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The stochastic approach to watershed modeling refers to the techniques
used to generate synthetic hydrologic data. These data may be used either
for input to a parametric watershed model or to provide directly a n
estimate of the output of a hydrologic process. In both cases the basic
techniques of the generation processes are the same. The type of process
depends primarily on the purpose for which the data are being generated
and on the quality and quantity of sample data.
Techniques are presented which can be used to generate data for one
or any number of variates. The data generated can be normal, skewed,
or log normal, and include serial correlation. If two or more variates are
involved, cross correlation may also be considered.
Brief discussions concerning missing data, statistical tests, random number generation, and interpretation oP results are presented along with a
review of the generation schemes that have been used in the stochastic
generation of hydrologic data.

Contribution from the Southern Plains Branch, Soil and Water Conservation Research
Division, Agricultural Research Scrvice, USDA, in cooperation with the Oklahoma
Agricultural Experirncnt Station, Chickasha, Oklahoma.
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T h e Stochastic Approach t o Watershed Modeling

T h e word stochastic comes from the Greek word, stochastikos, meaning skillful in aiming. Assuming that this refers to a person's ability to shoot a bow
and arrow, then the indicator of his ability would be the target he was shooting at. Upon examination of the target one would find the density of points
greatest near the center and least around the edge. I n addition, one would find
that the location of each point as it occurred would be random. Thus the word
stochastic has come to refer to the random nature of a variate with respect
to time. I n watershed modeling, it generally refers to the random nature of
hydrologic phenomena such as river flow, precipitation, wind velocity, etc.
T h e stochastic approach to modeling basically means that the distribution
characteristics of a variate are determined from sample data and used with
a random number generator to produce synthetic sequences of the variate. T h e
distribution characteristics considered in such processes are the mean, standard
deviation skew, and serial correlation. If there is more than one variate, the
cross correlations among variates are considered.
T h e term "watershed modeling" has a very broad connotation. I t is used
here to refer to analytical simulation of the processes that take place in natural
watersheds. T h e models are developed for many different reasons and therefore have many different forms. However, they are in general designed to meet
one of two primary objectives. T h e role of stochastic processes is different in
each.
One objective of watershed models is to gain a better understanding of the
hydrologic phenomena operating in a watershed and how changes in the watershed may affect these phenomena. Models created for this purpose are generally physically based, deterministic models. T h e hydrologic phenomena they
simulate are generally defined by the laws of continuity, energy, and momentum. Such models are used primarily in the analysis of individual events. As
such they are seldom used to generate synthetic data. In these models stochastic
processes can be used to add a random element equal to the unexplained variance.
T h e other objective of watershed models is to generate synthetic sequences
of hydrologic data. Models created for this purpose vary from a very deterministic form using much information about the physical processes involved
in converting input to output to a "black box" form in which nothing is known
of the physical process involved. Most of these models are of a parametric
type in which elements of the hydrologic system are combined and less detail
about the internal structure of the model is known. Stochastic inputs to such
models depend upon the internal structure of the model.
Models that are relatively simple, for example those that calculate annual
runoff from annual rainfall, have simple stochastic requirements. In this ex-
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ample it would be a scheme for generating sequences of annual rainfall. As
the models become more complex, the stochastic generators also become more
complex. Suppose for example a watershed model designed to output the entire hydrograph of flow for a period of many years. A model such as this
might use hourly rainfall, windspeed, relative humidity, variable resistance
coefficients, etc., all of which could be interrelated. T h e stochastic generator
for this model would very probably need to be a complex multivariate model.
Some watershed models designed to provide synthetic sequences of hydrologic data may be entirely stochastic. In such models absolutely nothing is assumed as to the internal structure of the model. T h e synthetic sequences are
developed entirely by a stochastic process. There is no parametric model to
distribute a set of stochastic input data. Such models are based on the statistical parameters of the historic data to which they are fitted. For example,
monthly runoff at a streamflow station synthesized by a pure stochastic model
could be based on the mean, standard deviation, and serial correlation of the
historical data from the station.
T h e techniques used to develop either the output directly or the input to
a parametric model are essentially the same. T h e degree of complexity of the
stochastic generator is a function of the statistical characteristics of the data
to be generated and not the type or size of the element being generated. I n
the following discussion several different types of stochastic generators are
described, starting with the simplest and increasing in complexity. Most of
the stochastic models use Monte Carlo methods to obtain the data sequences.
The Monte Carlo methods are processes by which data are produced synthetically by a sampling technique or some form of a random number generator.

A SIMPLE MONTE CARL0 PROCEDURE

The simplest example of a stochastic process is the random walk shown in
Figure 1 where X, is a random variable denoting the position a t time n of a
moving particle. The movement of the particle is either upward with a probability of .5, Z, = 1, or downward with a probability of .5, Z, = -1; i.e.,
prob(Z, = 1) = prob(Z, = -1) = .5
T h e location of the particle is thus:

x, = x,-, + z,
where 2, is the movement in each time interval.
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A special class of stochastic processes termed Markov processes have been
used in the generation of rainfall sequences. The Markov process is one in
which the value of a n element depends only on the probability density function, p.d.f., of the variate a t the previous time point. Thus, p.d.f.'s conditional
on values at two or more time points away need never be considered. T h e
succession of p.d.f.'s is termed a Markov chain. The random walk of Figure 1
is a particular kind of single-state Markov chain. Many of the urn models
developed for random sampling can be described by multistate Markov chains.
An example of two-state Markov chain used in hydrologic models is described
in the next paragraph.
I n studies of rainfall it has been found that the two-state Markov chain
gives good results in certain areas (Gabriel & Neumann 1962, DeCoursey &
Seely 1969). Consider a dry state, 0, and a wet state 1, with a being the probability of a wet day following a dry day and 1-a being the probability of a
dry day following a dry day. T h e probability of a dry day following a wet
day is P, and 1-P is the probability of a wet day following a wet day. These
transition probabilities are shown in the following matrix.
Future state
dry
wet
0
1
dry 0 r l - a

