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Uncertainty of model parameters in stream pollution
using fuzzy arithmetic
H. Mpimpas, P. Anagnostopoulos and J. Ganoulis

ABSTRACT
Fuzzy arithmetic is employed for the analysis of uncertainties in water-stream pollution, when the
various model parameters involved are imprecise. The one-dimensional advection–dispersion
equation, for both a conservative and a non-conservative substance, was solved analytically for
point and Gaussian-hill input loads of pollution, considering the dispersion and decay coefficients
involved as fuzzy numbers. The solution of the advection–dispersion equation was also
conducted numerically for the same input loads with the finite-difference method, employing a
Lagrangian –Eulerian scheme. The good agreement between analytical and numerical results
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presented in the form of fuzzy numbers confirms the reliability of the numerical scheme. The
advection–dispersion equation of a non-conservative substance was then solved numerically for
ten different water quality parameters, in order to study the water pollution in a water stream.
The dispersion coefficient, the source terms and the input loads were expressed as fuzzy
numbers, and the concentration of each quality parameter was obtained in fuzzy-number form.
With fuzzy modeling, imprecise data can be represented and imprecise output produced, with
minimal input data requirements and without the need of a large number of computations.
Key words

| advection–dispersion, fuzzy number, input load, interval number, quality parameter,
water pollution

INTRODUCTION
The problems associated with water quality of rivers and

deterministic approach, where values of the input loads and

coastal areas are of growing concern, since the increasing

the biochemical coefficients are expressed in the form of sharp

pollution in these areas has serious environmental impact.

(or crisp) numbers, is not adequate.

Numerical models have been extensively used to predict water

Various probabilistic methods, like the Monte Carlo

quality, and to provide reliable tools for water quality

simulation or the Bayesian approach, have been used for the

management of rivers and coastal zones. However, uncertain-

study of uncertainties in water pollution problems. These

ties in water pollution models are introduced by the imprecise

methods consider the input loads of pollution and the

data related to the values of both the input loads of pollution

biochemical parameters as random variables. Guymon &

and the biochemical and physical model parameters. The

Yen (1990) applied a deterministic –probabilistic model for

values of these parameters depend on factors which change

regional groundwater flow with uncertain parameters, based

randomly in space and time, like turbulence, temperature and

on a two-layer deterministic model cascaded with a two-

composition of the organic mass. The vagueness in the values

point probability method. Compared with the Monte Carlo

of these coefficients may also arise from indirect measure-

simulation, this method gives valid results for linear problems

ments and the limited number of samples (Ducstein & Plate

where the variation of the coefficients of the uncertain

1987; Ganoulis 1991). For these reasons, the use of the

parameters is small. Plate (1991) described a model for river
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pollution with point and non-point pollutant sources

A Lagrangian – Eulerian model was applied in order to

considered as random variables. Perk (1996) presented a

suppress the numerical diffusion introduced by the convec-

water quality model for the removal of nutrients from a river;

tive terms. Both numerical and analytical results are

the model’s eight parameters were calibrated by means of the

presented in the form of fuzzy numbers, and their comparison

Monte Carlo method using field data. Numerical simulations

confirms the reliability of the numerical scheme.

were conducted for the 390, 625 possible combinations of the

This technique was used for the solution of a one-

various parameters. It is important to mention that stochastic

dimensional water pollution model that contained ten

methods require a large number of data, as well as

different water quality variables, namely: chlorophyll-a,

information about the entire probabilistic distribution for

coliforms, organic nitrogen, ammonia nitrogen, nitrite

all input variables contained in the mathematical model, and

nitrogen, nitrate nitrogen, organic and inorganic phos-

a great number of simulations (Ang & Tang 1984).

phorus, BOD and dissolved oxygen deficit. The dispersion

On the other hand, fuzzy set theory (Zadeh 1965; Klir &

coefficient, the source terms and the input loads were

Folger 1988; Zimmerman 1991) and its derivative fuzzy

considered as fuzzy numbers, and the concentration of each

arithmetic (Kaufmann & Gupta 1985), may be used in order

quality parameter was obtained in fuzzy-number form.

