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Comparison of the robustness-based optimal designs of
water distribution systems in three different formulations
Donghwi Jung, Doosun Kang, Gunhui Chung and Joong Hoon Kim

ABSTRACT
Robustness is generally deﬁned as a system’s ability to stay within satisfactory bounds against
variations in system factors. Recently, robustness has been indicated to be a useful objective function
for the optimal design of water distribution systems (WDSs). While various formulations are possible to
represent WDS robustness, few efforts have been made to compare the performances of these
formulations. This study examined three potential formulations for quantifying system robustness to
provide guidelines on the usage of a robustness index. Giustolisi et al.’s robustness index (see Giustolisi
et al. (2009) ‘Deterministic versus stochastic design of water distribution networks’, J. Water Resour.
Plann. Manage. 135 (2), 117–127) was adopted to calculate nodal robustness, while the system
robustness was deﬁned using three different formulations: (1) minimum among nodal robustness
values; (2) total sum of nodal robustness; and (3) sum of nodal robustness at multiple critical nodes. The
three proposed formulations were compared through application to identify the most appropriate one
for enhancing system robustness in general; three representative benchmark networks were optimally
designed to minimize the economic cost while maximizing the system robustness.
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NOMENCLATURE
i

index for nodes

j

index for pipes

nodal robustness at critical node (i.e. mini-

Ji,in

set of pipes supplying node i

mum

Ji,out

set of pipes carrying ﬂow from node i

The following symbols and acronyms are used in this paper:
a

parameter of pipe cost equation

αc

nodal

robustness

value

of

the

network)

Ku

unit constant of the Hazen–Williams head

αi

nodal robustness at ith node

C

set of critical nodes (i.e. ﬁve nodes with

L

length of pipe

lowest nodal robustness values)

Lj

length of jth pipe of the network

CHW

Hazen–Williams roughness coefﬁcient

n

exponential coefﬁcient of the pipe cost

CVi

coefﬁcient of variation of nodal pressures at

loss equation

equation

ith node

nn

total number of network nodes

vector of decision variables

nl

total number of network pipes

D

pipe diameter

Pi

pressure at ith node of the network

Dj

diameter of jth pipe of the network

P

allowable lower bound of nodal pressure

D

HA

total head at node A

P

HB

total head at node B

Pi

hL

head loss in pipe

hL,j

head loss in jth pipe of the network
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allowable upper bound of nodal pressure
avg

mean of stochastic nodal pressures at the
ith node

Q

ﬂow in pipe
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Qj

ﬂow in jth pipe of the network

qi

nodal demand at node i

σi

standard deviation of stochastic nodal
pressure at ith node

CV

coefﬁcient of variation

FOSM

ﬁrst-order second-moment

Hanoi WDN

Hanoi water distribution network

LHS

Latin hypercube sampling

MCS

Monte Carlo simulation

NSGA-II

Non-dominated sorting genetic algorithm II

NYT

New York tunnels

WDS

water distribution system

Journal of Hydroinformatics

|

15.4

|

2013

multi-objective optimization algorithms were introduced
to include system performance measures as a second
objective in the optimal system design. Before the transition to a multi-objective framework, the chanceconstrained model was used to mitigate the computational
burden of quantifying uncertainty. Xu & Goulter ()
introduced a least-cost design with a reliability constraint
and used the ﬁrst-order reliability-method (FORM) to
approximate the uncertainties in the nodal pressure. Babayan et al. () proposed a chance constraint-based leastcost design of WDS under demand uncertainty that uses
an integration-based approach to overcome the shortcomings of the Monte Carlo simulation (MCS).
Kapelan et al. () were the ﬁrst to use a multi-objective
approach for WDS design; they minimized the economic cost
while maximizing the system reliability in a single optimiz-

INTRODUCTION

ation run. The sources of uncertainty were nodal demands
and pipe roughness coefﬁcients. The Latin hypercube