.1

Present
state

Fig. 1.
Example of a simple random walk.
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By using relative frequencies over a period of about 27 years, Gabriel & Neumann found in a study of Tel Aviv rainfall data the following transition probabilities

Using these transition probabilities and a random sampling method, the occurrence or nonoccurrence of an event may be calculated.
Multistate Markov chains of higher order have been proposed and used in
some models. Pattison (1964), for example, used a sixth-order chain for distributing the total volume of rainfall over storm periods. T h e length of record
needed to develop high-order Markov chains is generally not available for
hydrologic data. A good reference for such chains and for stochastic processes
in general is the book T h e theory o f stochastic processes by Cox and Miller
(1965). Parzen (1962) also has a good book on the subject of stochastic processes.
Most Markov processes used in hydrologic analyses are of Gauss-Markov
form in that the normal probability density function is used. Mandelbrot &
Wallis (1968, 1969 a-e) in a series of articles have shown that these systems
have a short memory and thus cannot account for the extremes both in size
of event and in length of wet and dry cycles found in hydrologic history. They
have found a new technique of data analysis called "RIS analysis" to be very
effective in handling the extremes. T h e technique can reproduce the Hurst
(1951) phenomena observed in long periods of hydrologic data. Gauss-Markov
and multiple-lag linear autoregressive models cannot do this. T h e technique
appears to be particularly useful in the analysis and reproduction of long periods
of hydrologic record. Since the primary objective of this work is to present
the stochastic approach used in watershed modeling, periods of record of from
10 to 100 years in length are of major interest. Under these circumstances,
the more traditional techniques presented below are satisfactory. However, anyone interested in a vigorous analysis of his data. should give consideration to
"RIS analysis" even though only a short period of record, less than 100 years,
is to be considered.
T h e pattern of a stochastic process, time series, can take several forms depending upon the hydrologic process being described and can vary from the
very erratic form representative of daily rainfall to a fairly smooth form representative of monthly evaporation. Several generating methods are available
for modeling these processes. T h e choice of the method is based upon how
well the mathematical structure of the method conforms to the characteristics
of the hydrologic process being modeled. The most common methods are:
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( 1 ) the moving average, ( 2 ) the sum of harmonics, and (3) the autoregression.
Emphasis in this discussion will be placed on the last method, although the
other two methods will be discussed briefly first. A tool quite often helpful
in these analyses is the correlogram. It is described following the discussion
on the sum of harmonics method of modeling.

THE MOVING AVERAGE

T h e moving average can be represented by the equation

yi = b,

+ b1xi + bzxL- + . + b,xL1

,(

- 1,

(4)

where yi is the value of the process being modeled a t the i-th time period,
x is a variable, and m is the extent of the moving average. I n the above equation, y could be annual runoff and x the effective precipitation. I n this case,
the coefficients, b, must be positive and sum to unity. A time series generated
by such a scheme is not random; however, events separated by m or more time
units are independent. Julian (1961) used the moving average method in studying streamflow in the Colorado River Basin.

THE SUM OF HARMONICS

The time series of many hydrologic processes are distinguished by obvious
periodicities. This suggests the possibility of using Fourier series in the mathematical representation of the series. T h e basic form of the most general equation is given by

xcn = E

+

S

2 ( A , cos

+ B, sin

k=l
in which

n

A, = 2 / n 2 xt cos Ikt,
t=l
and

n

B, = 2/n 2 xt sin L,t.
t=l
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I n the above equations, x is the value of the process being modeled, k is the
number of harmon~csused in the representation, n is the sample size, ,tk are
the frequency numbers used in the series and are functions of the cycle period,
and ct is a ctochastic component. The ,Ik are restricted to the range between
D and JI and do not have to be true fractions of the period length.
Eq. 5 has most generally been used in the analysis of hydrologic processes
rather than in the generation of synthetic series. As such, it is referred to as
spectral analysis or variance spectrum analysis. If

is used to calculate

and Sk is in turn plotted against Rk, the integrated periodogram is developed.
In this plot, the ordinate Sk is the contribution to the variance of the system
given by the harmonic of given frequency. A typical plot is shown on Figure 2
for the monthly time series of the Elk River at Clark, Colorado (Roesner &
Yevdjevich 1966). T h e Figure also shows the effect on the variance of the system of removing the various harmonic periods. A complete description of variance spectrum analysis is given by Blackman & Tukey (1958), Matalas (1966),
and Wold (1954). Its use is presented in Horn & Bryson (1960), Quimpo (1967),
and Roesner & Yevdjevich (1966). Quimpo (1967) also has a good discussion
and bibliography of spectrum analyses.