to introduce imprecise data into a mathematical model in a
direct way with minimal input data requirements. In fuzzy
modeling only the range and the most confident values of the
input variables are required, so it can be used successfully
when the available data is too sparse for a probabilistic
method to be applied (Ganoulis 1994; Silvert 1997).
Shafike (1994) introduced the fuzzy set theory coupled
with the finite-element method into a groundwater flow
model. The algebraic system of equations with fuzzy coefficients was solved with an iterative algorithm by Moore (1979).
Dou et al. (1995) applied the fuzzy set theory to a steady-state
groundwater flow model with fuzzy parameters combined

THE MATHEMATICAL MODEL AND THE SOLUTION
PROCEDURE
The one-dimensional advection – dispersion equation of a
non-conservative substance with fuzzy parameters is
written as
2
›c~
›c~
~ x › c~ 2 k~ c~
þu ¼D
›t
›x
›x2

ð1Þ

algorithm was used for the solution of the groundwater flow

where c~ is the fuzzy concentration of a pollutant, u is the
~ x is the fuzzy
water velocity in the x direction (m/s), D
dispersion coefficient in the x direction (m2/s) and k~ is a

equations, with fuzzy numbers as coefficients for the hydraulic

fuzzy decay coefficient. For k~ ¼ 0 the equation corresponds

heads. Ganoulis et al. (1995) used fuzzy arithmetic to simulate

to a conservative substance.

with the finite-difference method. A nonlinear optimization

imprecise data and model coefficients uncertainty in ecologi-

An explicit finite-difference scheme was used for the

cal risk assessment and management. This technique was

solution of Equation (1). To overcome the numerical

applied to a simplified domain with coastal circulation in order

diffusion – dispersion introduced by the advection term

to evaluate the risk of coastal pollution.

and improve the solution accuracy, a Lagrangian – Eulerian

In the present study the solution of the one-dimensional

method was employed in the finite-difference formulation

advection– dispersion equation combined with fuzzy arith-

(Ganoulis 1994). The hyperbolic part (convection term) and

metic was obtained, when the various model parameters

the parabolic part (diffusion term) are treated indepen-

involved are imprecise. The one-dimensional advection –

dently. Initially, a large number of particles of equal

dispersion equation, for both a conservative and a

concentrations is introduced in the computational domain,

non-conservative substance, was solved analytically for

in such a way that the initial concentration is correctly

point and Gaussian-hill input pollutant loads. The dispersion

represented. At each time level the solution of the advection

and decay coefficients were expressed as fuzzy numbers. The

part of Equation (1) is accomplished from the convection of

solution of the advection– dispersion equation was then

each particle. The finite-difference method is then used for

conducted numerically with the finite-difference method.

the solution of the diffusion part of the equation.
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At the time level n the position of a particle is xp and its
concentration c~ p . At the next time level n þ 1 the new
position of the particle is xnþ1
¼ xnp þ uDt. The concenp
tration at node i is computed as the sum of concentrations
of the m particles which correspond to node i as
P
~ nþ1
c~ inþ1 ¼ m
p¼1 c
p . The change of concentration in the
interval Dt between levels n and n þ 1 due to the diffusion
part, Dc~ ni , is derived from


~ x c~ n þ c~ n 2 2c~ n Dt=Dx2 2 k~ c~ n Dt:
Dc~ ni ¼ D
iþ1
i21
i
i

ð2Þ

The concentration difference Dc~ ni is distributed equally
|

The fuzzy dispersion coefficient D~ x ¼ (1, 10, 15).

amongst the m particles corresponding to node i. In this way
the concentration difference of each particle, Dc~ np ¼ Dc~ ni =m, is

Figure 2

obtained. The particle concentration at time level n þ 1 is
c~ pnþ1 ¼ c~ np þ Dc~ np .

solution, is a fundamental problem of Interval Analysis (Rall

Since the model coefficients are considered as fuzzy
numbers the output concentrations c~ i are also fuzzy; thus the

limits of a given simulation and has no unique solution. For the

best possible enclosure, which is called the “hull” of the
1986). This is related to the criterion used to define the reliability

algebraic Equation (2) becomes a fuzzy equation. The solution
of a fuzzy equation can be performed with the use of fuzzy
arithmetic (Appendix A). Since triplets cannot be used for the
multiplication and division operations as explained by Kaufmann & Gupta (1985), the mathematical operations should
be performed at various a-level cuts (see Appendix A and
Figure 1), by the use of the confidence interval at each a-level
(Dou et al. 1995). It is also important to mention that, from the
solution of an interval equation using interval operations
(Appendix B), only enclosures for the range of the output
function can be produced (Hansen 1969; Moore 1979;
Neumaier 1990; Ganoulis et al. 2003). The estimation of the

