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ABSTRACT
The four-parameter modified gamma distribution (MGD) is the most general mathematically convenient
model for size distributions of particle types ranging from aerosols and cloud droplets or ice particles to liquid
and frozen precipitation. The common three-parameter gamma distribution, the exponential distribution
(e.g., Marshall–Palmer), and power-law distribution (e.g., Junge) are all special cases. Depending on the
context, the particle ‘‘size’’ used in a given formulation may be the actual geometric diameter, the volume- or
area-equivalent spherical diameter, the actual or equivalent radius, the projected or surface area, or the mass.
For microphysical and radiative transfer calculations, it is often necessary to convert from one size representation to another, especially when comparing or utilizing distribution parameters obtained from a
variety of sources. Furthermore, when the mass scales with Db, with b , 3, as is typical for snow and ice and
other particles having a quasi-fractal structure, an exponential or gamma distribution expressed in terms of
one size parameter becomes an MGD when expressed in terms of another. The MGD model is therefore more
fundamentally relevant to size distributions of nonspherical particles than is often appreciated.
The central purpose of this paper is to serve as a concise single-source reference for the mathematical
properties of, and conversions between, atmospheric particle size distributions that can expressed as MGDs,
including exponential and gamma distributions as special cases.
For illustrative purposes, snow particle size distributions published by Sekhon and Srivastava, Braham, and
Field et al. are converted to a common representation and directly compared for identical snow water content,
allowing large differences in their properties to be discerned and quantified in a way that is not as easily
achieved without such conversion.

1. Introduction
Among the most commonly used and mathematically
convenient models for atmospheric particle size distributions (PSDs), ranging from aerosols and cloud droplets
to liquid and frozen precipitation, are those encompassed
by the four-parameter modified gamma distribution
(Deirmendjian 1969), which has the generic form
n(x) 5 N0 xm exp(2Lxg ).

(1)

The three-parameter variant, usually known simply as
the gamma distribution, is obtained by setting g 5 1. The
two-parameter exponential distribution and power-law
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distribution are obtained, respectively, by further setting
m 5 0 or L 5 0.
The exponential distribution and the three-parameter
gamma distribution have long dominated the literature
on rain and snow PSDs (Marshall and Palmer 1948;
Sekhon and Srivastava 1970, hereafter SS70; Hansen
and Travis 1974; Ulbrich 1983). The power-law distribution has often been used as a first-order representation of aerosol PSDs, starting with Junge (1955).
The full four-parameter modified (or generalized)
gamma distribution (hereafter simply MGD) is used less
frequently and is most often encountered in descriptions
of haze, fog, and cloud droplet PSDs (Deirmendjian
1969; Tomasi et al. 1975; Hess et al. 1998; Vivekanandan
et al. 1999). A major premise of this paper is that the
MGD is more fundamentally relevant to theoretical and
observational PSD work, especially with respect to inhomogeneous or irregular solid particles such as snow
and cloud ice, than is often appreciated.
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hereafter B90; F07) published using incompatible representations of particle size.

2. General properties of size distributions
A particle size distribution n(x), where x is some nonnegative variable (e.g., mass or diameter) that uniquely
characterizes a particle’s size, is generally defined such
that
0

1
number of particles per unit volume
n(x) dx 5@ of air whose size falls in the range A.
[x, x 1 dx]
Given n(x), one may immediately compute several aggregate or bulk quantities from the distribution. The
total number concentration of particles of all sizes is
ð‘
Ntot 5

n(x) dx.

(2)

0

All other aggregate properties of the distribution, such
as total surface area, mass, radiative extinction, radar or
lidar backscatter, etc., are obtained by supplying an expression f (x) that describes the contribution by a single
particle of size x and then integrating over all sizes:
ð‘
f (x)n(x) dx.

F5

(3)

0

Rather commonly, the function f (x) that describes the
single-particle contribution to an aggregate property of
a distribution can be adequately modeled, at least statistically if not deterministically, as a power law; that is,
f (x) 5 jxd ,

(4)

in which case the associated aggregate property can be
obtained as
ð‘
F 5j
0

xd n(x) dx 5 jMd ,

(5)