CORRELOGRAMS

A correlogram is a graphical representation of the autocorrelation (the correlation of an element of a series with other elements in the same series lagged
by integer amounts) coefficients as functions of the lag. The correlogram can
a t times help in deciding what type of generating process to use in the synthesis of data. T h e correlogram of a process governed by a moving average
will show oscillation for lagged time periods less than the length of the moving average, m, but will be zero for lags greater than m. T h e correlogram for
a harmonic process will oscillate with a fixed period and amplitude for an
indefinite period. The correlogram of autoregression methods will descrease
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monotonically from a value of 1 a t lag 0 to zero at lag infinity if the correlation coefficient is positive a t lag 1. If the correlation coefficient is negative at
lag 1, the correlogram will oscillate with a period of unity above and below
the abscissa with a decreasing but nonvanishing amplitude. An example of a
correlogram and the effects on the correlogram of removing periods of high
correlation is shown in Figure 3.
T h e correlogram is used primarily as a tool for the analysis of hydrologic
processes rather than as a generating device. See Bhuiya & Yevdjevich (1968),

Fig. 2.
Effect of removing periods from the time series on the variance spectrum for station
9.378, Elk River at Clark, Colorado: (1) variance spectrum with 12-, 6-, 4-, and
%month periods present, (2) variance spectrum with 6-, 4-, and 3-month periods present, (3) variance spectrum with 4- and 3-month periods present, (4) variance spectrum
with 3-month period present, and (5) variance spectrum with all periods removed
(Roesner & Yevdjevich 1966).
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Caffey (1965), D u m a s & Morel-Seytoux (1969), Roesner & Yevdjevich (1966),
Todorovic & Yevdjevich (1969), Yevdjevich (1961, 1964), a n d Yevdjevich &
Jeng (1969) f o r examples of its use.
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Fig. 3.
Effects of removing periods from the time series on the correlogram for station 9.378,
Elk River at Clark, Colorado: ( 1 ) correlogram with 12-, 6-, 4-, and 3-month periods
present, (2) correlogram with 6-, 4-, and 3-month periods present, (3) correlogram with
4- and 3-month periods present, (4) correlogram with 3-month period present, and
(5) correlogram after all periods have been removed (Roesner & Yevdjevich 1966).
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AUTOREGRESSIVE METHODS
Basic recursion relation

A time series can be represented by any one of several analytic functions as
has been described. Most of these functions are of a form

in which x, is the value of the series a t time t, f ( t ) is a deterministic component, and et is a random component. If the series shows a long-term trend,
polynomials or Fourier series may be used to represent it. If, however, the
trend component is constant, then the series is derived from a stationary process. I n such a process, the lagged covariances between elements in the series
are functions of the absolute differences between indices of elements in the
series. As a result of this argument, the linear autoregressive relation may be
developed.

+ PI%-I + P2xt-2 +

(11)
pmxt-nt + wt
where the pi are autoregression coefficients and wt is an independent random
term.
Xt = P o

Normal distributions

T h e series described by Eq. 11 is said to be stationary in a wide sense or weakly
stationary because its mean is equal to a constant and its autocovariance is a
function of only the absolute differences between elements of the series. Thus
the series is assumed to be normally distributed. By taking the conditional
expectation of Eq. 11 for a lag-one Markov process, m = 1,
E(xtlxt-1)

p,

-

+ e , ( l ) ( ~ , - ~p,)

and

the following equation may be developed

-

in which p,
P,,~ px,t-l is the population mean, o, = ox,$ o,,t-l is the
population standard deviation, @,(I) is the lag 1 correlation coefficient, and
vt is a normal random deviate. Eq. 14 therefore preserves both the mean, first
moment, of the distribution and the variance, second moment, by combining
Eqs. 12 and 13. If the mean, ;L,, standard deviation, 8, and correlation coefficient, &(I), of the historic series along with a random variate with zero mean
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and unit variance are substituted into Eq. 14, the following equation for the i-th
element of the series is obtained.

where B is the least-squares regression coefficient equal to the correlation coefficient because 6, = 6, = i3,,t-1.
If the time series shows seasonal trends such as those of streamflow, Eq. 15
may be used to represent the j-th season as follows:
X2,3
..

2

gZ.+ Bi(xi - I,! - I

&
, i,

- 1) + ti2x,ivl

- $?(I)

(16)

in which

I n Eq. 16 the index i runs sequentially and index j runs cyclically across all
seasons or periods in the cycle. T h e equation represents the time series where
there is one element per season or period.
I n a situation where there may be many elements per season; for example,
estimating daily streamflow where the month is the season length, the equation becomes

where Bj = & ( I ) .
T h e index i runs sequentially within season j. Eq. 18 is equivalent to Eq. 15
if Eq. 15 were developed from only data in season j.
Synthetic data may be generated by either Eqs. 15, 16, or 18 that will resemble the historic sequence in terms of ,&, $, and @,(I).
More detail on the derivation of these equations may be found in Fiering
(1964, 1967), Matalas (1967), Thomas & Fiering (1962), and Yevdjevich (1964).

Nonnormal distributions

I n the above discussion, the distribution of events was assumed to be weakly
stationary or normally distributed. However, in many hydrologic processes
obvious departures from this assumption are common. Many phenomena, including streamflow and size of precipitation events, appear to be distributed
like gamma or third-order stationary. Fiering (1967) shows that the basic lagone Markov process, Eq. 14, may be rewritten to incorporate the effect skewness, y, by replacing x t by its standardized form ( x , -p,)/a, and then cubing
the equation to obtain y,. By taking expectations he shows that the skewness
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of the random component 7, required to maintain the skewness of the system
p, is given by

T h e random normal deviates, ti, must now be distributed like gamma such
that p, = 0, o,"
1, and y, is equal to Eq. 19. This is accomplished by the
transform

