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Predicting the head-leakage slope of cracks in pipes
subject to elastic deformations
A. M. Cassa and J. E. van Zyl

ABSTRACT
Pressure has a major impact on the rate of leakage from leak openings in pipes and studies have
shown that the leakage exponents in networks can be substantially larger than the theoretical oriﬁce
exponent of 0.5. The most important reason for this behaviour is that leak areas are not ﬁxed, but
increase as a function of pressure. In this study, ﬁnite element analysis was used to investigate the
relationship between pressure head and leak area in pipes with longitudinal, spiral and
circumferential cracks. It was found that there is a linear relationship between crack area and
pressure head for all crack types, pipe materials and loading conditions tested. The impact of loading,
material, section and crack properties on the head-area slope was also investigated, and an attempt
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was made to ﬁnd an expression to express the head-area slope as a function of these properties.
Mathematical relationships were developed that give reasonable descriptions of the head-area
slopes of longitudinal, spiral and circumferential cracks. With these relationships, it will be possible to
predict the behaviour of different types of leak openings in different pipes and pipe materials.
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INTRODUCTION
The conventionally used equation for leakage as a function

determine the effect the crack properties (orientation,

of pressure is described by:

length and width), pipe material properties (Young’s modulus, Poisson’s ratio and longitudinal stress) and pipe

Q ¼ ch

N1

(1)

section properties (internal diameter and wall thickness)
have on the behaviour of each crack. This led to the devel-

where Q is the ﬂow rate in m³/s, c is the leakage coefﬁcient,

opment of equations to predict the response of the

h is the pressure head in m, and N1 is the leakage exponent.

different cracks to variations in pressure.

Studies conducted on the relationship between pressure and

While the results of this study cannot be used directly to

leakage in water distribution systems have shown that the

predict leakage exponents of distribution systems, they pro-

rate of ﬂow from a leak is greatly affected by the pressure

vide new insights into the way that individual leaks respond

and that the resulting leakage exponents can be substantially

to changes in pressure that are aimed at assisting researchers

larger than the theoretical oriﬁce exponent of 0.5 (Farley &

and practitioners to make further advances towards these

Trow ). The main reason for this behaviour is that leak

goals.

areas are not ﬁxed, but increase with increasing pressure.
This study investigated the relationship between pressure
and the leak area in pipes with longitudinal, circumferential

FINITE ELEMENT ANALYSIS

and spiral cracks (LC, SC and CC, respectively) using ﬁnite
element analysis. Only linear elastic material behaviour was

The ﬁnite element method is an established numerical

considered.

analysis technique used for obtaining approximate solutions

Sensitivity

analyses

were
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to a wide variety of engineering problems. Finite elements
are used by creating different geometric regions, establishing
separate approximating functions in each region and then
joining them together to make a model containing many
small interconnected sub-regions of elements (Huebner
et al. ). This study ﬁrst used ﬁnite elements to analyse
the behaviour of longitudinal, spiral and circumferential
cracks in pipes under pressure.
The ABAQUS ﬁnite element software was used in this
investigation as well as the software program Solidworks
where the pipes were modelled according to the dimensions

Figure 1

|

Example of a quadratic tetrahedron element.

Figure 2

|

A detailed look at the mesh around a spiral crack.

required. The study is based on a 110 mm diameter class
6 uPVC pipe with a wall thickness of 3 mm. The dimensions
and properties of the test pipe are given in Table 1.
Ten-noded quadratic tetrahedron elements were used
throughout the pipes. The use of this element increases the
accuracy of the result, as the tetrahedron element is not
only giving four values at each corner of the element, but
it also calculates a centre node between the corner nodes
resulting in 10 nodes as shown in Figure 1. Sensitivity analyses were done for each conﬁguration to determine the
optimal element size. Generally the sizes of the elements
in the region around the cracks were 1 and 2 mm for all
three types of cracks while the rest of the pipe had element
sizes of 5 mm. An example of the mesh of a spiral crack is
shown in Figure 2.

to simulate water pressure, and external stresses at the

The boundary conditions of the pipe consisted of clamping the pipe along an internal line on the opposite side of the
crack and along the whole length of the pipe, as well as a
point on the outside of the pipe adjacent to the internal
line. The pipes were loaded with a uniform internal load

Table 1

|

pipe ends to simulate the longitudinal pipe stresses. The
pipe was assumed to lie in a horizontal plane. In the biaxial load state, the longitudinal pipe stresses were calculated using Equation (2) for longitudinal stress for
cylindrical pressure vessels (Gere ):
σ¼