where the Md is the dth moment of n(x).
For any physically reasonable and therefore finite
f (x), the corresponding aggregate property F must also
be finite. This requirement restricts the set of admissible
size distribution models n(x). It is not difficult to construct
hypothetical size distributions [e.g., n(x) } 1/(1/x 1 x4)] for
which low-order moments (e.g., total particle count) are
well defined while higher-order moments (e.g., total particle volume) are infinite, or vice versa.
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Depending on the context, the preferred particle size
descriptor used in a given PSD formulation may be the
mass m, the actual geometric diameter Dg, the volumeequivalent (solid or liquid) spherical diameter De, the
actual or volume-equivalent radius (rg or re), the projected area A, or the area-equivalent diameter Da. For
microphysical, chemical, and radiative transfer calculations, it is often necessary to convert from one representation to another, especially when comparing or
utilizing distribution parameters obtained from a variety
of sources.
While the derivation of these conversions is mathematically straightforward, it entails some effort and risk
of error. This is especially true in the case of complex
nonspherical particles for which m is found to be proportional to Db, with b , 3 (Locatelli and Hobbs 1974;
Mitchell et al. 1996; Vivekanandan et al. 1999; Mitchell
2002; Heymsfield et al. 2002; Delanoë et al. 2007;
Schmitt and Heymsfield 2010; Heymsfield et al. 2010),
and the two-dimensional A is proportional to Db with
b , 2 (Mitchell 1996; Schmitt and Heymsfield 2010).
Noteworthy for the purposes of this paper is that for
such particles, even a simple exponential distribution
expressed in terms of Dg becomes an MGD when expressed in terms of melted-equivalent diameter De, and
vice versa. For example, if the particle mass is proportional to D2g (representative of snowflakes) and the
associated PSD is ng(Dg) 5 N0g exp(2LgDg), then the
PSD for the melted-equivalent diameters is ne (De ) 5
N0e D1e /2 exp(2LD3g/2 ), an MGD.
A major objective of this paper is to provide a singlesource reference for the relationships and conversions
most likely to be of interest to those working with atmospheric PSDs in the MGD family, especially when
particles of nonconstant effective density are involved.
Apart from their potential use in quantitative calculations, one practical benefit is the ability to transform
published PSDs from different sources to a common
basis for ease of comparison.
We begin by briefly reviewing the relevant terminology and key mathematical relationship, starting with
generic PSDs (next section) and then focusing specifically on the MGD in section 3. In section 4 we discuss the
implications of various choices for representing particle
size, followed by a tabulation of general relationships for
converting between these representations in section 5
and implications for estimating model parameters in
section 6. In section 7 we briefly discuss the rescaling or
normalizing of PSDs (Testud et al. 2001; Lee et al. 2004;
Delanoë et al. 2005; Field et al. 2007, hereafter F07) in
the specific context of MGDs. In section 8, we illustrate the use of the aforementioned conversions by directly comparing three PSD models (SS70; Braham 1990,
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sizes. The general form has been adapted to snow aggregates by Gunn and Marshall (1958) and SS70, among
many others.

3. The modified gamma distribution
a. Definition
What is now commonly known as MGD was apparently introduced to represent PSDs by Deirmendjian
(1963). It is given by
n(x) 5 N0 xm exp(2Lxg ).

(6)

where x0 is the modal value of x.
Another equivalent form, given by Auf der Maur
(2001) can be written (with some notational adjustments) as a probability distribution function (PDF):
(8)

where C is a normalization constant that depends on
distribution parameters g, c [ L1/g, and u [ (m 1 1)/g,
with the full PSD then given by n(x) 5 Ntot p(x).
Occasionally one encounters the term ‘‘modified
gamma distribution’’ applied to a three-parameter
gamma distribution (Schneider and Stephens 1995; Babb
et al. 1999; Miles et al. 2000; Maki et al. 2001), but this
usage does not appear to be widespread.

b. Relationship to other models
1) EXPONENTIAL DISTRIBUTION
The MGD encompasses a number of common twoand three-parameter distributions as special cases. For
example, by setting m 5 0 and g 5 1, we obtain the
widely used exponential distribution
n(x) 5 N0 exp(2Lx),

2) POWER-LAW DISTRIBUTION
Similarly, a power-law distribution, as exemplified by
the Junge (1955) model for aerosol sizes, is obtained by
letting L 5 0:
n(x) 5 N0 xm .

The moments of this distribution on the interval [0, ‘] do
not exist; therefore, a power-law distribution can only be
physically meaningful for finite range [xmin, xmax], in
which case
Mk 5


N0  m1k11
m1k11
2 xmin
xmax
.
m1k11

(11)

The expressions presented below for various moments
of MGDs are undefined for L 5 0 and are in any case
applicable only when n(x) is continuous for all nonnegative x. For this reason, we will not discuss powerlaw PSDs further in this paper, though the conversions
given in section 5 may still be used.

3) GAMMA DISTRIBUTION
The more general three-parameter gamma distribution, which results from setting g 5 1, is in wide use for
precipitation (Ulbrich 1983, 1985; Kozu and Nakamura
1991; Meneghini et al. 1992; Jameson 1993; Iguchi et al.
2000; Maki et al. 2001; Grecu et al. 2004; Rose and
Chandrasekar 2006), as well as for cloud droplets and
cirrus ice particles (Ackerman and Stephens 1987;
Schneider and Stephens 1995; Mitchell et al. 1996; Babb
et al. 1999; Miles et al. 2000; Mitchell 2002; Heymsfield
et al. 2004; Sun et al. 2006):
n(x) 5 N0 xm exp(2Lx).

(12)

In exponential and gamma distributions, N0 and L
are often known respectively as the intercept and
slope parameters; m is often referred to as the shape
parameter.
A commonly used alternative formulation of (12) is
given by Hansen and Travis (1974):

(9)

of which perhaps the best-known example is the Marshall
and Palmer (1948) model of the distribution of rain drop

(10)

n(r) 5 N0 r

(123y eff )/yeff

!
2r
,
exp
reff y eff

(13)
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It is therefore a four-parameter model for n(x), with m,
L, and g controlling the shape of the distribution and
N0 controlling the overall scaling. If x has dimensions of
length (the most common case), then N0 has dimensions
L2(m14) and L has dimensions L2g. Because of the dependence of the dimensions of N0 and L on the values of
m and g, respectively, one cannot meaningfully compare
values of the first two parameters for different distributions if m and/or g differ as well.
Variations on the above form, all equivalent, have
appeared in the literature. For example, Tomasi et al.
(1975) and Muller et al. (1993) give the MGD (with
adjusted notation) as
  g 
m x
,
(7)
n(x) 5 N0 xm exp 2
g x0

h xg i
xgu21
exp 2
,
p(x) 5 C
c
c
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where reff is the effective radius of the distribution, defined in this context1 as
ð‘
reff [