T h e equation, a third-order stationary lag-one Markov process, for generGX, p,, and
ating data that will resemble the historic sequence in terms of
4,(1) is given by

fix,

+

+

xi = fix B(xieil
-fix)
~ ~ 8 ~GX2(1)
v l (21)
Both Eqs. 16 and 18 which represent systems in which seasonal trends are
present may be changed to incorporate the effect of skewness by calculating
yESjfor each of the seasons or periods by Eq. 19. T h e appropriate value should
then be used in Eq. 20 for calculating the random element ei which replaces
ti in each of the equations.
Matalas (1967) and Thomas & Fiering (1962) discuss in greater detail this
method for making the generating process third-order stationary. Matalas
(1967) also shows a method in which the coefficient of skewness of ^yx of the
generated series can be approximated but must be less than 2 a . T h e procedure involves generating a series of random variates using a lag-one Markov
process which is a function of $,(I). T h e variates are then squared and m of
them accumulated. The synthetic sequence is_t,hen a function of $,, $,, m and
the accumulated variates.
Not only are many hydrologic time series skewed but they are often found
to be log-normally distributed. This can be either a 2- or 3-parameter distribution. Such a system is represented by

where x is the random variate, a is a lower bound of the variate, and y is
assumed to be a skewed normal distribution. Matalas (1967) shows how the
mean, fix; variance, $,2; the coefficient of skewness, 9,; and the lag-one correlation coefficient, GX(1) of the random variate x are related by a set of four
equations to the lower bound, a ; the mean, p,; the variance, 0,2; and the lagone correlation coefficient, @,(I) of the random variate y. By solving the four
simultaneous equations, a, p,, o,, and ~ ~ ( can
1 ) be found and substituted in
the equation
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T h e value of xi is obtained by adding a to the antilog af yi. T h e sequence of
values thus generated will resemble the historic sequence in terms of $, Gz,
A

7x9 and GX(l).

T h e easiest method of obtaining a synthetic sequence of log-normally distributed events is to calculate the population parameters fi,, G, yx, and $,(I)
from the logarithms of the variate x and then use these parameters in Eqs.
15, 16, 18, or 21. However, Matalas states that "If the values of a, p,, ou,
and g,(l) had been obtained from logarithms of the historic events rather than
in the manner outlined above, then equation 10 [equivalent to Eq. 23 above]
would lead to a synthetic sequence that would not resemble the historic sequence in terms of >, G,, ,,; and Gx(l)." This statement is theoretically true,
but the magnitude of the error is not known. Fiering (1967) states that he found
the error in maintaining serial correlation was small.

Multiple-lag Markov process

Multiple-lag Markov processes have not been used extensively in hydrologic
synthesis. This has generally been because the work involved in evaluating
parameters of the model does not warrant the increase in accuracy over that
of the lag-one process. Fiering (1967, Chap. 3) discusses in detail the multiplelag problem with emphasis on storage-yield functions of reservoirs. The following equation illustrates the method used to generate data with this system.

where Bi is the least-squares partial regression coefficient of lag i, xi is the
value of the variate at time period i, o, is the standard deviation of the xi,
ti is a normal random sampling deviate, and R is the multiple correlation coefficient.

Two-variate problems

Hydrologic analyses often need two or more synthetic inputs which may be
correlated with one another. In this section a technique for generating data
for two interrelated variates is presented. The technique requires that the time
interval be the same for both variates. Monthly streamflow on two forks of
a river on which a reservoir is anticipated or monthly rainfall and evaporation for input to a water yield model are examples of synthetic data that could
be generated by this technique.
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Suppose that the two variates are x and y and that the means, standard
deviations, skewnesses, and lag-one serial correlation coefficients for the vaGz, 8,; ;$, 9,; and $ $ ( I ) , $,(I). The product-moment correriates are $,
lation coefficient between the data for variates x and y is $,,,. T h e technique
requires that one of the two variates be selected as a key variate. The selection could be based on the length of record, quality of records, etc. Assume
that variate x is selected. Variate y is therefore assumed to be subordinate
to x. A synthetic sequence of events is generated for x by using either Eq. 15
or 2 1 depending upon whether or not the skew factor is assumed to be significant. A similar cross-correlation model is used to calculate the variate
values for y.

>,;

Y.=
- ,2,

+ B ( x i - ,&) + ui- 18,1/1 - @z,y2

(25)

8 and u,~is a standardized random variate adin which B is given by &,,+
Ox'

justed as follows to incorporate the serial correlation coefficient for y.
"7

- b,) + ti(l -

Ui--l = X - - - ( Y ~ - ~

n)l/z

(26)

in which

I n Eq. 2 6 , ti is a standardized random sampling number adjusted for skew
if deemed necessary. The derivation of n and Eq. 26 are described by Fiering
( 1 9 6 4 ) . Prior to his presentation, the common approach was to consider ui-l
as a standardized variate. H e shows that such a practice does not keep the
serial correlation of y and introduces spurious correlation into the subordinate
variate.
If the variates show seasonal trends, the statistical characteristics of the
populations may be determined for each of the seasons and either Eq. 16 or
18 used to generate the synthetic sequence for the key variate. T h e choice of
equations depends upon the number of observations per season. Eq. 25 would
then be used to generate the synthetic data for the subordinate variate, being
sure to use the appropriate set of statistical characteristics depending upon the
season being considered.
Multivariate problems