Figure 3
Figure 1

|

A triangular fuzzy number A~ defined by the triplet (x1, x2, x3). The
cut defining the interval number A ¼ [a1, a2] is also shown.
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Fuzzy concentration derived both analytically and numerically for a pointsource input load, at t ¼ 10,000 s. (a) x ¼ 4,750 m; (b) x ¼ 5,250 m. The
solution corresponds to a conservative substance.
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Comparison between analytical and numerical results of concentration
along the x axis at a-level cut ¼ 0 for t ¼ 10,000 s for a point-source input
load. The solution is for a conservative substance.

advection–dispersion equation the resulting concentration
distribution is a function of the model parameters, and since
these parameters are interval numbers, the function is also
interval. Thus the fuzzy Equation (2) becomes an interval
equation at each membership a-level for each node i:


 x c n þ c n 2 2cn Dt=Dx2 2 k c n Dt
Dcni ¼ D
iþ1
i21
i
i

ð3Þ

where c means interval concentration.
Many methods have been proposed for the solution of

Figure 6

|

interval equations. Iterative methods (Moore 1979) are simple

Fuzzy concentration derived both analytically and numerically for a pointsource input load at t ¼ 10,000 s. (a) x ¼ 4,000 m; (b) x ¼ 5,250 m. The
solution corresponds to a non-conservative substance.

but normally give solutions much wider than the hull,

techniques. For the solution of Equation (3) the interval

although they do contain the hull. In the present study

calculations were carried out at five different membership

direct interval operations (Appendix B) were employed,

a-level cuts (0, 0.25, 0.50, 0.75 and 1) of fuzzy numbers

instead of the iterative methods or nonlinear optimization

(Nickel 1986; Neumaier 1990). At each membership level of

Figure 7
Figure 5

|

Fuzzy decay coefficient k~ ¼ (1 £ 1025, 3 £ 1025, 1 £ 1024).
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Concentration derived both analytically and numerically along the x axis at
a-level cut ¼ 0 for t ¼ 10,000 s for a non-conservative point-source input load.
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Fuzzy concentration derived both analytically and numerically for a
Gaussian-hill input load at x ¼ 6,500 m for t ¼ 5,000 s. The solution is for a
conservative substance.

the model parameters an interval value of concentration was
obtained. From the results at all membership levels con-
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Figure 10

|

Fuzzy concentration derived both analytically and numerically for a Gaussianhill input load at x ¼ 6,500 m for t ¼ 5,000 s. The solution corresponds to a
non-conservative substance.

(a) The first was a point source, co, at the origin of
coordinates. The initial and boundary conditions were

sidered, the fuzzy concentrations were estimated. It is
important to mention that the lower (minimum) and upper

t ¼ 0 : c ¼ 0 for x $ 0

(maximum) bounds of the values of concentrations cannot be

t . 0 : c ¼ co for x ¼ 0

ð4Þ

calculated by using simply the lower and upper values of the
coefficients of the model parameters.
(b) The second was a pollution load in the form of a
Gaussian hill, expressed as

ANALYTICAL VERSUS NUMERICAL RESULTS FOR
SIMPLE TYPES OF INPUT POLLUTION LOADS

"
#
2ðx 2 xo Þ2
co ðxÞ ¼ exp
2s2o

ð5Þ

To validate the numerical technique the computational
results were compared to those obtained analytically for

where xo is the centre of mass and so is the standard

two simple types of input pollution loads, namely:

deviation of the initial concentration field. The initial

Figure 9

|

Comparison between analytical and numerical results of concentration
along the x axis at a-level cut ¼ 0 for t ¼ 5,000 s for a Gaussian-hill input
load. The solution is for a conservative substance.
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Concentration derived both analytically and numerically along the x axis at
a-level cut ¼ 0 for t ¼ 5,000 s for a Gaussian-hill input load. The solution
is for a non-conservative substance.
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Definition of source terms of Equation (9)