ð 0‘

r3 n(r) dr
. 0,

(14)

r2 n(r) dr

a nondimensional (scaled) diameter. The fitted F23(x)
models are sums of pure exponentials and threeparameter gamma distributions with fixed parameters.
We will return to the Field et al. PSD, as well as their rescaling procedure applied to an MGD, in sections 7 and 8.

c. Moments and modes of the MGD

0

1) ANALYTIC EXPRESSIONS
and the effective variance is
ð‘

(15)

0

ð‘

For the three-parameter distribution, we thus have
1
L5
;
reff y eff

1 2 3y eff
m5
.
y eff

Mk [
(16)

For the special case that m 5 0 (exponential PSD), it
follows that y eff 5 1/ 3 and L 5 3/reff.

4) OTHER PSD MODELS
PSD models in occasional use that are not simply
special cases of (6) include the normal distribution and
the lognormal distribution. For example, Tian et al. (2010)
found that some observed cirrus ice particle spectra are
better fit by a lognormal distribution than by exponential
or gamma distributions (they did not, however, investigate
the fit by an MGD).
While many of the general considerations outlined in
this paper are valid for lognormal distributions as well,
the details of the mathematics require a separate treatment and will not be discussed in this paper. Some general
properties of lognormal distributions are summarized by
Straka (2009).
In addition, one sometimes encounters composite
PSD models based on the sum of two simpler underlying
PSDs. For example, Kuo et al. (2004) proposed a bimodal PSD model constructed from the sum of two
MGDs. The moments of such a PSD are the sums of the
moments of the individual MGDs. Other characteristics,
such as the median mass particle size, cannot be derived
analytically for a composite PSD.
Also, F07 published empirically derived size distributions for ice particles expressed as rescaled
(nondimensional) size distributions F23(x), where x is

0

xk n(x) dx 5 N0
N
5 0
g

ð‘

xk1m exp(2Lxg ) dx

0

G

m 1 k 1 1
g
,
L(m1k11)/g

(17)

where the gamma function G(x) is the generalization of
the integer factorial function (x 2 1)! to continuous x.
The total number of particles per unit volume is the
zeroth moment of n(x), or
m 1 1
G
N0
g
.
Ntot 5
g L(m11)/g

(18)

For Ntot to be finite, we require
m11
. 0.
g

(19)

Another characteristic of interest is the kth mode xk of
the distribution, defined here as the value of x coinciding
with the maximum of the function xkn(x):

xk 5


m 1 k 1/g
.
Lg

(20)

The mode of a size distribution is not an invariant
property with respect to the choice of variable used to
represent particle size except when the variables are
linearly related.
A more comprehensive discussion of the analytic
properties of modified gamma distributions is given by
Straka (2009).

2) PARAMETER ESTIMATION FROM REAL DATA
1

The conventional definition of ‘‘effective radius’’ is appropriate
to spherical particles. See McFarquhar and Heymsfield (1998) for
a variety of definitions applicable to nonspherical ice particles.

The analytical expressions for PSD moments given
above depend on the MGD model being valid for all
nonnegative x. When working with real data rather than
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(r 2 reff )2 r2 n(r) dr
ð‘
. 0.
y eff [ 0
2
reff
r2 n(r) dr

Much of the usefulness of the MGD as a model for
PSDs stems not only from its flexibility but from the
existence of convenient analytical expressions for various properties of the distribution. In particular, the kth
moment of the MGD is given by
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d. Median mass particle size
To conveniently communicate a gross property of a
PSD, it is common to refer to the particle size that divides the total mass of the distribution into equal parts
(Mitchell 1991). Generically, this median mass particle
size xmed is defined by the following relationship:
ðx

med

m(x)n(x) dx 5

0

W
5
2

ð‘
m(x)n(x) dx,

(21)

xmed

where m(x) is the particle mass, and the total mass
concentration of the PSD is
ð‘
m(x)n(x) dx.

W5

(22)

0

Approximate analytic expressions for the median mass
particle size in the case of an MGD will be given for the
specific choices of size descriptor discussed in the following section.

unambiguous meaning that does not depend either on
context or on arbitrary definitions. For example, is the
‘‘diameter’’ of a particle its absolute maximum dimension or rather that recorded by a 2D imaging probe? Is
the particle ‘‘volume’’ defined as the volume of its circumscribing sphere or by some other measure of the
spatial distribution of mass (Petty and Huang 2010)?
(The definition of particle volume is of course also inseparable from the definition of particle density.)
Despite the potential ambiguities, there is not only no
universal standard way to describe particle size but
rather a number of distinct conventions, many in wide
use, that lead to superficially incompatible descriptions
of a PSD. One major purpose of the present paper is to
summarize in convenient form the conversions from one
size representation to another. A second purpose is to
demonstrate that a simple exponential or gamma PSD
referenced to one size descriptor (e.g., liquid equivalent
spherical diameter) will often require representation by
an MGD for almost any other choice of size descriptor
(e.g., geometric diameter).

a. Mass m
As noted above, the least ambiguous descriptor related to the size of any nonspherical or nonhomogeneous
particle is m. Although it is not common to do so, we may
elect to represent a PSD in terms of the distribution of
particle masses. The four parameters of the MGD are
supplied with subscripts to make clear their association
with this variable, and the PSD thus takes the following
form:
nm (m) 5 N0m mmm exp(2Lm mgm ).