Quite often analyses aimed a t appraising the water resources of a river basin
need estimates of river flow a t different locations within the basin. Several
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procedures have been proposed for generating synthetic data for such systems.
Multiple regression techniques are the most commonly used method. They may
or may not be the most satisfactory depending upon the objectives of the study.
I n general, they have two drawbacks: (1) the variates must be ranked or a n
ordering sequence established among them, and (2) not all cross-correlation
coefficients are retained in the synthetic sequence. If these drawbacks are not
considered serious, the method can be used to good advantage because it is
computationally much simpler than other methods.
Assume there are m variates for which simultaneous synthetic sequences
are desired. The variates are ordered using some preselected criteria. Regression equations are then calculated from the data. T h e equation for each variate is different from all others and is a function of all variates preceding
it in the sequence of variables. The basic equation for the j-th variate is of
the form

where x is the variate value of the series, the Bi are regression coefficients,
is the sample standard deviation of the j-th variate, ti is a random, independent, and normally distributed variate, Rj is the sample multiple correlation coefficient of the equation for the j-th variate, the subscript i is the sequence of events, and j is the rank of the variate starting with 1 for the first
variate selected. The first term following the constant is the effect of the preceding time period, and all other terms except the last are the effects from
othef stations preceding it in the sequence of variates. T h e last term is the
random component required to retain the variance of the j-th variate.
Several variations of Eq. 28 are used. Quite often the variates are reduced
to standard normal deviates to reduce seasonal trends. In this case Bo becomes
zero and $x,i is 1. If the variates are skewed, they can be made approximately
normal by solving Eq. 20 for ti and letting it equal the transformed deviate,
and applying the resulting equation to the deviates. The transform is

have the usual meaning of mean, standard deviation,
where ,2x,j, $ x , j , and
and skew for the j-th variate. Xi,i is the raw value of the variate, and x i S jis
the standard normal deviate. If Eq. 28 is used to generate synthetic data using
defined as in Eq. 29, then the inverse transform of Eq. 29, Eq. 20, must
be used to calculate the synthetic series in raw form.
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Beard (1965) has gone one step farther in using the equation to generate
synthetic sequences of stream flow. Most streamflow data can be reduced to
standard normal deviates by using a three-parameter log-normal distribution.
Beard added a small increment to all monthly flows, 0.001 times the mean
annual, then took the logarithm of the result. H e then reduced the logarithms
to standard normal deviates using Eq. 29. I n addition to using a log normal
distribution, he added one term to Eq. 28: the average of all flows from the
m stations for the previous six months.
Matalas (1967) presents two methods of dealing with the problem of multiple variate data generation. The first method is designed to preserve the
means, standard deviations, lag-one serial correlation coefficients, and lag zero
cross-correlations of the data matrix. For a set of m variables, his model is of
the form

where xi is an m by one matrix of variate deviates from the mean at time i,
for the j-th variate, the element is x,(i) = X i ( i ) - f i 2 ( j ) ,
is the m by one
P Z ( p ) , A and B are rn by m
matrix of deviates a t time i-1, x*-,(P) =
matrices of coefficients, and the z i are random normal variates. The matrix A
is defined by the equation

-

T indicates the
transpose, M,-1 is the inverse of M,, and M, is the lag-zero covariance matrix
x i d T . T h e matrix B is obtained by solution of the equation

in which M I is the lag-one covariance matrix

x i X + - ~ T where

where M, and M I are as defined above. G. K. Young (1968) shows that after
evaluating the elements on the rightihand side of Eq. 32, thus yielding the C
matrix, the elements of B may be found by a set of recursive equations. Other
solutions to B are available, as there are an inumerable number of matrices
which will, when post multiplied by their transform, yield the C matrix. Matalas (1967) shows how the elements of B may be obtained by the techniques
of principal component analysis.
T h e second method presented by Matalas (1967) is the multivariate extension of Eq. 23. The technique preserves the means, standard deviations, skews,
lag-one serial correlation coefficients, and the lag-zero correlation coefficients.
I n addition, the data x(p) are presumed to follow a three-parameter log-norma1 distribution with a lower bound a @ ) .Thus for the p-th variate
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T h e equations referenced in the two-variate case for relating the mean,
standard deviation, skew, and lag-one serial correlation coefficients of the variates x(p) to the log variates y(p) are used to find the parameters of y(p) for
each of the f~ variates. T h e generating process is

where y i is a n m by one matrix of variate deviates from the mean of y a t
time i, y i - l is the m by one matrix of deviates a t time i-1, A' and B' are rn
by m matrices of coefficients, and the ci are random normal variates. T h e matrices A' and B' are analogous to and evaluated by the methods used for matrices A and B in Eq. 30.
Fiering (1964) introduced the use of multivariate analysis techniques into
the synthesis of streamflow data. I-Iis technique preserves the means, standard
deviations, and lag-zero cross-correlation coefficients of the data matrix, but
it does not preserve the lag-one serial correlation coefficients. The method is
predicated on finding all the truly orthogonal or independent variates in the
data. This is accomplished by calculating the lag-zero cross-correlation matrix,
the elements of which are & ( P ) ( P ) ( O ) , for all variates fi = I, . . . . nz, q =
1, . . . . m. The diagonal elements of the matrix, fi = q, are equal to unity
and the off-diagonal elements are the cross-correlations between variates. T h e
significant roots of this matrix, the eigenvalues, and their corresponding eigenvectors are used as independent variates in a linear regression equation on the
dependent variable to generate synthetic data.

THE PROBABILISTIC ELEMENT AS A COMPONENT OF

A DETERMINISTIC SYSTEM

Thus far the discussion has centered on presenting the mechanics of stochastic
models where the objectives have been the generation of synthetic data sequences. Stochastic elements also play an important role in deterministic systems. For example, consider a deterministic system that talies the form of a
simple linear regression of a dependent variable, y, on a set of independent
variates, xi
5 = f(q,Xi,
xn).
(35)
I . I .