m ¼ m20;max 1:027ðT220Þ FF½e=ðldÞ½e 2 ðe2ðldIÞ=IL Þ 2 eI=IL ½ðcNH þ cNAN Þ=ðcNH þ cNAN þ F N Þ½cIP =ðcIP þ F IP Þ
SCL ¼ S1 ¼ mcCL 2 C KDA;20 1:047ðT220Þ cCL 2 r cCL 2 ½ðs1;20 1:024ðT220Þ Þ=dcCL
SON ¼ S2 ¼ a1 r cCL 2 b3;20 1:047ðT220Þ cON 2 s3;20 1:024ðT220Þ cON
SNH ¼ S3 ¼ b3;20 1:047ðT220Þ cON þ s2;20 1:074ðT220Þ =d 2 a1 mcCL ½cNH =ðcNH þ cNAN Þ 2 b1;20 1:047ðT220Þ cNH
SNIN ¼ S4 ¼ b1;20 1:047ðT220Þ cNH 2 b2;20 1:047ðT220Þ cNIN
SNAN ¼ S5 ¼ b2;20 1:047ðT220Þ cNIN 2 a1 mcCL ½cNAN =ðcNH þ cNAN Þ
SOP ¼ S6 ¼ 2b4;20 1:047ðT220Þ cOP þ a2 r cCL þ C KDA;20 1:047ðT220Þ a2 cCL 2 s4;20 1:027ðT220Þ cOP
SIP ¼ S7 ¼ b4;20 1:047ðT220Þ cOP 2 a2 mcCL
SBOD ¼ S8 ¼ Y 3 C KDA;20 cCL 2 k1;20 1:047ðT220Þ cBOD 2 k3;20 1:027ðT220Þ cBOD
SDO ¼ S9 ¼ ðk2;20 =dÞ1:024ðT220Þ cDOD þ ða3 m 2 a4 rÞcCL 2 k1;20 1:047ðT220Þ cBOD 2 a5 b1;20 1:047ðT220Þ cNH 2
a6 b2;20 1:047ðT220Þ cNIN 2 ðSVOD Þ=d
SCOL ¼ S10 ¼ 2k4;20 1:047ðT220Þ cCOL 2 1:17 £ 1025 ðFFÞIe2ld

condition (t ¼ 0) is

non-conservative substance. The solution was performed at

cðx; 0Þ ¼ co ðxÞ:

ð6Þ

The analytical solution of the advection– dispersion
equation for a non-conservative point source of pollution as
given by the boundary and initial conditions (4) is
i
co h T~ 1
~
c~ ¼
e ½1 2 erfðS~ 1 Þ þ eT2 ½1 2 erfðS~ 2 Þ
2

five different a-level cuts (0, 0.25, 0.5, 0.75, 1) of the fuzzy input
~ x for the conservative, and D
~ x and k~ for
parameters, namely D
the non-conservative substance.
(a) For the point source at the origin of coordinates, the
number of nodes was 200, the spacing between adjacent
nodes was 50 m, the time step was 20 s and the number of

ð7Þ

iterations was 500. The velocity u at all nodes was
considered constant equal to 0.5 m/s. The fuzzy dispersion
~ x ¼ (1, 10, 15), is depicted in Figure 2. For the
coefficient, D

where

conservative substance, the fuzzy concentrations derived
x 2 F~ t
x þ F~ t
S~ 1 ¼ pﬃﬃﬃﬃﬃﬃﬃ ; S~ 2 ¼ pﬃﬃﬃﬃﬃﬃﬃ ;
~
~ xt
4Dx t
4D
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
~ x k~ :
F~ ¼ u2 þ 4D

u 2 F~
T~ 1 ¼
x;
~x
2D

u þ F~
T~ 2 ¼
x;
~x
2D

are superimposed on the analytical values in Figures 3(a, b).
It is interesting to note that, while the input parameters are
triangular fuzzy numbers, the output concentrations are
fuzzy numbers but not triangular, owing to the multipli-

For a conservative substance k~ ¼ 0, thus F~ ¼ u.
The analytical solution of the advection– dispersion
equation for the Gaussian-hill pollution source as given by
the initial condition (6) is
"

numerically for x ¼ 4,750 m and x ¼ 5,250 m at t ¼ 10,000 s,

2

Numerical and analytical results at a-level cut ¼ 0 along
the x axis for t ¼ 10,000 s are shown in Figure 4. The left
bound represents the minimum possible value, whereas the

#

so
2ðx 2 xo 2 utÞ
c~ ¼ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ exp
:
~
~ x t þ 2s2 2 kt
4
D
2
~
o
2Dx t þ so

cation and division operations between fuzzy numbers.

