes sample size, P denotes the purity of a space, SV denotes splitting variable. (a) and (b) indicate groundwater model
parameters are sampled from uniform and normal distribution, respectively.
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CONCLUSIONS
The uncertainty of groundwater modeling can be represented by the characteristics of probability distribution of
model outputs. Based on a synthetic groundwater model,
and the sensitivity analysis of the probability distributions
of model outputs, the following conclusions are drawn:
1. The characteristics of probability distribution of groundwater model output is analyzed and summarized. The
most important inﬂuencing factors for the mean and variance of GLS are the distances from an observation point
to river and constant head boundaries. The most important
driving factor for the PDF of GLS is the distance from an
observation point to all pumping wells. In addition, the distribution characteristics of groundwater model outputs
(GLS and budget terms) are signiﬁcantly inﬂuenced by
the probability distribution of input parameters.
2. Stepwise regression analysis is a defective sensitivity
analysis method for identifying multiple inﬂuencing factors which have similar correlation structure with output
variable. By contrast, mutual entropy analysis is more general in identifying complicated multivariate relationships.
Furthermore, mutual entropy analysis is able to identify
the inﬂuence of variables which are excluded from stepwise regression analysis. Moreover, classiﬁcation tree
analysis is an effective method for analyzing the key driving factors in a classiﬁcation output system.
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