Let us further suppose that the multiple correlation coefficient between y and
the set of x's is R. If the data set is multivariate normal or approximately so,
the percentage of the variance in y explained by the linear equation is

Downloaded from https://iwaponline.com/hr/article-pdf/2/3/186/7770/186.pdf
by guest

T h e Stochastic Approach to Watershed Modeling

R2 < 1.0. If the equation is to be used subsequently for predicting new values
of y from a different set of x's, and if the distribution of the new set of x's
is the same as the sample set, the variance of the predicted y values will be

where 2,;
and a,2 are the variances of the predicted and observed dependent
variates respectively. T h e variance of y can be retained by adding a stochastic
element to Eq. 35

in which t is a standard normal variate.
If the data are not normally distributed or the function of the dependent
variables is nonlinear such that the distribution of the error terms is not normal, then it may be necessary to study the distribution and make its parameters
functions of 9. If the data are normally distributed, the mean of the error
fi, will be zero, the variance 2, = a , l / x and the skew of the error, p,,
zero. For nonnormal distributions, both
and ?, may not be zero. If gd represents the predicted value of y including the stochastic element, then Eq. 37
may be rewritten

2,

A

yd

f(xl, xp, : r

I r

x,)

+ 112, + 8,

E

(38)

where E is the random variate calculated by the transform of Eq. 20.
If, in studying the distribution of the error, it is found that its parameters
are a function of 9,it may be necessary to stratify and calculate the values
for each stratum. I t might then be possible to make all three
of $,, St, and
parameters a function of 3.

9

9,

MISSING DATA
I n the analysis of hydrologic data one seldom finds a complete data set. The
usual tendency is to fill in the missing period with synthesized data. If the
observed period of record, daily runoff for example, is being used as input to
a model, the calculation of flow duration curves in this example, then the use
of a regression equation or some other method for filling in the missing period
is advisable. If, however, the data are to be used in the development of a
Aochastic process, then filling in the missing period will bias the data and
is not advisable.
Incomplete hydrologic records are generally a problem in the development
of stochastic processes when the correlation between variables is considered.
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If, for example, the periods of record for two variables do not overlap, then
it would not be possible to calculate the correlation between them. T h e correlation matrix of incomplete data arrays may be inconsistent. Fiering (1968)
describes a method for checking the consistency of a correlation matrix. If after calculating the eigenvalues of the matrix, all of them are positive and they
sum to the order of the matrix, it is consistent. Fiering in the same article
describes two methods of handling inconsistent matrices. One method consists
of manipulating the eigenvalues according to some predetermined scheme or
a n algorithm which he describes. T h e second method of adjusting the inconsistent matrix is by a random sampling technique. Fiering considers the first
method to be the most useful, but both methods lead to the development of
consistent correlation matrices.

STATISTICAL TESTS USEFUL IN THE ANALYSIS OF
STOCHASTlC MODELS

The reliability of stochastic models is to a great extent a function of the statistical tests and assumptions made in the development of the models. For the
most part assumptions should be backed by appropriate tests, many of which
are well known to the hydrologist. Some of the better known tests which are
well documented in the literature are: (1) the ~ 2 - t e s tfor normalcy, (2) the t-test
used for comparing the means of two sets of numbers, and (3) the variance
ratio or F-test for comparing the variance of two distributions. The significance of multiple correlation coefficients can also be tested by comparison with
tabled values. See Crow et al. (1960, pp. 159, 178, 179, 241). T h e test for the
significance of the multiple correlation coefficient is identical to the F-test
for the significance of regression as a whole.
Since many of the distributions dealt with in stochastic modeling are not
normal and are often of undetermined form, the usual tests based on the assumption of normalcy are not satisfactory. There are, however, a large number of nonparametric or distribution-free tests that can be applied to nonnorma1 distributions. One of the oldest and probably best known nonparametric
tests is the ~ 2 - t e s tof fit developed by Karl Pearson. Nonparametric tests are,
as their title would indicate, distribution free. That is, no assumption is made
as to the form of the distribution from which the data come. Fraser's book
(1966) is a good reference on the subject. Keeping (1966) reviews in a n illustrated form many of the nonparametric tests useful in hydrology.
Perhaps the most useful nonparametric tests are the Kolmogorov-Smirnov
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one- and two-sample tests. The Kolmogorov-Smirnov one-sample test is a
nonparametric goodness of fit test relating to the cumulative distribution function. I t is in general more powerful than the x2-square test used for the same
purpose because it is based on the maximum difference between the distributions rather than on the cumulative difference. The test statistic is

D, = Max JF,(X)- F,(X)J
x

-w<

<m

where F o ( X ) is the cumulative population distribution being tested, and F,(X)
is the cumulative empirical distribution being tested against. Eq. 39 is the test
statistic for a two-tailed test because D, is the maximum value of the absolute
difference between the distributions.
For very large samples, i.e., n > 50, the critical value of D,, Da, is inversely
proportional to the square root of the sample size. For a equal to 0.05, Da 3
1.36/l/nwhere n is the sample size.
The test is useful in hydrologic testing because the distribution of D, is independent of the form of F,(X). The distributions of D, have been derived
and are available in tables (Hoe1 1962, Lindgren & McElrath 1959).
T h e test is often used to test discrete population distributions, although it
is based on the continuous distribution. It is on the "safe" side because the
actual significance level of the resulting test is no bigger than the one assumed
in using the tables.
T h e Kolmogorov-Smirnov one-sample test may be extended to test whether
two samples of the same or different sizes are from populations with the same
distribution. The test statistic is

D,

=

Max IG,(X)

-X<

X

- F,(X)I

<a

where G o ( X )and F,(X) are independent distributions assumed to be from the
same population. For large sample sizes, the critical value of D,, Da, is inversely proportional to the square root of n/2 if the samples are both of size n.
If the samples are not equal in size, but both are large, Da is inversely proportional to the square root of -where
n1-t n,
For a equal to 0.05, the statistic is
'0:05

'

7zl

and n2 are the two sample sizes.

1.36

v' +::

(41)

Another useful test is one for serial correlation. T h e lag-L serial correlation coefficient is given by
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where n is the sample size and the other terms have their usual meaning.
the only term that changes with L is
Since the ,hxi= ,fixi-L and $ X i =
the sum

Wold & Wolfowitz (1943) show that the statistic, yL'F, may be tested for significance by the following method if n is greater than about 20. At the 5 010
level of significance, the null hypothesis which states that there is no correlation between successive observations of the variate is rejected if

in which

and

S I 4- 4St2S2
S,z- S,
6ZYL>i.--_ n= 1

+

+ 4 S I S 3 f S22- 2S4

( n - 1) ( n - 2 )

- $ZYL*

(46)

in which

Other nonparametric tests which are not as often used such as run and sign
tests used in checking for randomness, etc., are adequately presented in Keeping
(1966). Grace & Eagleson (1966) also present a brief discussion of some of the
more common statistical tests in Appendix Chapter A of their report.

THE RANDOM NUMBER GENERATOR

The random number generator used in stochastic models is one of the most
important elements of the process. If the system is to perform as designed,
then the "random numbers" used in the model must be random numbers. Many
of the standard random number generators that are available in computer pro-
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gram packages are not adequate. For example, the random number generator
available in the IBM" scientific subroutine package was tested by the author
for length of sequence and found to repeat after about 7,000 numbers.' ~2tests
of the distribution showed that it was not uniform. These results are in accordance with results of tests by MacLoren & Marsaglia (1965) and Von Gelder (1967). They found that of all the random number generators using standard methods that were tested, none gave satisfactory results.
Von Gelder found several power residue (sometimes called congruential or
multiplicative) generators which performed well in his tests. His tests differed
somewhat from those of MacLoren & Marsaglia but were compatible with
theirs. Random numbers are generated by the power residue method using the
equation
U,+l = X U , (mod 10d)

(48)

where d is the number of significant digits in the integer, X is a constant, and
U , and U,+l are consecutive integers. One of the equations, found to be satisfactory according to their tests, using d equal to 10 and X equal to 100,003
had a recycle period of over one-half billion numbers.
Random normal numbers can be calculated from the uniform numbers by
using the direct method, MacLoren & Marsaglia (1965)

XI = (-2 l n U1)112 cos 2

U2

(49)

where U1 and U2 are random numbers and XI is a random normal number.
A second method, the "sum of uniform deviates", is predicated on the fact
that if a set of random integers were divided into subsets of uniform size, the
means of the subsets would be normally distributed. Using this method, a minimum of 12 random integers are usually required to calculate 1 normal number. This method is therefore less efficient than the direct method.

EXAMPLES OF STOCHASTIC MODELS

In the past stochastic models have been used in the field of hydrology primarily to generate rainfall and streamflow data, although they have been used
recently to generate data in the study of pollution and economics.
Brand names are used for simplicity and easy reference and do not constitute endorsements.

:*
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Rainfall

The stochastic models used in the generation of rainfall data have varied considerably depending primarily on the type of data generated. Annual and in
some cases monthly rainfall amounts have been found to be independent, i.e.,
persistence or serial correlations were not statistically significant (Beer 1946,
Brittan et al. 1961, Hoe1 1960, Kotz & Neumann 1959, Pattison 1964, Yule
1945). Under these conditions, the synthesis of data is very simple and consists
only of generating a series of random numbers having the distribution of the
observed record. See Beals (1954), Markovic (1965), Merriam (1941), Slade
(1936), Stidd (1953), Thom (1940), and Whitcomb (1940).
I t has been found that, for the most part, daily and in some cases monthly
rainfall amounts exhibit a statistically significant degree of persistence (Besson 1920, 1924, Cooke 1953, Hannan 1955, Longley 1953, Namias 1952, Sellers 1955, Uttinger 1945, Williams 1952). DeCoursey (1970), however, found
no significant persistence in daily rainfall in Texas. I n generating daily sequences, a problem, not normally encountered in the generation of monthly
sequences, is that of generating wet and dry periods. T h e methods proposed
for handling this problem have been either a Markov process based on transition probabilities or a probability distribution fitted to lengths of wet and
dry periods. DeCoursey & Seely (1969) and Gabriel & Neumann (1962) used
a two-state Markov chain as exemplified by Eq. 3. Other authors such as
Caskey (1963) and Weiss (1964) found the same system to be satisfactory,
whereas Cooke (1953), Jorgensen (1949), and Newnham (1916) were not satisfied with the method. Feyerherm & Bark (1965) used a second-order Markov
chain and suggested that the two-state Markov chain model be made a function of the time of year. Green (1964) used exponential distributions for the
lengths of wet and dry periods and sampled alternately from them. Grace &
Eagleson (1966) represented the distributions of the wet and dry periods by
a Weibull distribution from which they sampled alternately.
Depths of daily rainfall have been calculated for the most part by serial
regression-type techniques (Enger 1957, Hammerle 1951, Pattison 1964, Sellers 1955). Grace & Eagleson (1966) introduced storm duration into the regression model. Pattison (1964) zlso tried using transition probabilities to select
rainfall amounts from probability distributions.
T h e distribution of rainfall amounts for short time intervals was studied
by Grace & Eagleson (1966), Pattison (1964), and Ramaseshan (1964). Ramaseshan's work is also presented briefly in Chow & Ramaseshan (1965). Pattison (1964) tried two different models for daily rainfall. One method used
multistate transition probabilities for both the distribution of wet and dry periods and for the selection of rainfall depths. The second method was a linear
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regression model which distributed total daily rainfall. Different regression
equations were used for different size classes ol total rainfall. He concluded
that the first model was the best for his purposes.
Ramaseshan (1964) studied only annual maximum storms and tried five
different regression models. He found that the simple first-order Markov model
performed as well as the other more complex ones.
Grace &: Eagleson (1966) uscd the Weibull distribution to describe the lengths
of wet and dry periods. They found the storm depths to be a function of the
storm duration. Rainfall throughout the storm was distributed by using a type
of urn model, the parameters of which were selected by a trial and error procedure.
Runoff