ð8Þ

right bound represents the maximum possible value of
concentration. It can be clearly seen that the numerical

For k~ ¼ 0, the solution for a conservative substance is

results agree closely with the analytical. It should be
~ x is the one and only fuzzy input parameter,
stressed that D

obtained.

thus the minimum and maximum value of concentration at

For the two input loads of pollution quoted previously

each a-level cut can be obtained without the use of fuzzy

the solution of Equation (1) for a conservative substance

analysis. Two different solutions, one with the minimum

was conducted first. Then the procedure was repeated for a

and the other with the maximum Dx at the corresponding
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Description of the parameters used in the model

Symbol

Unit

Description

m

(d)21

Growth rate of chlorophyll-a

m20,max

(d)21

Maximum growth rate of chlorophyll-a (208C)

T

8C

Temperature

FF

–

Factor for solar radiation

l

m21

Light extinction coefficient (208C)

d

m

Water depth

I

W/m2

Surface solar light intensity

IL

W/m2

Solar light intensity for the maximum growth speed

FN

mg/l

Monod constant for nitrogen (ammonia plus nitrate)

FIP

mg/l

Monod constant for inorganic phosphorus

21

CKDA,20

(d)

r

(d)21

Decay rate coefficient for chlorophyll-a (208C)
Respiration rate for chlorophyll-a

a1

mg ON/mg CL

Fraction of algae biomass that is organic nitrogen

a2

mg P/mg CL

Phosphorous content of chlorophyll-a

a3

mg O/mg CL

Rate of oxygen production per unit of algae photosynthesis

a4

mg O/mg CL

Rate of oxygen uptake per unit of algae respired

a5

mg O/mg NH3

Rate of oxygen uptake per unit of ammonia nitrogen oxidation

a6

mg O/mg NO2

Rate of oxygen uptake per unit of nitrite nitrogen oxidation

21

b1,20

(d)

b2,20

(d)21

Constant for the biological oxidation of ammonia nitrogen (208C)

b3,20

(d)

21

b4,20

(d)21

Rate constant for the decay of organic phosphorous to inorganic phosphorous (208C)

s1,20

(m/d)

Local settling rate for algae (208C)

s2,20

mg NH3/(m2 d)

Benthos source rate for ammonia nitrogen (208C)

Constant for the biological oxidation of nitrite nitrogen (208C)
Organic nitrogen hydrolysis rate (208C)

21

s3,20

(d)

s4,20

(d)21
21

Organic nitrogen settling rate (208C)
Organic phosphorus settling rate (208C)

k1,20

(d)

k2,20

(m/d)

Raeration rate coefficient (208C)

Deoxygenation rate coefficient (208C)

k3,20

(d)21

Rate of loss of BOD due to settling (208C)

k4,20

(d)21

Decay rate coefficient for coliforms(208C)

Y3

–

Stoichiometric constant

SVOD

mg DO/(m2 d)

Benthic oxygen demand rate (208C)

a-level

cut,

would

be

sufficient.

This

technique,

in

Figure

5.

The

fuzzy

concentration

distributions

although computationally more time-consuming, was also

obtained numerically for x ¼ 4,000 m and x ¼ 5,250 m at

applied trivially, in order to verify the results of the fuzzy

t ¼ 10,000 s are superimposed on the analytical values in

analysis.

Figures 6(a, b). Numerical and analytical results at a-level

The solution of the advection – dispersion equation for
~x
a non-conservative substance was conducted with D
depicted in Figure 2 and fuzzy decay coefficient k~ depicted

cut ¼ 0 along the x axis for t ¼ 10,000 s are depicted in
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on the analytical in Figure 8. The numerical and analytical

Triplets of the fuzzy parameters used in the model

distributions at a-level cut ¼ 0 along the x axis for t ¼ 5,000 s
Symbol

x1

Dx

1

3

5

analytical results agree closely. Computation was also

m20,max

0.432

0.864

5.184

conducted for a non-conservative substance, for the same

T

23

25

27

l

1.2

1.5

2.5

initial conditions and for a fuzzy decay coefficient
k~ ¼ (1 £ 1024, 3 £ 1024, 5 £ 1024). The fuzzy concen-