The total mass concentration represented by this distribution is then the first moment of this distribution:

In the previous sections, we used x as a generic particle
size without specifying its precise meaning. The choice
of the size variable used in the mathematical representation of a PSD is very flexible, yet the choice affects
both the values and the physical dimensions of the parameters N0, m, L, and g in an MGD.
If one allows the term ‘‘size’’ to encompass all reasonable descriptions of how ‘‘big’’ a particle is, including
mass or any of a number of possible measures of linear
dimension, area, or volume, one finds that, in the case of
irregular particles at least, only the particle mass has an


mm 1 2
G
gm


ð‘
W5
0

4. Choice of size descriptor

(23)

mnm (m) dm 5

N0m
.
gm L(mmm12)/gm

(24)

Following (21), the median particle mass mmed is then
defined by the following relationship:
ðm

med

0

mnm (m) dm 5

W
.
2

(25)

The exact solution for mmed must be expressed in terms
of the incomplete gamma function g(a, x); however,
a numerical representation of reasonable accuracy is

mmed 5

mm 1 2 2 0:327g m
Lm g m

1/g

m

(26)
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models, it is often necessary to estimate moments and/or
parameters of the PSD from observations that are only
reliable within a restricted size range [xmin, xmax]. In
general, parameter estimation from PSD observations
is fraught with difficulties related to instrument limitations and statistical sampling, many aspects of which are
discussed by Auf der Maur (2001), Smith and Kliche
(2005), Brandes et al. (2007), Brawn and Upton (2007),
Mallet and Barthes (2009), and Tian et al. (2010), among
many others.
This paper does not attempt to address the problems
associated with statistical sampling or truncation of observed spectra but rather focuses exclusively on the
mathematical conversion between related MGDs, assuming that the parameters of the MGD are known.
However, in section 6 we comment briefly on the potential for mathematical inconsistencies when fitting
models to data.
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b. Geometric diameter Dg
Considerably more variable in its meaning than the
particle mass but generally easier to observe in the field
is Dg of the particle. One may then specify the size distribution as an MGD of the form
m

g

ng (Dg ) 5 N0g Dg g exp(2Lg Dg g ).

(27)

p(Dg ) 5



pDg
p
sin
,
2L
2L

m 5 aDbg .

pr 1/(b23)
0

g,med

0

aDbg ng (Dg ) dDg 5

W
.
2

(28)

(29)

For the special case that the particles happen to be
spherical and the density r is independent of size, then
we have a 5 rp/6 and b 5 3. More generally, however, it
is often observed that density decreases with Dg, in
which case b , 3 and a . 0 are empirically determined
coefficients (Mitchell et al. 1996; Vivekanandan et al.
1999; Mitchell 2002; Heymsfield et al. 2002; Delanoë
et al. 2007; Heymsfield et al. 2010).
Variable density implies a variable mixture of air and
some solid material (e.g., ice) having fixed density r0. If
the fraction of solid material is f, and if we neglect the
density of air, then r 5 fr0. But because f cannot exceed
unity, there is a lower limit Dg,min to the size for which
(29) can be valid when b , 3 (Brown and Francis 1995;
Delanoë et al. 2007). In particular, if the particles are
spherical, then

6a

ðD

(32)

An approximate analytic expression is
0 # Dg # L,

with expectation value hDgi ’ 0.64L. Moreover, there
may exist only a rough statistical relationship between
the true maximum dimension of a stochastically aggregated snowflake, for example, and any other physical
property of the aggregate, such as mass. Notwithstanding
the likelihood of two layers of scatter in the relationship
between observed Dg and particle m, it is common to
assume a power-law relationship between the two:

Dg,min 5

Following (21), the median mass geometric diameter
Dg,med is defined by the relationship

Dg,med ’

(30)

!1/g

g

Lg g g

.

(33)

The above expression is a generalization of that given
previously by Mitchell (1991) for a gamma distribution
(i.e., gg 5 1).

c. Liquid- or solid-equivalent spherical diameter De
Sometimes it is convenient to express the size of a
nonspherical or tenuous particle in terms of the diameter
of a mass-equivalent homogeneous sphere of some standard density r0. For example, the liquid-equivalent diameter of a snowflake is the diameter of the spherical
water droplet that results from melting the snowflake.
The use of the equivalent spherical diameter De is
tantamount to taking b 5 3 in (30) and a equal to
r p
(34)
a0 [ 0 ,
6
so that De satisfies
m 5 a0 D3e .

(35)

The MGD can be written in terms of De as follows:
m

g

ne (De ) 5 N0e De e exp(2Le De e ).

(36)

The mass concentration is
ð‘

.

mg 1 1 1 b 2 0:327g g

W5
0



m 14
G e
g
a N
a0 D3e ne (De ) dDe 5 0 0e (m 14e)/g .
e
g e Le e

(37)
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For nonspherical particles, the precise definition of
Dg is crucial. As a practical matter, it is often taken to be
the maximum dimension of the particle as projected
onto a two-dimensional image plane. For nonspherical
randomly oriented particles, it is understood that this
maximum dimension bears only a statistical relationship
to the true maximum dimension of the particle itself. For
example, in the worst-case scenario of a randomly oriented slender needle of length L, the projected maximum dimension Dg obeys a rather broad PDF,

When evaluating integrals of a size distribution ng(Dg)
for which b , 3, one should assess whether significant
numerical errors might arise from assuming (30) for
particles smaller than Dg,min (Heymsfield et al. 2010). If
so, then numerical integration is in order. Otherwise, we
may derive analytical expressions based on (17) to obtain bulk properties of the distribution. For example, the
mass concentration is given by
!
mg 1 b 1 1
G
ð‘
gg
aN0g
b
: (31)
W 5 aDg ng (Dg ) dDg 5
(
m
1b11
)/g g
gg
0
Lg g
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The median mass equivalent diameter De,med is defined
by the relationship
ðD

e,med

W5
0

a0 D3e ne (De ) dDe 5

W
.
2

VOLUME 68

Another descriptor based on the projected area A is
the so-called area ratio Ar (Heymsfield and Miloshevich
2003; Schmitt and Heymsfield 2009), defined as

(38)
Ar [

4A
pD2g

(42)

An approximate analytic expression is


m 1 4 2 0:327ge 1/ge
De,med ’ e
.
Le g e

and parameterized as
(39)



me 1 7
G
ð‘
g
N
Z 5 D6e ne (De ) dDe 5 0e (m 1 e7)/g .
e
e
g e Le
0

(40)

d. Area A and area-equivalent diameter Da
In many areas of research, some convenient measure
of a particle’s projected area may be of primary interest,
not only because it can be directly observed in the field,
but also because of its relevance for radiative transfer,
microphysical growth processes, and/or particle fall speeds
(Mitchell and Arnott 1994; Mitchell 1996; Heymsfield
and Miloshevich 2003; Mitchell and Heymsfield 2005).
The projected area in question may either be that of
a randomly oriented particle or else that of a particle
that has a predictable alignment with respect to either
an optical instrument or the direction of fall. For atmospheric chemical processes, as well as some radiative
properties, it may be the total surface area of the particles rather than the projected area that matters. For
fractal-like particles, any value given for either the surface area or projected area is almost certainly resolution
dependent.
Notwithstanding the numerous variations, and subject
to the same statistical caveats as for (29), we assume a
power-law relationship between the geometric diameter
and some measure of the particle’s area:
A 5 aDbg

(43)

The coefficients appearing in (41) and (43) are related as
follows:
a5

p
c ,
4 0

b 5 c1 1 2.

(44)

In the remainder of this paper, we use a and b to characterize the area–diameter relationship.
If A is instead taken to be the total surface area of the
particle, then for a uniform sphere, a 5 p and b 5 2.
Nonspherical or irregular particles may have surface
areas that are either larger or smaller than those of
spheres having the same Dg, so there are few obvious
constraints on possible values for a or b.
Regardless of the context-specific meaning of A, one
may choose to define a size distribution in terms of A, in
which case the MGD form is
nA (A) 5 N0A AmA exp(2LA AgA ).

(45)

One reason why this form might be of interest is that the
parameters of the distribution, along with those of ng(D),
can be directly estimated from 2D images of the particles
without the need for ancillary assumptions.
Given the projected A of a particle, one may also define Da such that
A 5 a0 D2a .

(46)

where
a0 [

p
.
4

(47)

If instead A represents total surface area, then a preferable choice might be a0 5 p. Either way, we have the
possibility for yet another PSD model,

(41)

If A is the projected area and the particle is a sphere or
circular disk oriented perpendicular to the line of sight,
then a 5 p/4 and b 5 2. But for an irregular or fractal
particle, typically a , p/4 and/or b , 2 (Mitchell 1996;
Schmitt and Heymsfield 2010).

m

g

na (Da ) 5 N0a Da a exp(2La Da a ).

(48)

e. Radius
Sometimes dimensions are given in terms of the radius
r rather than the diameter D. Regardless of whether it is
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In the Rayleigh limit—that is, for water or ice particles
much smaller than the radar wavelength—the radar
backscatter cross section per unit volume distribution
is approximately proportional to the radar reflectivity
factor Z, which is defined as the sixth moment of the
distribution of liquid-equivalent diameters:

c

Ar 5 c0 Dg1 .
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TABLE 1. Complete set of conversions from one size descriptor (column heading) to another (row heading). Expressions in boldface are
definitional; all others follow from these.
Conversion from
m

m

—
 1/b
m
a
 1/3
m
a
 0 1/2  b/2b
a
m
a0
a
 b/b
m
a
a

Dg
De
Da
A

De

Dg
aDbg
—
 1/3
a
Dgb/3
a0
 1/2
a
Dgb/2
a0
aDbg

a0 D3e
 1/b
a0
De3/b
a
—
 b/2b  1/2
a0
a
De3b/2b
a0
a
 b/b
a
/b
a 0
D3b
e
a

the geometric or equivalent diameter and radius we are
speaking of, we require
n(D) dD 5 n(2r)(2dr),

(49)

in which case
n(D) dD 5 N0d Dmd exp(2Ld Dgd )
5 2N0d (2r)md exp[2Ld (2r)gd ] dr,

Da
 b/b
a0
/b
a
D2b
a
a
 1/b
a0
Da2/b
a
 1/3  b/3b
a0
a
Da2b/3b
a0
a
—
a0 D2a

A
 b/b
A
a
a
 1/b
A
a
 1/3 b/3b
a
A
a0
a
 1/2
A
a0
—

parameters N0y, my, Ly, and gy in terms of the old parameters N0x, mx, Lx, and gx. The required expressions
are tabulated in Table 1.
Based on (54), Table 2 lists the complete set of conversions between parameters of MGDs referenced to m,
Dg, De, Da, or A as the independent variable. For conversions between PSD representations using radius and
diameter, see (51).

(50)

and

6. Implications for model fitting

N0r 5 2md1 1 N0d ,

mr 5 md ,

gr 5 gd ,

Lr 5 2 g d Ld .
(51)

5. Conversion between representations
If a PSD expressed in terms of size descriptor x is to be
transformed into PSD expressed in terms of size descriptor y, then we require
nx (x) dx 5 nx [x(y)]

dx
dy 5 ny (y) dy,
dy

(52)

so that the conversion is obtained via
ny (y) 5 nx [x(y)]

dx
.
dy

(53)

For the MGD, we have that
dx
N0y ymy exp(2Ly ygy ) 5 N0x [x(y)]mx expf2Lx [x(y)]gx g .
dy
(54)
For the case that x and y are related by a power law, then
substituting appropriate expressions for x(y) and its
derivative into the above allows one to solve for the new

The conversion relationships obtained between different representations of a PSD reveal some potential
traps for the unwary when estimating model parameters
from real data. To take a simple example, an imaging
probe can yield simultaneous estimates of both A and Dg
for all of the sampled particles, which in turn can be used
to separately obtain (e.g., via moment matching) the
four MGD parameters (each) of nA(A) and ng(Dg).
Values of a and b can then be determined in one of at
least two ways: 1) by independently estimating these
coefficients via a power-law fit to the sample of A and
Dg, or 2) by solving for a and b from the MGD parameters determined separately for nA(A) and ng(Dg).
But from the conversions given in Table 2, we see that
four model parameters (e.g., N0A, mA, LA, and g A) can
be computed exactly from the remaining six (e.g., N0g,
mg, Lg, gg, a, and b). In other words, the 10 model parameters that could in principle be directly estimated
from particle data collected by an imaging probe are not
independent and in fact represent only 6 degrees of
freedom. Unless care is taken, one is likely to obtain estimates of the 10 parameters that are not mutually consistent. Indeed, even if one simply computes a and b from
g
the other parameters [e.g., a 5 (Lg /LA )1/ A , b 5 gg /gA ],
we are still left with 6 mathematical degrees of freedom
among the 8 remaining PSD parameters, which means
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TABLE 2. Complete set of conversions between the parameters of MGDs referenced to various particle size descriptors discussed in this
paper. Row headings indicate the size descriptor used by the source MGD; column headings indicate the parameters of the target MGD.
Size descriptors in source MGD

Parameters of
target MGD
Dg
De
Da
A

N0m
1
N a2(1/b)(mg 11)
b 0g
1
2(1/3)(me 11)
N a
3 0e 0 
b
a (1/2)(ma 11) 2(b/2b)(m 11)
a
N
a
2b 0a a0
b
N a2(b/b)(mA 11) amA 11
b 0A

De
Da
A

bN0m amm 11
 (1/3)(m 11)
b
a
e
N0e
3
a0
 (1/2)(m 11)
b
a
a
N0a
2
a0
bN0A amA 11
N0e

m
Dg
Da
A

m
Dg
De
A

m 11
3N0m a0 m
 (1/b)(m 11)
a0
3
g
N
b 0g a

 ( b/2b)(m 11)  (1/2)(m 11)
a
3b
a
a
a
N0a 0
2b
a0
a
a 
3b
N0A amA 11 0 ( b/b)(mA 11)
b
a
N0a
 (b/b)(m 11)
a
2b
m
N amm 11 0
b 0m
a
 (1/b)(m 11)
a
2
g
N0g 0
b
a
 (1/3)(m 11)  (b/3b)(m 11)
a0
2b
a
e
e
N0e
3b
a0
a
m 11

2N0A a0 A

N0A
m
Dg
De
Da

b
N amm 11 a2(b/b)(mm 11)
b 0m
1
N a2(1/b)(mg 11)
b 0g
 (1/3)(m 11)
b
a
e
N0e a2(b/3b)(me 11)
3b
a0
1
2(1/2)(ma 11)
N a
2 0a 0

that separate curve or moment fits to noisy data will
likely lead to mathematical inconsistencies. An interesting question (and one not answered here) is what
procedures exist, or could be devised, to optimally derive all 10 parameters from a set of simultaneous observations of both A and Dg while enforcing perfect
mathematical self-consistency. Another question is

1
(m 1 1) 2 1
b g
1
(m 1 1) 2 1
3 e
b
(m 1 1) 2 1
2b a
b
(m 1 1) 2 1
b A

Lm
Lg a2gg /b
2g /3
Le a0 e



La

a
a0

g

b
(m 1 1) 2 1
2 a
b(mA 1 1) 2 1

3b
(m 1 1) 2 1
2b a
3b
(mA 1 1) 2 1
b
ma

a2bga /2b

Lg
Lm agm
 g /3
a e
Le
a0
 g /2
a a
La
a0
LA agA

me
3(mm 1 1) 2 1
3
(m 1 1) 2 1
b g

a /2

LA agA a2bgA /b

mg
b(mm 1 1) 2 1
b
(m 1 1) 2 1
3 e

Le
g
Lm a0 m

 g /b
a g
Lg 0
a
 bg /2b  g /2
a0 a
a a
La
a0
a
 bg /b
a
A
LA agA 0
a

2b
(mm 1 1) 2 1
b
2
(m 1 1) 2 1
b g
2b
(m 1 1) 2 1
3b e

La
 bg /b
a
m
Lm agm 0
a
 g /b
a g
Lg 0
a
 g /3  bg /3b
a e a0 e
Le
a0
a

2(mA 1 1) 2 1

LA a0 A

g

LA
gm

2bgm /b

Lm a a

Lg a2gg /b
 g /3
a e 2bg /3b
Le
a e
a0
2ga /2

La a0

b
ge
3
bga
2b
bgA
b
gg
bg m
bg e
3
bga
2
bgA
ge
3g m
3g g
b
3bga
2b
3bgA
b
ga
2bgm
b
2g g
b
2bge
3b
2g A

mA
b
(m 1 1) 2 1
b m
1
(m 1 1) 2 1
b g
b
(m 1 1) 2 1
3b e
1
(m 1 1) 2 1
2 a

gm
gg

gA
bg m
b
gg
b
bg e
3b
ga
2

whether the resulting fits would also be more robust in
other measurable ways.

7. Rescaled size distribution
A fairly recent innovation is the use of normalizing or
rescaling procedures to obtain a nondimensional PSD
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expressed as a function of a nondimensional size defined
in terms of the actual geometric size and various moments of the original PSD (Testud et al. 2001; Lee et al.
2004; Westbrook et al. 2004; Delanoë et al. 2005; F07;
Tian et al. 2010). One motivation is to ‘‘explore the
underlying shape of the PSD without imposing any
a priori expectation for any specific analytic form’’ (F07).
Another is to capture (or parameterize) a spectrum of
PSDs in terms of one or two reasonably generic properties such as the low-order moments of the distribution.
To give one example, F07 employ a two-moment rescaling of snow PSDs as follows:
x 5 Dg

M2
,
M3

(55)

where Mk is the kth moment of the PSD, x is a nondimensional particle size, and F23(x) is the nondimensional size distribution obtained used the second and
third moments.
It is instructive to apply the above rescaling procedure
to the MGD using the analytic expressions for the moments given in (17):


mg 1 3
G
gg
1/g
(56)
x 5 Dg Lg g 
,
mg 1 4
G
gg

27
exp(23x).
2

(59)

Because the values of two parameters of the original
MGD are lost in the rescaling, its reconstruction from
F23(x) requires the additional specification of any two independent properties (e.g., moments) of the original PSD.

8. Example applications
A major purpose for deriving conversions between
various equivalent representations of PSDs is to facilitate convenient and direct comparison of PSDs from
different sources regardless of the manner in which they
were originally specified. Here we consider three published PSDs for snow particles:
(i) a representative measured PSD from Braham
(1990, hereafter B90) expressed in terms of Dg of
the snowflakes observed in lake effect snow;
(ii) the snow PSD of SS70, which is a function of liquidequivalent precipitation rate R and expressed in
terms of liquid-equivalent diameter De; and
(iii) the PSD obtained for ‘‘snow’’ in midlatitude stratiform ice cloud by F07, which is given in the nondimensional (rescaled) form described in the previous
section and with x as the independent variable.

Note that the snow observed at altitude by F07 is from
a markedly different environment than the near-surface
F23 (x) 5 N0x xmx exp(2Lx xgx ),
(57) snowfall measured by B90 and SS70, and we can therefore expect, a priori, that the three PSDs will not be
similar. Our premise, however, is that the PSDs cannot be
where
compared even qualitatively until recast into a common
2 m 1 43m 13
g
g
framework.
G
6
gg 7
gg
6
7
For the sake of the present illustration, and following
N0x 5 
,
6 
7
mg 1 3 4 mg 1 3 5
F07, we assume the snow particle mass–size relationship
G
G
of Wilson and Ballard (1999) [a 5 0.069 and b 5 2.0 in
gg
gg
(29)], which is fairly typical of empirically derived remx 5 mg ,
lationships in showing an approximate D2 dependence
gx 5 gg , and
of particle mass on geometric diameter. The precise


relationship used here is unimportant, since our focus is
mg 1 4
G
on the methods and not on the quantitative results.
gg
To be comparable, we require all three PSDs to yield
(58)
Lx 5 
.
mg 1 3
identical
snow/ice water content W. While SS70 and F07
G
gg
are parametric and can be varied to yield arbitrary values
of W, B90 give a series of exponential fits to discrete obThe rescaled MGD is thus another MGD, but the four servations of PSDs in lake effect snow. We therefore
parameters of the rescaled MGD depend on only two choose one representative example from B90 and adjust
parameters of the original MGD: mg and g g. The parame- the other two PSDs to match. Details are given below.
ters N0g and Lg play no role in the rescaled MGD, the
a. B90
second of these parameters having been absorbed into the
Table 4 of B90 gives fitted parameters for 49 observed
definition of x. Moreover, the parameters m and g are unchanged by the rescaling. It follows that any pure expo- snow spectra, assuming an exponential distribution of
nential PSD (m 5 0, g 5 1) rescales to the fixed form (F07): the form
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TABLE 3. MGD coefficients (SI units) for three published snow PSDs (see text), all yielding a snow water content of 0.306 g m23.
PSD
B90
SS70
F07 (1)
F07 (2)

N0e

me
8

9.394 3 10
2.317 3 106
7.355 3 1010
8.304 3 1020

0.5
0
0.5
3.605

Le

ge
5

1.289 3 10
2208
1.411 3 106
4.049 3 105

ng (Dg ) 5 N0g exp(2Lg Dg ).

1.5
1
1.5
1.5

(60)

N0g 5 7:19 3 106 m24 ,
Lg 5 1480 m21 :

(61)

B90 integrated this PSD assuming a spherical shape and
a constant bulk density of 0.025 g cm23 to obtain a snow
water content of 0.118 g m23. We integrated it using
m 5 aDbg to obtain a much higher W 5 0.306 g m23.
While the (unknowable) true snow water content for
this case is not pertinent to the present illustration, the
divergence between these two estimates of W underscores the sensitivity of snow water calculations to particle density assumptions.

b. SS70

6

7.19 3 10
7.861 3 104
5.629 3 108
6.126 3 1014

mg

Lg

gg

0
20.333
0
2.07

1480
112.4
1.62 3 104
4648

1
0.667
1
1

In other words, it is a sum of exponential and gamma
distributions expressed in terms of x defined in (55).
As noted earlier, it is necessary to specify two moments in order to recover the original PSD. However,
F07 also present an empirical relationship between
moments of their distributions, so that the specification
of a single moment is sufficient to uniquely determine
all moments of the PSD. The second and third moments are thus related by the equations given in their
Table 3, and the second moment M2 in particular is
proportional to snow water content by virtue of the
assumed D2 dependence of particle mass. Assuming a
temperature of 2108C, we find that M2 5 0.004 452 (SI
units) yields the target snow water content of 0.306 g m23,
so that
m

ng (Dg ) 5 N0g1 exp(2Lg1 Dg ) 1 N0g2 Dg g2 exp(2Lg2 Dg ),
(66)
where (in SI units)

The snow PSD of SS70 is given by
ne (De ) 5 N0e exp(2Le De ),

N0g1 5 5:629 3 108 ,

(62)

Lg1 5 1:62 3 104 ,

where
N0e 5 2:50 3

103 R20:94 (mm21

Le 5 22:9R20:45 (cm21 )

N0g2 5 6:126 3 1014 ,

m23 )

mg2 5 2:07,
(63)

and R is in millimeters per hour. We adjusted R until we
reproduced the snow water content of 0.306 g m23 found
previously for B90, yielding R 5 1.084 mm h21 and
N0e 5 2:317 3

106 m24 ,

Le 5 2208 m21 :

(64)

c. F07
F07 give the following normalized form for the PSD of
particles observed in midlatitude stratiform ice clouds:
F23 (x) 5 141 exp(216:8x) 1 102x2:07 exp(24:82x).
(65)

Lg2 5 4:648 3 103 .

(67)

d. Conversions
For the above three PSDs, the parameters m 5 0 and
g 5 0 unless otherwise noted. With all four parameters
of the MGD specified for a given published distribution
(or, in the case of F07, for each term in the composite
distribution), we can apply the appropriate conversions
in Table 2 to find alternate representations in terms of
Dg or De. The parameter values for these alternate forms
are given in Table 3.
Note that as a consequence of assuming b , 3 in (29),
both B90 and F07 translate into MGDs when expressed
as ne(De), and SS70 becomes an MGD when expressed
as ng(Dg).
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e. Comparisons
Recalling that all three PSDs described above yield
the same snow/ice water content, they may now be directly compared by plotting the appropriate forms as
functions of De (Fig. 1, left column) or Dg (right column). The differences between the three distributions
are striking. In terms of both number concentration (top
row) and mass contribution (bottom row), the SS70
distribution is notable for yielding numerous large particles greatly exceeding 2 mm in melted diameter and
4 mm in geometric diameter. These dimensions are consistent with fairly large snow aggregates. At the other
extreme, the F07 distribution yields very few particles
larger than 1-mm melted diameter or 2-mm geometric
diameter.

The shapes of the PSDs are also distinct, with SS70
being concave-upward in Fig. 1b, while F07 is concavedownward over most of the range. The F07 distribution
expressed as mass contribution versus Dg (Fig. 1d) is also
notable for have a second mode at small sizes. In terms of
both size and shape, B90 falls between SS70 and F07.
The corresponding median mass melted diameters are
0.503 (F07; determined numerically), 0.755 (B90), and
1.67 mm (SS70), more than a factor of 3 range for the
same snow water content. A back-of-the-envelope calculation of equivalent radar reflectivity factors using
the sixth moment of the distributions (i.e., assuming the
validity of the Rayleigh approximation applied to the
volume-equivalent diameters) yields results ranging from
13.6 dBZe for F07 to 31.6 dBZe for SS70, an 18-dBZ
difference.
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FIG. 1. Three example snow PSDs, each with parameters chosen so as to integrate to the same total snow water
content of 0.306 g m23: SS70 (solid), B90 (long dashed), and the midlatitude PSD of F07 (short dashed). PSDs are
presented as number concentrations per unit (a) De and (b) Dg, and as mass contributions per unit (c) De and (d) Dg.
Conversions between Dg and De assume the mass–diameter relationship M 5 0:069D2g (SI unitsÞ.
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That the above differences are significant is not unexpected in view of the very different conditions under
which the PSDs were obtained. The major point relevant to this paper is that these PSDs could be directly
compared in multiple frameworks with so little effort,
once the necessary conversions had been derived and
tabulated in Table 2 along with the analytic expression
for the moments given in (17).

9. Conclusions
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