The stochastic models used in the generation of runoff do not have the wide
variation of type developed for rainfall. This is because periods of no flow
are not so pronounced as are dry periods in the synthesis of rainfall sequences.
In almost all cases, scrial correlation is statistically significant and must be
considered in the models selected for the generating process. All of the models
previously described in the section on autoregression methods have been used
at one time or another. The trend in most recent articles is toward the use
of synthetic data sequences in the study of water resources systems. As such,
most of the data generation described has been of a multivariate nature. Cavadias (1966), Horms & Campbell (1967), Megerian & Pentland (1968), Payne
et al. (1968), Venetis (1965), Young & Pisano (1968), and Young et al. (1969)
primarily discuss the use of stochastic processes for thc generation of synthetic
streamflow data. In general, there is very little difference between a process
used for annual flows and one used for daily or monthly flows. The major
difference is the use of techniques, such as those described previously, to account for seasonal trends.
Synthetic strcamflow sequences have also been used in studying the operation of reservoirs both from the standpoint of flood control and water supply.
The application of stochastic processes to water supply has been described by
Fiering (1967) and Yevdjevich (1965). Other references to this subject may
be found in Jeng & Yevdjevich (1966) and Young et al. (1969).
A group of general references which might be of interest to someone studying the stochastic generation of runoff in detail are Beard (1965), Bhuiya &:
Yevdjevich (1968), Fiering (1964, 1967, 1968), Hufschmidt & Fiering (1966),
Kneese & Smith (1966), Loucks & Lynn (1966), Matalas (1967), Roesner &:
Yevdjevich (1966), Yevdjevich (1964), and Yevdjevich & Jeng (1969). Two
other excellent reference works which have several individual papers on ap-
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plication are Proceedings of the International Hydrology Symposium, Fort Collins, Colorado (1967), and Proceedings o f the Thirteenth Congress o f the International Association for Hydraulic Research, Japan (1969).
I n the last few years stochastic processes have come into use in other fields.
Seginer (1969), Smart et al. (1967), and Surkan (1969) have been using them
in studying drainage networks; Bhavagri & Bugliorello (1965) in studying flood
proofing; Benson & Matalas (1967) and Matalas & Gilroy (1968) in regional
analysis; and Berthouex (1969) in the simulation of industrial wastes.

OTHER CONSIDERATIONS

T h e parameters upon which all synthetic sequences are based, ;,(p), Z,(P), p,(p),
A (p),(l), & ( ~ ) ( 6 ( 0 )and
,
& ( P ) ( Q ) ( ~p,) , q = 1, .
m , are unbiased estimates
Qx
of the corresponding population characteristics. However, they are biased estimates with respect to the synthetic sequences as shown by Matalas (1967).
T h e mean $,(p), for example, is a n unbiased estimate of ,u,(p) because its expected value is ,u,(P). However, it is a consistent estimator because its standa r d error, aX(p)/1/Fapproaches zero as n approaches m. Very seldom if ever
is the estimate ,&,(p) actually equal to the true population value ,u,(p): Yet it
acts as the true population value in the synthetic sequences. If several synthetic sequences of length n are generated, the means of the synthetic sequences
will be distributed about $,(p) and will approach h,(p) as n tends to infinity
rather than to ,u,(p).
T h e same argument holds for all of the distribution parameters. However,
parameters of the higher order moments experience larger standard errors.
They are therefore more highly biased with respect to the synthetic sequences.
As an extreme example, suppose the parameters to be used in generating a
synthetic streamflow sequence are taken from a 25-year period of record with
a mean of 30 un'its and a standard deviation of 6 units. Then the estimate
of the standard deviatioq ,f the sample mean about the true mean would be

..

a x ( ~ ) / l / T~,(P)I~/T=
~
6 / v % = 1.2 units
If this 25-year period were in a n extremely dry cycle, then it would be possible for the mean to be as much as 2 or 3 units from the true mean, i.e..
p,(p)
= 32. Thus if the sample estimate were used to generate synthetic
25-year sequences, only about 1 out of 20 would be as high as the true mean.
This is because the true mean is about two standard deviations greater than
the sample mean.
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Another thing that must be kept in mind when working with synthetic sequences is that the parameters upon which the synthetic sequences are based
were developed from a truncated distribution, i.e., the sample was of finite
length. Therefore, the synthetic series cannot be used to estimate extreme
events. I t should be used only to generate synthetic sequences of approximately
the same length as the sample period of record. Many such sequences can,
however, be generated for the purpose of observing the different patterns and
sequences that are likely to occur. If longer sequences are desired and the
data for developing the generation scheme are available, then the "R/S analysis" described by Mandelbrot & Wallis should be considered.

SUMMARY

Synthetic data may be generated either for input to a parametric model or
to provide directly an estimate of the output of a hydrologic process. In both
cases the basic techniques of the generation process are the same.
T h e type of process used depends primarily on the purpose for which the
data are being generated and on the quality and quantity of the sample data.
Techniques were presented which would generate data for one or any number of variates. The data could be normal, skewed, or log normal and include
serial correlation. If two or more variates are involved, cross-correlation may
also be considered.
A method of generating good random numbers has been described along
with a series of statistical tests which are invaluabie in judging the suitability
of the generation technique. Several limitations of the generated data have
also been described.
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