I

70

180

240

trations

IL

200

270

300

x ¼ 6,500 m for t ¼ 5,000 s are shown in Figure 10, while the

FN

1 £ 1023

5 £ 1023

1.4 £ 1022

numerical and analytical results along the x axis at a-level

FIP

1 £ 10

23

23

1 £ 1022

cut ¼ 0 for t ¼ 5,000 s are superimposed in Figure 11. It can

CKDA,20

0.302

0.475

0.864

be clearly seen that the results obtained using the Lagran-

r

0.086

0.259

0.605

gian – Eulerian method display a remarkable similarity with

a1

0.1

0.12

0.15

those of the analytical fuzzy solution.

a2

6 £ 1023

1.5 £ 1022

2 £ 1022

a3

2

2.5

2.8

a4

1

1.5

1.8

a5

1

1.5

2.5

a6

0.5

0.7

1

Rivers are often receptors of wastewater from various sources,

b1,20

0.086

0.259

0.432

such as urban sewerage networks, industrial wastewater, and

b2,20

0.086

0.302

0.432

agricultural wastewater containing fertilisers and pesticides.
Pollution of river waters is associated with:

x2

7 £ 10

22

x3

b3,20

1.728 £ 10

0.302

0.993

b4,20

8.64 £ 1023

6.48 £ 1022

8.64 £ 1022

s1,20

0.518

0.864

1.728

s3,20

8.64 £ 1023

3.456 £ 1022

8.64 £ 1022

s4,20

8.64 £ 1023

6.48 £ 1022

8.64 £ 1022

s5,20

0.086

1.728

6.048

k1,20

3.456 £ 1022

5.18 £ 1022

8.64 £ 1022

are depicted in Figure 9. Again the numerical and the

obtained

numerically

and

analytically

at

APPLICATION IN WATER-STREAM POLLUTION

(a) oxygen depletion, caused by loads of organic wastes,
(b) eutrophication, caused by oversupply of nutrients (N, P),
(c) contamination, caused by pathogenic organisms like
coliforms.
A river quality model should take into account several

k2,20

8.64

17.28

43.2

interactions between the main quality parameters, which

k3,20

0.864

2.592

5.184

are: (1) chlorophyll-a (CL), (2) organic nitrogen (ON),

k4,20

0.259

0.864

5.184

Y3

1

4

10

SVOD

0.086

0.562

0.864

Table 4

|

Triplets of fuzzy input loads of the pollutants used in the model

Pollutant

x1

x2

CL

1.0

1.5

2.0

(b) For the Gaussian-hill initial load, the center of mass of

ON

1.0

2.0

4.0

the initial concentration, xo, was 1,500 m and the standard

NH

0.6

0.8

1.0

deviation, so, was 300. The number of nodes was 100, the

NIN

1.0

1.5

2.0

spacing between adjacent nodes was 100 m, the time step was

NAN

0.5

0.7

1.0

20 s and the number of iterations was 250. The velocity u at all

OP

1.0

1.2

1.7

nodes was considered constant equal to 1 m/s. The solution
~ x ¼ (2.5,
was conducted for a fuzzy dispersion coefficient D
15, 25). The fuzzy concentration distribution derived
numerically for x ¼ 6,500 m at t ¼ 5,000 s is superimposed
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x3

IP

0.5

1.0

1.3

BOD

5.0

7.0

10.0

DOD

4.0

4.5

COL

1,000

5,000

5.0
10,000
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Membership functions of concentrations of various pollutants at x ¼ 1,500 m for t ¼ 5,000 s. (a) Chlorophyll-a (CL); (b) biochemical oxygen demand (BOD); (c) dissolved
oxygen deficit (DOD); (d) ammonia nitrogen (NH).

(3) ammonia nitrogen (NH), (4) nitrite nitrogen (NIN), (5)

the biochemical reactions. The mathematical form of the

nitrate nitrogen (NAN), (6) organic phosphorus (OP), (7)

source terms is given in Table 1, whereas the various

inorganic phosphorus (IP), (8) biochemical oxygen demand

coefficients used in the model are explained in Table 2. All

(BOD), (9) dissolved oxygen deficit (DOD) and (10) coliforms

parameters of Table 2 are fuzzy coefficients, except for the

(COL). The equations of the model presented herein describe
the variation of the fuzzy concentrations c~ i of all these