A water distribution system (WDS) is a manmade infrastruc-

sampling (LHS) technique was used to quantify uncertainty

ture that supplies drinking water to demand points while

rather than MCS to mitigate the computational intensity.

satisfying a minimum pressure requirement and maintaining

As reliability-based design became a general framework

good water quality. Early studies on optimal water distri-

for multi-objective WDS design, reliability was often inappro-

bution systems design used a least-cost design approach

priately used as a measure of system robustness. Robustness is

(Schaake & Lai ; Alperovits & Shamir ; Lansey &

generally deﬁned as a system’s ability to maintain its function-

Mays ; Simpson et al. ; Savic & Walters ). How-

ality even when perturbations in the system factors occur;

ever, least-cost designed systems often have poor hydraulic

therefore, it is concerned with the persistence of the system

redundancy against system uncertainties. Thus, design

(Jen ). In contrast, system reliability is the probability

approaches that consider several measures of system per-

that a system provides adequate service under uncertain

formance along with the economic cost have been

system conditions (Goulter ). Thus, the reliability is

suggested. While designs based on head deﬁciency (Farmani

usually measured by the probability that the stochastic

et al. ) and resilience (Todini ; Prasad & Park ;

nodal pressures are equal to or greater than the prescribed

Farmani et al. ) are less popular, reliability-based

minimum pressure limit (Lansey et al. ; Xu & Goulter

designs are widely applied (Lansey et al. ; Xu & Goulter

; Kapelan et al. ; Giustolisi et al. ). In short,

; Babayan et al. ; Kapelan et al. ).

reliability-based design mainly focuses on increasing service

System reliability is generally deﬁned as the ability of a

success probability, while robustness-based design is more

network to provide adequate service to customers under

focused on variation in the system behavior ( Jen ;

uncertain system conditions (Goulter ). Lansey et al.

Lansey ).

() were the ﬁrst to develop a least-cost design method-

A few studies have examined system robustness for

ology under the assumption that the nodal demands,

design problems. Uber et al. (a, b) developed a robust

pressure head requirements, and pipe roughness coefﬁ-

optimization model for the design of wastewater treatment

cients are variable. They considered system reliability as

plants. They optimized the annual total system cost with

the design objective of a chance-constrained model. After

the robustness measure as a constraint; this was deﬁned

their study, signiﬁcant efforts were devoted to the optimal

as the weighted sum of the absolute magnitudes of

design of WDS considering parameter uncertainties;

performance function sensitivity coefﬁcients. Recently,
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HYDRAULIC RELATIONSHIPS IN A WDS

design with a two-stage optimization framework to lessen
the computational efforts. The second objective in their

The hydraulic relationships in a WDS under steady con-

study was to achieve a higher probability that pressure was

ditions are deﬁned by the conservations of mass and

greater than the minimum pressure requirement while sim-

energy. The conservation of mass can be written by using

ultaneously lowering its standard deviation. The robustness

the nodal ﬂow continuity, which must be satisﬁed at each

index is the most appropriate measure to enhance the prob-

node:

ability of service success and reduce the variations in system
hydraulics.
Giustolisi et al. () used the minimum nodal robustness

X

X

Qj 

j∈Ji,in

Qj ¼ qi

(1)

j∈Ji,out

index as the objective function to be maximized; this is
the usual formulation to evenly increase nodal system

where Qj are the pipe ﬂows and qi is the nodal demand;

performance measures. However, Hashimoto () noted

a positive value of the pipe ﬂow means that the ﬂow is

that minimum/maximum and maximum/minimum criteria

entering a node. Ji,in and Ji,out are the sets of pipes

only focus on the worst-case measures for the system, without

supplying ﬂow to and carrying ﬂow from node i,

considering the overall system performance. Giustolisi et al.

respectively.

