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A P P E N D I X 

Basic Finite Element Theory 
The bas is for finite e l e m e n t ana lys i s is t h e pr inc ip le of m i n i m u m 

potential ene rgy w h i c h s t a t e s t h a t , for a g iven s t a t e of d isp lace

ments a n d s t r a ins , t h e equ i l ib r ium condi t ions are satisfied w h e n 

the t o t a l p o t e n t i a l ene rgy associa ted w i t h t h a t s t a t e is a min i 

mum. A p l a n e s t r u c t u r e to b e ana lyzed is considered t o b e 

divided in to a n a s semblage of finite e l e m e n t s ( t r iangles) con

nected a t nodes (corners ) . Us ing t h e n o t a t i o n of O d e n [15], 

the t o t a l p o t e n t i a l ene rgy V for one finite e l e m e n t t r i ang le w i t h 

zero b o d y forces is 

V = f Wdv0 - J 
J vo *J s 

Sauads a = 1, 2 ( A - l ) 

where v0 = v o l u m e of u n d e f o r m e d e l e m e n t a n d Sa = c o m p o n e n t s 

of surface t r a c t i o n pe r u n i t of de fo rmed surface area, s. 

Assuming t h a t t h e d i s p l a c e m e n t field ua m a y be a p p r o x i m a t e d 

by a l inear func t ion in each t r i angu la r e l e m e n t yields 

Sa(kN + C{jNXfi)ds (A-7) 

F o r incompress ib le m a t e r i a l s V is t o be min imized sub jec t to t h e 

c o n s t r a i n t 

J - 1 = | ( o „ + 2e l 7 ) | - 1 = 0 i,j = 1, 2, 3 (A-8) 

M u l t i p l y i n g t h e a b o v e c o n s t r a i n t b y a L a g r a n g e mul t ip l ie r v0h, 

a n d a d d i n g t h e r e su l t to V yields a func t iona l V* 

V* = v0W - PNauNa + v,h(J - 1) (A-9) 

wh ich will b e a m i n i m u m w h e n 

Z>V* „ 
SV* = - SuNa = 0 

OuNa 

E q u a t i o n s (A-6) a n d (A-10) i m p l y t h a t 

/ bW , dJ \ 
Pifa = v0 I 1- h I 

\duNac ouNa/ 

(A-10) 

( A - l l ) 

T h e foregoing r ep re sen t s t h e equ i l ib r ium r e q u i r e m e n t s for a 

single finite e l emen t . T h e incompress ib i l i ty c o n s t r a i n t (A-8) 

impl ies t h a t t h e in i t ia l v o l u m e Vo a n d t h e final v o l u m e v of t h e 

finite e l e m e n t a re equal , i.e., 

v — Vo = la{uNa) — Uao = 0 (A-12) 

w h e r e Oo a n d a a re t h e in i t ia l a n d final a reas of t h e t r iangle , r e 

spec t ive ly . N o w 

X 
I 

(A-13) 

a n d 

2a0 = (£11X22 + X21X32 + 231X12) — (X21X12 + X31X22 + X11X32) 

(A-14) 

2a(uNa) = (2/112/22 + 2/212/32 + J/312/12) — (2/21J/12 + 2/31J/22 + 2/112/32) 

(A-15) 

where yNa = xNa + uNa a n d xNa = t h e in i t ia l noda l coordi

n a t e s . H e n c e w i t h t h e a b o v e (A-12) is of t h e fo rm 

a(uNa) - - do = 0 

D I S C U S S I O N 

(A-16) 

N = 1,2,3; a, p = 1,2 (A-2) R. N. Vaishnav3 
Ua = (kN + CpNXp)uNa 

where kN, CpN = c o n s t a n t s d e p e n d e n t on t h e unde fo rmed a r ea 

tod ini t ial n o d a l coord ina tes a n d uNa a re t h e noda l d i s p l a c e m e n t s 

for each t r i ang le . 

In t e r m s of n o d a l d i sp l acemen t s t h e s t r a i n s become c o n s t a n t 

in each finite e l e m e n t a n d a re g iven b y 

^a0 ~ LaNUNp -f- CpftUNa + C aN^PMuNyuM y 

N, M = 1, 2, 3 
(A-3) 

a, ft 7 = 1, 2 
2em = 0 (A-4) 

2e33 = X2 - 1 (A-5) 

^w, t o t a l p o t e n t i a l ene rgy is 

V = voW - PNauNa (A-6) 

Vfliere PNa = genera l ized n o d a l forces ( co r respond ing t o uNa) 
Sivon b y 

T h e a u t h o r s of th i s p a p e r h a v e solved t h e p r o b l e m of e v a l u a t 

ing t h e d i s t r i bu t i on of t a n g e n t i a l a n d r ad ia l s tresses in an a r t e r y 

t r e a t e d as a th i ck -wa l l ed pressur ized circular cyl inder con

s t r a i n e d t o a fixed l eng th . T h e a r t e r i a l wall h a s been considered 

t o b e composed of a n incompress ib le , o r tho t rop i c , non l inea r ly 

e las t ic m a t e r i a l . 

T h e a u t h o r s s h o w t h a t t h e a c t u a l d i s t r i bu t ion of t h e t a n g e n t i a l 

s t ress is far f rom be ing un i fo rm a n d t h a t even t h e L a m e solu

t ion (val id for i so t ropic , l inear ly e las t ic case) severely unde r e s 

t i m a t e s i ts m a x i m u m v a l u e . T h i s conclusion is va l id a n d s t e m s 

f rom t h e facts t h a t t h e wal l m a t e r i a l becomes increas ingly stiffer 

w i t h s t r a i n a n d t h e s t r a i n increases as one progresses f rom t h e 

ou t e r t o t h e i nne r surface . T h i s i m p o r t a n t fact should b e b o r n e 

in m i n d w h e n ca lcu la t ing s t resses us ing a t h e o r y based on as 

s u m i n g t h e wal l as t h i n . H o w e v e r , we m a y n o t e t h a t t h e cor-

3 Professor of Mechanics, T h e Cathol ic Universi ty of America 
Washington, D . C . 
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responding error in the constitutive constants is not large; the 
exponent k in equation (26) is unaffected and the coefficient A 
is affected only slightly as seen in Fig. 3 by comparing the 
solid curves with the dashed ones. This is so because of the 
integration in equation (20) through which the stresses affect 
the constitutive parameters. 

Finally, attention should be drawn to the fact that, whereas 
equations (1) and (7) are correct starting points, equation (26) 
is valid only for a given longitudinal extension. A complete 
characterization of the wall material would involve postulation 
and experimental validation of a constitutive relation involving 
both the circumferential and longitudinal extension ratios as 
variables. We have developed such a constitutive relation 

4 Young, John T., "Determination of Constitutive Constants of 
Canine Aorta Under Large Deformations," Master's thesis, The 
Catholic University of America, Apr. 1970. 

which was published as a Master's thesis4 and will be del 
in a forthcoming publication.5 
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The authors wish to thank Professor Vaishnav for empha; 

some of the salient but important findings of this papei 
should be noted that both the coefficient A and the expon 
in equation (26) were adjusted in determining the mechi 
response for other aortas tested and for data reported in 
ences [12 and 14]. The thick-walled pressure-radius resj 
and tangential stress distribution show considerable devin 
from the corresponding thin-walled tube results. These r< 
will appear in a future publication. 

6 Patel, Dali J., and Vaishnav, Ilamesh, N., "Rheology of 
Blood Vessels," in Handbook of Cardiovascular Fluid Dynai 
edited by Bergel, D. H., Academic Press, London, 1971. 
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