water depth d and the factor for solar radiation, FF. It should be

parameters with respect to time, under biochemical inter-

dissolved oxygen deficit (DOD) is used for the description of

actions. The full set of equations is composed of the well-

pollution. The DOD value was calculated by subtracting the

known advection–dispersion equations for a non-conserva-

computed DO value from the saturation value of DO. The

tive substance:

exact saturation DO value depends on water temperature, and

2
›c~ i
›c~ i
~ x › c~ i þ S~ i
þu
¼D
›t
›x
›x2

noted that the model contains dissolved oxygen (DO), but the

is approximately 10 mg/l.
ð9Þ

The limits of the various coefficients contained in the
model were obtained from various sources, such as that by

where c~ i is the concentration for the ith parameter and S~ i are

Brown & Barnwell (1987), and were compiled by Mpimpas

the source and sink fuzzy terms for each equation describing

(1998). The triplets of the fuzzy coefficients used in the
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The concentrations of the input loads of pollutants are
expressed in mg/l, except for the coliforms, which are
expressed as numbers per 100 ml, while the pollution
sources were placed at the upstream end of the river. For
each parameter the input loads are expressed as fuzzy
numbers. The number of nodes was 1,000, the spacing
between adjacent nodes was 10 m and the number of
particles introduced initially was 1,000. The time step was
2 s, the flow velocity was considered constant at all nodes
equal to 0.50 m/s and the computation was continued until
a time equal to 5,000 s was reached. The triplets of the fuzzy
input loads of the pollutants used in the model are quoted in
Table 4. The concentrations of some of the quality
parameters (CL, BOD, DOD and NH) at the 150th node
of the domain (x ¼ 1,500 m) expressed in fuzzy form
are presented in Figure 12. The results correspond to a
time equal to 5,000 s from the inception of the computation.
The resulting fuzzy numbers are not triangular, although
the deviation from triangular, with the exception of
Figure 12(c), may be considered as small. Figure 13 depicts
the minimum and maximum bounds of concentrations
(a-level cut ¼ 0) of CL and BOD and the most confident
values (a-level cut ¼ 1) along the river, at t ¼ 5,000 s. The
results show how the concentration imprecision is very
Figure 13

|

Minimum and maximum bounds of concentration (a-level cut ¼ 0) and
the most confident value (a-level cut ¼ 1) along the stream. (a)
Chlorophyll-a (CL); (b) biochemical oxygen demand (BOD).

sensitive to the uncertainty width (degree of fuzziness) of
the various coefficients.
As stated previously the lower (minimum) and upper
(maximum) bounds of the values of concentrations cannot be

model are quoted in Table 3. Most of these values are

obtained by using simply the extreme values of the various

similar to those used by Mpimpas et al. (2001) for the study

coefficients without the use of interval operations. For the

of water pollution in a coastal area. It should be pointed out

model used in this study, which contains the 30 fuzzy

that,

advection – dispersion

parameters listed in Table 3, the enormous number of 230

equation, the dispersion coefficient incorporates effects of

computations is required in order to obtain all possible values

cross-sectional averaging of a non-uniform flow. This often

of concentration for each quality parameter, ignoring the

leads to values for the dispersion coefficient in the 1-D

fuzziness of input loads. If the fuzziness of input loads is taken

equation that are not necessarily physically realistic

into account, the number of computations increases to 240.

compared to turbulent diffusion values. Turbulent diffusion

From the whole range of possible values, the minimum and

in

the

one-dimensional

2

in flowing water is generally of the order of 1 m /s and the

maximum values of concentrations of the pollutants at each

remainder is additional dispersion by shear because of the

node can be determined. On the other hand, with the use of

non-uniform velocity distribution in a cross-sectional area.

the present fuzzy model, just one computation is sufficient to

For example, although the fuzzy dispersion coefficient used

determine the extreme values of concentration at each node

herein is defined by the triplet (1, 3, 5), much higher values

(a-level cut ¼ 0), and five computations for the determi-

may result if a stream of substantially larger width is

nation of the extreme concentration values at all five a-level

considered.