() noted the limitations of their formulation and

The conservation of energy can be written by using a

suggested that larger and more complex networks may require

pipe head-loss equation. The equation for pipe i connecting

measurement of the performance of a group of critical nodes.

nodes A and B is given as:

Despite the acknowledged limitation of minimum/maximum and maximum/minimum formulations, there have

HA  HB ¼ hL,j

(2)

been few subsequent efforts to identify appropriate alternatives to measure system robustness. The present study

where HA and HB are the total energies at nodes A and B,

aimed to determine the most appropriate formulation of

respectively, and hL,j is the head loss in pipe j. The

system robustness to enhance the overall system design

Hazen–Williams equation is commonly used to estimate

and function as well as ﬁnally provide guidelines on the

the head loss in WDS pipes:

usage of a robustness-index formulation. The robustness
index introduced by Giustolisi et al. () was adopted to
calculate the nodal robustness, and three different formu-


hL ¼ Ku

Q
CHW

1:852

L
D4:87

(3)

lations to quantify system robustness were proposed. The
ﬁrst formulation uses the same max/min formulation as

where Ku is a unit constant and D, L, Q, and CHW are the

that of Giustolisi et al. (); the second formulation uses

diameter, length, ﬂow, and Hazen–Williams roughness coef-

the total sum of nodal robustness values as the system

ﬁcient, respectively, of the pipe. The WDS modeling

robustness; and the third formulates the system robustness

software EPANET iteratively solves this set of nonlinear

as the sum of nodal robustness at multiple critical nodes.

equations (Equations (1)–(3)) using the gradient method

As case studies, three well-known benchmark networks

(Todini & Pilati ).

were employed to determine the optimal design under multiple criteria. The system robustness values of the optimal
designs obtained for each benchmark study were compared.

METHODOLOGY

Non-dominated sorting genetic algorithm II (NSGA-II)
(Deb et al. ) used for multi-objective optimization and

This study compared three formulations of system robust-

LHS was employed to quantify uncertainties for the two

ness as a second objective function for a multi-objective

uncertain variables of nodal demands and pipe roughness

WDS design that minimized total cost and maximized

coefﬁcients.

system robustness. The following subsections describe the
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details of the objective functions and optimization approach

however, the minimum nodal pressure is not subtracted

applied in this study.

from the numerator, since only the designs that satisfy the
minimum pressure constraint are considered for the robustness index calculation. The robustness index is expressed as:

Objectives

avg

αi ¼

Economic cost
The objective function of the economic cost can be mathematically stated as a function of the pipe diameter and
length (Savic & Walters ):

min f1 (D) ¼

nl
X

P
1
¼ i
CVi
σi

(5)

where αi is the nodal robustness at node i; CVi is the coefﬁavg

cient of variation of nodal pressures at node i; and Pi

and

σi are the mean and standard deviation, respectively, of the
stochastic nodal pressures at node i.

αDnj Lj

(4)

j¼1

As the system cost is increased, the system capacity
usually gains more redundancy owing to the increased
pipe diameters in the network. The increased pipe diameters

where D is the vector of decision variables (i.e. pipe diam-

both increase the mean pressure and decrease the variation

eters); α is a constant for the pipe cost equation; Dj is the

in random pressures at a given node. Therefore, an

diameter of pipe j selected from a set of commercial pipes

increased system economic cost probably increases the

( j ¼ 1, …, nl); nl is the number of pipes in the network; Lj

robustness index as well.

is the length of pipe j; and n is the exponential coefﬁcient.
The pipe cost is calculated in the currency of USD.

Three formulations of system robustness

Note that the WDS optimization problem is constrained
by the conservations of mass and energy shown in Equations

This study proposed and evaluated three system robustness

(1) and (2), respectively. Here, these constraints are implicitly

formulations as a second objective function for multi-

satisﬁed through a hydraulic simulation using EPANET.

objective WDS optimization. These three formulations are

The operational constraint of the minimum nodal pressure
requirement is explicitly evaluated for all system nodes:
P  Pi ,

i ¼ 1, . . . , nn

where Pi is the pressure at node i (i ¼ 1, …, nn); nn is the
number of nodes in the network; and P is the minimum
nodal pressure required.

described below.
1. Formulation 1 – System robustness is deﬁned as the minimum nodal robustness value:
max f2 (D) ¼ αc

(6)

where αc is the nodal robustness index at a critical node
(i.e., minimum nodal robustness value).
2. Formulation 2 – System robustness is deﬁned as the sum

Nodal robustness index
As noted above, the robustness is related more to variations
in the system pressure ( Jen ), while system reliability is

of all nodal robustness values:

max f2 (D) ¼

nn
X

αi

(7)

i¼1

generally expressed as the success probability of the
system performance (i.e. satisfying minimum pressure

3. Formulation 3 – System robustness is deﬁned as the sum

requirement). Here, the nodal robustness index α is

of nodal robustness values at multiple critical nodes:

expressed as the inverse of the coefﬁcient of variation
(CV) of the stochastic nodal pressure. It is similar to the
robustness index suggested by Giustolisi et al. ();
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where C is the set of critical nodes that are deﬁned as the

Therefore, if the neighbor solutions of the solution are far

ﬁve nodes with the lowest nodal robustness values.

from it, the diversity of the solution is high. The ability of
NSGA-II to consider diversity makes it possible to have a

Uncertainty quantiﬁcation method: LHS
Three well-known approaches are generally applied to quantify nodal pressure variations: MCS, ﬁrst-order secondmoment (FOSM) analysis, and LHS. MCS is a random enumeration technique in which a large set of samples is
developed and evaluated. MCS is assumed to be correct
with a sufﬁcient sample size but inefﬁcient in an optimization framework owing to its intensive computational
requirements. FOSM is a variance approximation method
that uses a parameter gradient and Taylor series. LHS is a
quasi-MCS that uses a stratiﬁed sampling approach. FOSM
and LHS are often used as alternative approaches to MCS
to reduce the computational effort during an optimization
process. This study employed LHS since it signiﬁcantly

Pareto front cover a wide range of objective functions.
When a population is developed over a generation, NSGA-II
selects individuals based on their rank and diversity. The solution rank is examined ﬁrst, and the diversity is considered
when the rank cannot determine the superiority of one solution over others. Because higher diversity is more
favorable, solutions with higher diversity will survive to
the next generation when the same rank is assigned. This
process is repeated until the stopping criterion is satisﬁed.
In this study, any solution that violated the pressure constraint was eliminated from the population set for each
generation; new individuals that satisﬁed the constraint
were generated and included in the current population set
until the predeﬁned population number was met by the current generation.

reduces the sampling size and has been proven to be more
accurate than FOSM for WDS uncertainty estimation
(Kang et al. ).
The nodal demands and pipe roughness coefﬁcients
were considered to be uncertain variables following a
normal distribution. To generate a random set of these
input parameters, a CV of 0.1 (i.e. σ ¼ 0.1 × μ) was assumed
for both parameters. To avoid sampling extreme values at
the tails of the probability density function (PDF), sampled
values exceeding 80% of the mean value were discarded.
For example, if the mean parameter value was 100, any
sampled values below 20 or above 180 were neglected.

STUDY NETWORKS
To investigate the performance of the proposed system
robustness formulations, three representative benchmark
networks were employed for case studies. The New York
tunnels (NYT) network, Hanoi water distribution network
(Hanoi WDN), and Gessler () network were newly
designed based on the proposed objective formulations
(Figure 1).
The NYT system is composed of deep rock tunnels with
large diameters (0.914–5.182 m); it has 20 nodes and 21
pipes, including two pipes connected to a single source.

Multi-objective optimization

The new design for the system was assumed to be based
on resizing all pipes (i.e. no rehabilitation or parallel pipe

NSGA-II (Deb et al. ) is an improved version of NSGA

installation). A single demand pattern was considered, and

(Srinivas & Deb ) that provides better performance

the dataset for available pipe sizes, nodal demand, and

when solving multi-objective optimization problems. In the

pipe length was adopted from Dandy et al. ().

GA selection process for the next generation, NSGA-II con-

A Hazen–Williams roughness coefﬁcient of C ¼ 100 was

siders the rank and diversity of each solution in the current

assigned to all pipes.

population.

Fujiwara & Khang () were the ﬁrst to design the

The diversity of the solution is estimated from the so-

Hanoi WDN. The system consists of 32 nodes and 34

called ‘crowding-distance’ calculation. The distance is

pipes with only one transmission pipe from a single

equal to the perimeter of the cuboid formed using the near-

source. The commercially available pipe diameters are

est-neighbor solutions as vertices of the solution space.

0.305, 0.406, 0.508, 0.610, 0.762, and 1.016 m. The system
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Layout of three benchmark networks. (a) New York tunnels, (b) Hanoi water distribution network, (c) Gessler (1985) network.

information with regard to the nodal demand and pipe

nodal robustness values throughout the system. Criterion

length was taken from Fujiwara & Khang (). A

(3) focuses on the worst robustness value at the critical

Hazen–Williams roughness coefﬁcient of C ¼ 130 was

node of the design, which is of concern to the system

assigned to all new pipes.

designer.

The Gessler () network is a hypothetical network

These three criteria were used to evaluate the obtained

with two sources. The basic dataset for the system, including

optimal designs of the benchmark networks. The results

available pipe sizes and associated costs, was taken from

should be useful to developing guidelines for selecting an

Simpson et al. (). All of the pipes were assumed to

appropriate system robustness formulation with respect to

have C of 120.

a system layout for a robust WDS design framework.

Note that the constant α in the pipe cost function
(Equation (4)) was 1.1 for both NYT and Hanoi WDN,

NYT: Single source and multiple source-connected pipes

and the exponential coefﬁcient n was 1.24 for NYT and
1.5 for Hanoi WDN. The minimum pressure requirement

Figure 2(a) shows the total sum of nodal robustness values

of 28.12 m was set as a constraint for NYT and Hanoi

(evaluation criterion (1)) for the Pareto solutions obtained

WDN, while 17.58 m was set for the Gessler () network.

from three formulations. Formulation 2 resulted in values
that were three times those of the other two methods. As
shown in Figure 2(b), however, the standard deviation of

RESULTS

the nodal robustness values (evaluation criterion (2)) of Formulation 2 was much higher than the other methods. The

Three decision criteria were utilized to evaluate the perform-

results indicated that the nodal robustness values of the

ance of the optimal designs obtained from the proposed

system obtained using Formulation 2 are highly variable

system robustness formulations: (1) total sum of nodal

throughout the network. As shown in Figure 2(c), the mini-

robustness values; (2) standard deviation of nodal robust-

mum nodal robustness values (evaluation criterion (3)) of

ness

robustness.

the optimal designs by Formulation 2 were much smaller

Evaluation criterion (1) compares the total system robust-

than those of the other methods, which indicates vulnerable

ness values without considering the spatial distributions,

solutions. Note that the overall results of Formulations 1 and

while criterion (2) can be used to evaluate the variation in

3 were similar.

values;

and

(3)

minimum

nodal
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System robustness evaluation for Pareto solutions of NYT system. (a) Total sum of nodal robustness, (b) standard deviation of nodal robustness, (c) minimum nodal robustness.

For further comparison of the optimal solutions

in the clockwise direction in the main loop. As a conse-

obtained using the proposed formulations, a particular opti-

quence, the overall nodal robustness values were low

mal design showing similar system cost (about USD 202M)

except at node 2. Almost all of the Pareto solutions by For-

from each formulation was selected. Table 1 compares the

mulation 2 had a similar pipe layout, as explained above.

results of the three selected optimal designs. The optimal

In other words, a total of 72 out of 100 solutions were

design from Formulation 2 resulted in a total sum of

designed, so pipe 1 had the largest diameter and pipe 2

nodal robustness values (¼14,527.25) that was four times

had the smallest diameter, which resulted in node 2

that of the other two designs, while the standard deviation

having the highest nodal robustness. Therefore, Formulation

in nodal robustness values (¼3105.21) was 50 times those

2 failed to ﬁnd a robust system since it tended to abnormally

of the other two designs. Figure 3 shows the nodal robust-

increase the nodal robustness at a certain node close to the

ness value of each node for the selected designs. The nodal

source if multiple pipes were connected to a single source.

robustness value at node 2 by Formulation 2 was extremely

Therefore, Formulation 2 tends to increase the total sum

large at 13,938.77, while other nodal robustness values

of nodal robustness without considering system-wide robust-

were lower than 100. Thus, Formulation 2 hinders the

ness enhancement.

increase in overall nodal robustness by making a single
nodal robustness value at a particular node extremely high.
Node 2 was connected to the source; thus, its mean

Hanoi WDN: single source and single source-connected
pipe

pressure was high, but the pressure variation was small.
Thus, node 2 was utilized to increase the total sum of

Hanoi WDN was supplied by a single source via a single

nodal robustness values in Formulation 2. As shown in

transmission line. As seen in Figure 5, no distinct differences

Figure 4, pipe 1 was designed to have the largest diameter

were observed among the solutions obtained using the three

of 5.182 m, but the downstream pipe 2 was designed to

formulations, except that the solutions by Formulation 2 had

have the smallest diameter of 0.914 m. Thus, water ﬂowed

slightly lower minimum nodal robustness values than the

Table 1

|

Statistics of robustness values of the selected optimal solutions for NYT system

New York tunnels

Total cost ($)

Min nodal
robustness

Design by Formulation 1

202,183,700

131.84

Design by Formulation 2

202,145,800

23.34

Design by Formulation 3

202,291,900

121.87

3,561.15
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Sum of nodal
robustness values

Sum of critical nodes’
robustness values

Mean of nodal
robustness values

Stdv of nodal
robustness values

3,557.60

690.79

187.24

62.58

14,527.25

132.27

764.59

3,105.21

691.27

187.43

62.92
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Nodal robustness of selected optimal solutions (given in Table 1) for NYT.

other methods, as shown in Figure 5(c). Three optimal

Three optimal designs with similar construction costs

designs with similar construction costs (about USD 23.2M)

(about USD 5.85M) were selected from each of the Pareto

were selected from each of the Pareto solutions, and the

solutions; the nodal robustness values are plotted in Figure 7.

nodal robustness values were plotted as shown in Figure 6.

When used to increase the minimum nodal robustness at

The overall results of the three selected designs were similar.

node 4 (dashed circle in Figure 8), Formulation 1 could not

Note that the Hanoi network supplied water through a

effectively increase the nodal robustness at other nodes. For-

single pipe from a single source, which was the main

mulation 2 resulted in a large increase in nodal robustness at

difference with the NYT system. Thus, for this type of

nodes 2 and 6–12 (solid circles in Figure 8), but it failed to

network, any of the three proposed formulations can be

increase robustness at node 4 (critical node). Overall, the

posed as a robustness objective in a WDS optimization

optimal design of Formulation 3 was acceptable since it

framework.

tended to maintain the robustness value at the critical node
and increased system-wide robustness values.

Gessler (1985) network: uneven nodal elevations with
multiple sources

Note that the Gessler () network was the only study
network with two reservoirs; thus, more redundancy existed
in the network. Regardless of the robustness formulations,

The Gessler () network was located in a sloping area,

increasing total sum of nodal robustness values was much

while other benchmark networks were assumed to have

more efﬁcient (increase from 53.6 to 780.6, as shown in

zero elevation for all nodes. Therefore, in most cases (51%

Figure 9(a)) in the Gessler () network than in the

of the solutions by Formulation 1, 71% of the solutions by

Hanoi WDN (increase from 339.4 to 407.3, as shown in

Formulation 2, and 80% of the solutions by Formulation

Figure 5(a)).

3), a minimum nodal robustness was observed at node 4,

The system costs of the Pareto solutions by Formulation

which had the highest elevation, even though it was close

1 were lower than USD 6M, as shown in Figure 9 (the high-

to the source.

est cost was USD 5,965,672). With Formulation 1, node 4
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was always the critical node for designs that cost more than
USD 5M. Once the minimum nodal robustness at this
location reached a certain value, NSGA-II stopped producing solutions with a higher cost. Therefore, in the Gessler
() network, Formulation 1 only focused on increasing
the nodal robustness at node 4. Thus, the sum of nodal
robustness was much lower than that in other solutions
obtained by Formulations 2 and 3 in the cost range of
USD 5M–6M as shown in Figure 9(a). However, the minimum nodal robustness values were larger than those of
the other solutions, as shown in Figure 9(c).
Therefore, both the minimum nodal robustness and the
total sum of nodal robustness should be maximized for this
type of network.

SUMMARY AND CONCLUSIONS
When designing a robust WDS against uncertain system
conditions, water utilities tend to include system performance measures along with the economic cost. While
various system performance measures such as reliability
and resilience have been used for the optimal design of
WDS, system robustness delivers distinctly different system
characteristics. Robustness is generally deﬁned as the ability
of a system to maintain its functionality even when perturFigure 4

Figure 5

|

|

Pipe design of NYT system by Formulation 2 (USD 202,145,800; statistics of

bations

robustness values are given in Table 1).

robustness was employed as a design objective to produce

in the

system factors

occur. Here, system

System robustness evaluation of Pareto solutions for Hanoi WDN. (a) Total sum of nodal robustness, (b) standard deviation of nodal robustness, (c) minimum nodal robustness.
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Figure 6

|

Nodal robustness of selected optimal solutions for Hanoi WDN.

Figure 7

|

Nodal robustness of selected optimal solutions for Gessler (1985) network.
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resulted in an abnormal increase in the nodal robustness
at a particular node close to the source; however, this
phenomenon was not identiﬁed in the single source
and

single

source-connected

pipe

network

(Hanoi

WDN) or multiple-source network (Gessler network).
Formulation 1 always resulted in optimal designs
with

the

highest

Formulation

3

minimum

tended

to

nodal
produce

robustness,

and

solutions

that

compensated for different aspects of Formulations 1
and

2.

For

the

network

with

uneven

elevations,

Formulation 1 stopped producing redundant solutions
once nodal robustness at the critical node reached a
certain value.
Figure 8

|

Critical node (dashed circle) and nodes highly inﬂuenced by node 4 (solid
circle) in Gessler (1985) network.

While Formulations 1 and 2 have the risk of choosing
vulnerable solutions, Formulation 3 seems to reduce the
risk of ﬁnding vulnerable solutions regardless of the

a robust system with low variation in its function, i.e. main-

system layout, although the appropriate number of

taining nodal pressure.

nodes in the critical node group should be decided
objective

beforehand. In addition, the optimal design with two

formulations representing system robustness in a WDS

robustness objectives of maximizing both the minimum

optimization framework: (Formulation 1) minimum nodal

nodal robustness and the total sum of nodal robustness

robustness, (Formulation 2) total sum of nodal robustness,

is an alternative approach. By posing two system robust-

and (Formulation 3) sum of nodal robustness at multiple

ness

critical nodes. The goal was to identify the most appropriate

obtained even after the nodal robustness at the critical

formulation to enhance the overall system robustness appli-

node converges. Future study will involve the design of

cable to a general system layout.

real networks with more diverse robustness formulations

This

study

investigated

three

different

For networks with a single source and multiple
source-connected pipes (NYT system), Formulation 2

Figure 9

|

formulations,

more

robust

solutions

can

be

and comparison of results with those obtained in this
study.

System robustness evaluation of Pareto solutions for Gessler (1985) network. (a) Total sum of nodal robustness, (b) standard deviation of nodal robustness, (c) minimum nodal
robustness.
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