Dimensions and properties of a class 6 uPVC pipe

Material properties

Geometry of pipe

Crack geometry

Pr
2t

(2)

where r is the inner radius of the pipe, P the internal

Variable

Value

Units

Pressure head, h
Young’s modulus, E
Poisson’s ratio, ν
Longitudinal stress, σl

600
3
0.4
5.2

kPa
GPa
–
MPa

Length of pipe, Lpipe
Wall thickness, t
Internal diameter, ID

900
3
104

mm
mm
mm

edge corresponding to the width of the crack. Figure 3(a)

60
1

mm
mm

pressure of 600 kPa. The same crack is shown in Figure 3(b)

Length of crack, Lc
Width of crack, Wc
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pressure, t the thickness of the pipe wall and σ the longitudinal stress. In the uni-axial load state, the longitudinal
stresses were assumed to be zero.
The three cracks were modelled with a constant radial tip
shows the stress distribution around a longitudinal crack at a
using a deformed scale to show deformation in more detail.
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Stress distributions around a longitudinal crack using (a) normal and (b) deformed scales.

Figure 4 shows the stress distribution around a spiral

does not necessarily represent the behaviour of all leaks

crack using ﬁxed and deformed scales, and Figure 5 shows

in a distribution system. In particular, Ferrante et al.

the same for a circumferential crack.

() and Massari et al. () showed that plastic pipe
materials are subject to hysteresis, and thus do not
adhere to the assumption of elastic behaviour. The results

LEAK AREA AS A FUNCTION OF PRESSURE

for a 60 mm longitudinal crack subject to different internal
pressures are shown in Figure 6. This graph shows that

The results of this and a previous study (Cassa et al. )

the longitudinal crack expands outward with increasing

conﬁrmed that the areas of leaks expand linearly with

pressure.

pressure, irrespective of the pipe material, leak type or

The variations of leak area with pressure are shown in

loading state. This is also experimentally conﬁrmed by

Figure 7 for 60 mm long longitudinal, circumferential and

others including Ferrante (). However, this is only

spiral cracks respectively as examples of the linear relation-

true under linear elastic material behaviour and thus

ship found in all cases.

Figure 4

|

Stress distributions around a spiral crack using (a) normal and (b) deformed scales.
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Stress distributions around a circumferential crack using (a) normal and (b) deformed scales.

oriﬁce, h the pressure head and m the head-area slope.
This equation is identical to that proposed by May ()
and others, but is interpreted differently (Cassa et al. ):
instead of interpreting leaks as either ﬁxed or variable, all
leaks are considered to have variable areas, although
extent of variation differs for different leaks. A leak can
thus be characterised by its initial area (A0) and its
pressure-area slope m.

Figure 6

|

EFFECT OF PARAMETERS ON HEAD-LEAKAGE
SLOPE M

60 mm longitudinal crack at various pressures.

This linear relationship has important implications for
the modelling of leakage ﬂows.
A ¼ Ao þ mh

Understanding what role each inﬂuencing parameter plays
in the behaviour of the crack in relation to pressure is important when trying to predict a mathematical relationship

(3)

describing this behaviour. Initially, the base pipe of
Table 1 was studied with only the pressure being varied to
study the basic interaction between pressure and leakage

Using this linear relationship in combination with the

and pressure and the leak area as shown in Figure 7. A sen-

oriﬁce equation, an expression for the leak ﬂow can be

sitivity analysis was then conducted by varying each

found as a function of pressure:

parameter in turn to study the effect of that parameter on

pﬃﬃﬃﬃﬃ

Q ¼ Cd 2g Ao h0:5 þ mh1:5

the head-area slope of the pipe. Table 2 shows the values
(4)

for the pipe and leak properties that were used in the sensitivity analysis, with the base pipe values shown in bold. The

where Q is the ﬂow in the oriﬁce, Cd is the coefﬁcient of dis-

values were chosen to represent the typical range found in

charge, g the gravitation constant, Ao the initial area of the

distribution system pipes in the ﬁeld.
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Examples of the linear relationship between the area of a crack and the pressure head for longitudinal, circumferential and spiral cracks.

Variations in dimensions and properties of the pipe

Property or dimension

Varied

Pressure, P (kPa)

0, 100, 200, 300, 400, 500, 600, 700, 800, 900, 1,000

Young’s modulus, E (GPa)

3, 10, 30, 90, 200

Poisson’s ratio, ν (–)

0.17, 0.21, 0.29, 0.4, 0.45, 0.5

Longitudinal stress, σl (MPa) (excluding longitudinal cracks)

0, 1.3, 2.6, 3.9, 5.2

Wall thickness, t (mm)

2, 2.5, 3, 4, 5

Internal diameter, ID (mm)

20, 30, 40, 50, 80, 104, 150, 200, 250, 300, 350

Length of crack, Lc (mm)

10, 30, 60, 100, 130, 150

Width of crack, Wc (mm)

0.1, 0.5, 1, 2

Keeping all the parameters the same as the base pipe

the length of crack raised to the power of 3.12 for longi-

except the parameter being investigated, and varying each

tudinal cracks and 3.11 for spiral cracks, but only 2.56

parameter in turn according to Table 2, the relationship

for circumferential cracks. In Figure 9, the head-area

between the head-area slope m and each parameter was

slope is inversely proportional to the wall thickness

obtained. It was also possible to see which parameter

raised to a power of 1.75 for longitudinal cracks, 1.68 for

affected the head-area slope the most. Figures 8–14 show

spiral cracks and only 0.35 for circumferential cracks. In

how the head-area slope changes as the different parameters

Figure 10, Young’s modulus shows an inversely pro-

of the pipe are varied.

portional relationship with the head-area slope for all

Results that can be gained from these graphs are the

three crack types. In Figure 11, the internal diameter

behaviour of the different parameters. In Figure 8, the

shows that the head-area slope is proportional to the

length of crack shows head-area slope is proportional to

internal diameter raised to the power 0.334 for longitudinal
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Change in length of crack.

Figure 9

|

Change in wall thickness.

Figure 10

|
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Change in internal diameter.

Figure 12

|

Change in longitudinal stress.

Figure 13

|

Change in width of crack.
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Change in Young’s modulus.

cracks and 0.178 for spiral cracks. For circumferential

of longitudinal cracks. Thus Figure 12 shows only cracks

cracks, however, the behaviour is signiﬁcantly different

orientated away from the longitudinal direction. The longi-

and could be attributed to the diameter-wall thickness

tudinal stress has a small effect on the slope with spiral

ratio and the stiffness of the material.

cracks but a larger effect with circumferential cracks,

In previous studies (Cassa et al. ), it was shown

which gives a better understanding of the role of the

that the longitudinal stress has no effect on the behaviour

material property of longitudinal stress in a pipe with
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cracks. This is evident in the small exponents of 0.048,
0.044 and 0.052 for longitudinal, spiral and circumferential cracks respectively.
Figure 15 shows a bar graph with all the parameters
against the range over which the head-area slope m changes.
Note that a logarithmic scale is used on the y-axis. As can be
seen from the ﬁgure, the length of the crack has the dominant effect on the pressure-area slope for all three crack
types followed by the wall thickness, Young’s modulus and
internal diameter. The relationship for the longitudinal
Figure 14

|

Change in Poisson’s ratio.

stress shows that these stresses have the lowest impact on
the longitudinal cracks, and the highest impact on circum-

cracks orientated away from the longitudinal. It is also

ferential cracks.

noted that in absence of longitudinal stresses the circumferential crack has a negative head-area slope suggesting that
the crack tries to close itself by expanding in the circumfer-

PREDICTING EQUATIONS FOR HEAD-AREA SLOPE

ential direction. Previous studies done by the author and
others conﬁrm these ﬁndings with exponents lower than

Once all the relationships for all the parameters were

0.5, observed both in numerical studies by Cassa et al.

obtained it was possible to use various data processing

() and experimental studies by Greyvenstein & van

techniques to formulate mathematical relationships for

Zyl (). In Figure 13, the width of the crack shows a

the head-area slope as a function of the pipe and crack par-

linear relationship with the head-area slope for all three

ameters. Regression analysis was used on the data to

crack types. From Figure 14, it can be seen that Poisson’s

obtain three mathematical models describing the head-

ratio ν has very little effect on the head-area slope m,

area slope m as a function of the parameters of the pipe

which decreases as Poisson’s ratio increases for all three

and crack.

Figure 15

|

Bar graph showing head-area slope range for each parameter.
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pﬃﬃﬃﬃﬃ
2g

ferential crack respectively are:

2

A0 h0:5 þ
 
P 1:746 0:3379 4:80 0:5997ðlog Lc Þ2
:t
:d
:Lc :10
ΔA ¼ 2:93157:
E
 
P 1:6795 0:178569 6:051 0:0928 1:05ðlog Lc Þ2
:t
ΔA ¼ 3:7714:
:d
:Lc :σ l
:10
E
 
P 0:33824224 0:186376316
:t
ΔA ¼ 1:64802 × 105 :
:d
:
E
:σ 1:09182555
:100:82763163ðlog Lc Þ
L4:87992662
c
l

|

2

Q ¼ Cd

pﬃﬃﬃﬃﬃ
2g

3:7714:d0:178569 :L6:051
:σ 0:0928
:101:05ðlog Lc Þ :ρ:g 1:5
c
l
h
1:6795
E:t
1:64802 × 105 :L4:87992662
:σ 1:09182555
:
c
1

!

2

A0 h

(5)

0:5

þ

100:82763163ðlog Lc Þ :ρ:g
E:t0:33824224 :d0:186376316

!

1:5

h

(7)

Equation (7) can be used to predict the head-area slope
m for any pipe section, material and crack length within the

From Equation (5), it can be seen that the majority of the

bounds of the regression analysis under the assumption of

exponents are similar to those obtained in Figures 8–14 with

linear elastic behaviour. The values of m predicted by the

the exception of the length of crack term. This is due to the

equations are compared to the ﬁnite element values in

fact that the crack length plays a large role in the behaviour

Figure 16 for all three cracks.

of the pipe and needed a more sophisticated representation
to adequately describe the pipe’s response when different
parameters are varied. It was found that the Poisson’s
ratio of the pipe material and width of the crack have negligible impact on the head-area slope, and thus are not
included in the equation. The same is true for the longitudinal stress in the case of longitudinal cracks.
Using the linear relationship between pressure and leak
area, Equation (4), these three models, Equation (5), give
three equations for head-area slope from longitudinal,
spiral and circumferential cracks:

DISCUSSION AND CONCLUSION
The study investigated the effect of pressure on the leak area.
This was done by increasing the internal pressure in the pipe
and modelling the change in area of the crack. It showed that
regardless of the orientation of the crack it was possible to
express the leak area with a linear equation and then used it
to propose a better description for leakage through an oriﬁce.
This study also investigated the sensitivity of the head-

2

0:5997ðlogLc Þ
2:93157:d0:3379 :L4:80
:ρ:g
c :10
1:746
E:t
2
3:7714:d0:178569 :L6:051
:σ 0:0928
:101:05ðlogLc Þ :ρ:g
c
l
m¼
E:t1:6795
2
5 4:87992662 1:09182555
1:64802 × 10 :Lc
:σ l
:100:82763163ðlog Lc Þ :ρ:g
m¼
E:t0:33824224 :d0:186376316
(6)

m¼

area slope m to different material, section and crack properties. A realistic range of values were determined for each
parameter, after which the head-area slope was determined
for this range. The investigation was carried out for longitudinal, circumferential and spiral cracks.
The main ﬁndings of the study are as follows:

•

an oriﬁce:
pﬃﬃﬃﬃﬃ
Q ¼ Cd 2g
A0 h

•

circumferential cracks.
The only exception to this rule was the longitudinal pipe
stress σl, which displayed the opposite behaviour. Longitudinal stresses had no effect on the sensitivity of

2

0:5

head-area slopes, i.e. the highest sensitivity to pressure
for equivalent parameter states, followed by spiral and

Finally, using the proposed Equations (4) and (6), three
equations for the cracks can be proposed for leakage out of

In general, longitudinal cracks produced the highest

0:5997ðlogLc Þ
2:93157:d0:3379 :L4:80
:ρ:g 1:5
c :10
þ
h
E:t1:746
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longitudinal cracks, but the more the crack was orientated away from the longitudinal direction the greater
the role played by the longitudinal pipe stress becomes.
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For the case where no longitudinal stresses are present in

Published results on leak behaviour generally only

the pipe, it was found that the circumferential cracks can

report the leakage exponent, and not the head-area slope.

display leakage exponents below 0.5, thus meaning that

In addition, detailed material properties (such as the elas-

the crack area is reducing with increasing pressure. This

ticity modulus and Poisson’s ratio) are rarely published,

is due to the lengthening of the crack accompanied by a

and few results have been published on circumferential

reduction in crack width due to the Poisson’s ratio of

and spiral cracks. Thus further work is required that will

the material. These results conﬁrm earlier ﬁndings by

allow the proposed equations to be veriﬁed.

Cassa et al. () and Greyvenstein & van Zyl ().
The parameter that was found to have by the greatest
impact on the head-area slope m was the crack length.
internal diameter, longitudinal stress, crack width and
Poisson’s ratio. It was found that the impact of crack
width and Poisson’s ratio on the head-area slope is
small enough to be negligible.
The relationship between the Young’s modulus and the
head-area slope was the same for all three crack types. It
showed that the head-area slope was inversely proportional

•

|

Comparison of Equation (6) prediction of m to the ﬁnite element results for all three crack types.

This was followed by wall thickness, Young’s modulus,

•

Journal of Water Supply: Research and Technology—AQUA

to the Young’s modulus for all crack orientations.
Three empirical equations were developed that may be
used to predict the head-area slopes for the different
cracks types. These equations are subject to the assumption of linear elastic behaviour, and thus may not be
valid for cracks where plastic deformation or hysteresis
occur.
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