cuts considered in the present study.
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CONCLUSIONS
One of the problems in water pollution modelling is the
vagueness in the values of pollutant sources and biochemical
coefficients, arising either from natural randomness in time
and space or from indirect measurements and a limited
number of samples. With fuzzy modelling we can represent
imprecise data and produce imprecise output in the form of
fuzzy numbers, with minimal input data requirements and
without the need of a large number of computations.
The fuzzy approach combined with the finite-difference
method was employed for the solution of the one-dimensional advection– dispersion equation of both a conservative and a non-conservative substance for two different
types of input pollutant loads: a point source at the origin of
coordinates and a Gaussian-hill initial load. The results
derived from the numerical computation expressing the
dispersion and decay coefficient as fuzzy parameters agree
closely with those of the analytical solution, confirming the
accuracy of the numerical technique.
The finite-difference method combined with fuzzy
analysis was also used for the study of pollution in a stream,
considering ten water quality parameters. The solution
yields the most confident value of each quality variable, and
is very efficient for the determination of the extreme values
of these quantities, a task for which a vast number of
computations would be required.
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APPENDIX A. FUZZY NUMBERS AND FUZZY
OPERATIONS
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APPENDIX B. ARITHMETIC OPERATIONS IN
INTERVAL NUMBERS

Fuzzy sets are those in which membership cannot be

An interval number A is defined as (Alefeld 1983;

defined on a yes/no basis, because their boundaries are

Nickel 1986)

vague. The central concept of the fuzzy set theory is the
membership function, m, which represents the degree to which

A ¼ ½a1 ; a2  ¼ {tja1 # t # a2 }

an element belongs to a set, and is expressed by a number
between 0 and 1 (0 represents the minimum and 1 the maxi-

where a1 is the left bound and a2 is the right bound of the

mum confidence for an element to belong to the set). A fuzzy

interval A. The operations on the intervals A ¼ [a1, a2] and

number is a fuzzy set of real numbers whose membership

B ¼ [b1, b2] are defined as

function reaches unity and is convex (Zimmerman 1991; Kruse
~ (where the overscore “ , ”
et al. 1994). A fuzzy number A,

A þ B ¼ ½a1 þ b1 ; a2 þ b2 

means fuzzy), is defined in mathematical terms as:
~ ¼ {ðx; m ~ ðxÞÞ : x [ R; m ~ ðxÞ [ ½0; 1}, where m ~ ðxÞ is the
A
A
A
A
~ The simplest type of a fuzzy
membership function of x in A.

A 2 B ¼ ½a1 2 b2 ; a2 2 b1 

number is the triangular. A triangular fuzzy number (TFN) can
be defined by a triplet (x1, x2, x3), as shown in Figure 1. The
membership function for a TFN is defined as
2
0
x , x1
6 x2x1
6
6 x2 2x1 x1 # x # x2
mA~ ðxÞ ¼ 6
6 x3 2x x # x # x
6 x3 2x2
2
3
4
0
x . x3
~ and B
~
Let us consider two triangular fuzzy numbers A
~
~
defined by the triplets A ¼ (x1, x2, x3) and B ¼ (y1, y2, y3).
According to Kaufmann & Gupta (1985), their addition and
subtraction are defined as

A*B ¼ ½ min ða1 b1 ; a1 b2 ; a2 b1 ; a2 b2 Þ; max ða1 b1 ; a1 b2 ; a2 b1 ;

a2 b2 Þ

A=B ¼ ½ min ða1 =b1 ; a1 =b2 ; a2 =b1 ; a2 =b2 Þ; max ða1 =b1 ; a1 =b2 ;

a2 =b1 ; a2 =b2 Þ

2A ¼ 2½a1 ; a2  ¼ ½2a2 ; 2a1 :
Considering the three intervals A, B and C, the following
properties can be defined:

~ þB
~ ¼ ðx1 þ y1 ; x2 þ y2 ; x3 þ y3 Þ
Addition : A
~ 2B
~ ¼ ðx1 2 y3 ; x2 2 y2 ; x3 2 y1 Þ
Subtraction : A

Associativity : ðA þ BÞ þ C ¼ A þ ðB þ CÞ;
ðA BÞC ¼ AðB CÞ

For multiplication and division operations, triplets cannot
be used. However, the computation can be performed using
the confidence interval Aa at each a-level (Kaufmann & Gupta

Commutativity : A þ B ¼ B þ A;

A B¼B A

1985): ;a [ [0, 1]: Aa ¼ [a(1a), a(2a)] ¼ [(x2 2 x1) a þ x1,
2(x3 2 x2) a þ x3] (where the overscore “2” means interval).
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Subdistributivity : AðB þ CÞ # A B þ A C:

