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Pareto-optimality and a search for robustness: choosing
solutions with desired properties in objective space and
parameter space
Gift Dumedah, Aaron A. Berg and Mark Wineberg

ABSTRACT
Multi-objective genetic algorithms are increasingly being applied to calibrate hydrological models by
generating several competitive solutions usually referred to as a Pareto-optimal set. The Paretooptimal set comprises non-dominated solutions at the calibration phase but it is usually unknown
whether all or only a subset of non-dominated solutions at the calibration phase remains nondominated at the validation phase. In practice, users would like to know solutions (and their
associated properties) which remain non-dominated at both the calibration and validation phases.
This study investigates robustness of the Pareto-optimal set by developing a model characterization
framework (MCF). The MCF uses cluster analysis to examine the distribution of solutions in
parameter space and objective space, and conditional probability to combine linkages between the
distributions of solutions in both spaces. The MCF has been illustrated for calibration output
generated from application of the Non-dominated Sorting Genetic Algorithm-II to calibrate the Soil
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and Water Assessment Tool for streamﬂow in the Fairchild Creek watershed in southern Ontario. Our
results show that not all non-dominated solutions found at the calibration phase perform the same
for different validation periods. The MCF illustrates that robust solutions – non-dominated solutions
which cluster in similar locations in parameter space and objective space – performed consistently
well for several validation periods.
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INTRODUCTION
Calibration of hydrological models using multi-objective

Pareto-optimal set remains non-dominated at both cali-

genetic algorithms (MOGAs) usually generate competitive

bration and validation time periods. In such cases, users

solutions which are not dominated by any other solution

would prefer solutions that are less sensitive to model par-

when compared using model evaluation objectives. These

ameter perturbations, and have a high level of performance

non-dominated solutions, usually called a Pareto-optimal

in evaluation objective space at both calibration and future

set, allow users several decision scenarios which represent

time steps.

alternative trade-offs between model evaluation objectives.

The evaluation of performance of solutions in combi-

From a decision-making standpoint, users are interested to

nation with their parametric variations are generally

know whether the Pareto set has a subset of solutions

addressed using robust optimization methods. Robust optim-

which are sensitive or less sensitive to small changes

ization methods are usually categorized into deterministic

in parameter values, a necessary condition in practice.

methods (Gunawan & Azarm , ; Li et al. )

Additionally, it is usually unknown whether a subset of the

and stochastic (or probabilistic) methods (Bertsimas &

doi: 10.2166/hydro.2011.120
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Thiele ; Chen et al. ; Goh & Sim ; Goh et al.

provide robust Pareto-optimal solutions (Gunawan &

). Deterministic methods use pre-determined intervals

Azarm ; Li et al. ; Nazemi et al. ). The study

for parameter values to optimize the objective function,

by Nazemi et al. () determined robust solutions by ﬁnd-

whereas probabilistic techniques use statistical measures

ing the overlap of solutions between a Pareto-optimal set

(e.g. mean and variance) to evaluate sensitivity of parametric

and a set of solutions with higher posterior probability.

variations before they are incorporated into optimizing

Deb & Gupta (, ) provided two methods of ﬁnd-

the objective function. Several studies (Tsutsui & Ghosh

ing robust multi-objective solutions. The ﬁrst method

; Ray ; Jin & Sendhoff ; Gunawan & Azarm

optimizes the mean effective objective value which is deter-

, ; Li et al. ) have linked the performance of sol-

mined by averaging a ﬁnite set of neighboring solutions. The

utions to their parametric variations (or robustness), and

second method optimizes individual evaluation objectives

others (Chen et al. ; Goh & Sim ) have applied

but adds a constraint to restrict a pre-deﬁned limiting

decision rules to address robust optimization in linear

change in objective values. This method is synonymous with

programs.

the interactive approach as the acceptable change in objective

Furthermore, the evaluation of the Pareto-optimal set

values is deﬁned using user input to guide the search.

to select compromise solution(s) has been recommended

Our study expands on these linkages by ﬁnding robust

in the literature (Coello Coello et al. ; Marler & Arora

solutions and the assessment of these solutions at both cali-

). As a result, various studies (Khu & Madsen ;

bration and validation phases. We designed a model

Taboada & Coit ; Tang et al. ; Bekele & Nicklow

characterization framework (MCF) to deﬁne robustness by

; Ferreira et al. ; Grierson ; Hejazi et al.

using conditional probability to combine the distribution

; Crispim & de Sousa ; Dumedah et al. )

of solutions in parameter space and objective space. The

have evaluated the Pareto-optimal set to select a subset of

MCF includes a specially deﬁned indicator, a choice index

solutions using different decision criteria. But very few

for ﬁnding solutions which have small perturbations in

studies have actually investigated the sensitivity of the

objective space. The MCF has been illustrated for calibration

Pareto-optimal set to small changes in model parameter

output which was generated by calibrating the Soil and

values and its performance for future time steps.

Water Assessment Tool (SWAT) for simulations of stream-

The Pareto-optimal set, like most calibration outputs, is

ﬂow in the Fairchild Creek watershed in southern Ontario,

generated by evaluating the performance of model par-

Canada. SWAT was calibrated using the Non-dominated

ameter sets in objective (or decision) space. While the

Sorting Genetic Algorithm-II (NSGA-II).

distribution of parameter values can be used to test the per-

The remaining part of this paper is organized as follows.

formance of solutions, the evaluation of solutions in

The next section describes the MCF to evaluate the distri-

parameter space is limited in the model calibration litera-

bution of non-dominated solutions in objective space and

ture. In other words, evaluating the distribution of

parameter space. This section also provides a description

solutions by examining the linkages between parameter

of the NSGA-II method used to calibrate SWAT for

space and objective space is not a typical approach in

streamﬂow. The results and discussion section presents the

most calibration methods.

NSGA-II/SWAT calibration output – a Pareto-optimal set

As a result, a framework is needed to evaluate the distri-

evaluated across different simulation periods. This section

bution of solutions in objective space and parameter space,

also implements the MCF to choose solutions with the

and to examine the linkages between the two spaces. In

desired behavior from the Pareto set, which are generated

MOGA literature, several studies (Jin & Sendhoff ;

using NSGA-II. The paper concludes with a discussion

Deb & Gupta , ; Gunawan & Azarm ; Li

about the utility of the MCF to select robust solutions. The

et al. ; Nazemi et al. ; Goh & Sim ) have exam-

conclusion emphasizes the importance of robustness and

ined linkages between objective space and parameter space.

the choice index, and the signiﬁcance of evaluating the dis-

The linkage between the distribution of solutions in par-

tribution of solutions in two spaces: objective space and

ameter space and objective space has been shown to

parameter space.
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imaginary line connecting contiguous parameters in the
vector. A parameter pathway emphasizes the interconnect-

The following subsections describe the model characteriz-

edness of model parameter values for evaluating the

ation framework. Using the concept of Pareto-optimality

quality of a solution in objective space.

we provide a framework to search for robust solutions by
evaluating the clustering of solutions in both objective

Clustering in parameter space and objective space

space and parameter space. The section also describes the
NSGA-II method, the study area and the SWAT model

We measure the distribution of solutions in parameter space

used to simulate streamﬂow.

by clustering model parameter values of the solutions found

Model characterization framework

function is used to compare parameter vectors, which in

on the Pareto frontier. An application of a speciﬁc distance
future applications can be weighted to emphasize one parHere we outline the model characterization framework,

ameter over another. As we have no bias towards one

shown in Figure 1, to simultaneously assess the distribution

parameter over another, we normalize each parameter and

of solutions in both parameter space and objective space.

take the Euclidean distance between the normalized vec-

The evaluation of Pareto-optimality is usually limited to

tors. We call the clusters thus formed ‘parameter clusters’

objective space but we can look at commonalities that the

(PC) and index them so that the ith parameter cluster is

various solutions have to get an understanding of the prop-

denoted PCi.

erties of parameter space as well.

Similarly we cluster the distribution of solutions in

Note that in this study ‘parameter set’ is synonymous

objective space using a distance measure that combines

with ‘parameter pathway’. A parameter pathway can be visu-

the model evaluation functions (bias and RMSE in this

alized as parameter values in a vector linked together by an

study, that is, solutions discovered on the Pareto frontier).
Speciﬁcally, a weighted Euclidean distance was used to
combine bias and RMSE, although any distance measure tailored to the system under investigation could be used. These
clusters are called ‘ﬁtness clusters’ (FC) and the jth ﬁtness
cluster is denoted FCj. The term ‘ﬁtness’ is a terminology
used in a genetic algorithm to refer to the quality of a solution or the performance of a candidate solution in a
population.
Other classiﬁers different from cluster analysis could be
applied to analyze the distribution of solutions, so clustering
should not be thought of as the only approach. One suggestion is that cluster analysis should be used to analyze the
distribution of solutions if and only if a pattern of clustering
is observed following the test of clustering outlined in
Thorndike (). The procedure shown in Thorndike
() also illustrates the ‘knee’ approach that shall be used
in this paper to determine the appropriate number of clusters to be used in clustering a speciﬁc dataset based on the
relative size of the reduction of variance introduced by
increasing the number of clusters.

Figure 1

|

Key procedures of the MCF to select a subset of equally competitive solutions
using robustness, choice index and coverage.
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combined using conditional probability as a means to ﬁnd

ith cluster in objective space is equivalent to the frequency-

linkages between patterns observed in the two spaces. For

based estimate of the conditional probability P(FCi|PCj) and

example, given that a solution is found among a cluster of

can be computed as shown in Equation (1). ‖FCi‖ represents

solutions in objective space, we can examine if these sol-

the number of members (i.e. magnitude) of the cluster i in

utions can be generated from similar parameter pathways

objective space (or ﬁtness space) and ‖PCj‖ is the number

or perhaps there are other very different pathways that can

of members in cluster j in parameter space:

produce the same behavior. To achieve this we outline the
model characterization framework to deﬁne model scenarios based on the clustering of solutions in parameter

RIi; j ¼

jjFCi ∩ PCj jj
jjPCj jj

ð1Þ

space and objective space.
In this paper we refer to the clustering of solutions

The robustness index RIi, j shall also be denoted as

in parameter space as locality. Parameter sets that cluster

RI(FCi, PCj). The RIi, j varies between a value close to unity,

closely can be described as local solutions and those sol-

representing a very robust solution, and a value close to

utions scattered and located far apart are non-local. Also

zero, indicating a very sensitive solution. Robust solutions

solutions can be classiﬁed based on their clustering or

satisfy the condition: RIi, j ≈ 1.0. Sensitive solutions, on the

arrangement in objective space. The arrangement of sol-

other hand, are parameter sets that have very similar path-

utions in objective space describes a choice property such

ways in parameter space but produce very different results

that local choice solutions are clustered closely in objective

in objective space. A set of solutions is categorized as sensi-

space while non-local choice solutions are scattered when

tive if their robustness index is close to zero (i.e. RIi, j ≈ 0.0).

evaluated in objective space.

Similarly, the choice index CIi, j for the ith cluster in
objective space and the jth cluster in parameter space is ana-

Linking parameter space and objective space: categorizing
Pareto-optimal solutions

logous to the frequency-based estimate of the conditional
probability P(PCj|FCi) and can be computed as shown in
Equation (2). Given a solution in objective space cluster,

Using the clusters in parameter space and objective space

the CIi, j indicates whether the speciﬁed cluster has more

we can ﬁnd comparisons between solutions by evaluating

or fewer alternatives (i.e. choices) in parameter space to gen-

linkages between the two spaces. Speciﬁcally, we deﬁne

erate a similar response in objective space. That is, the CIi, j

four categories: Robust, Sensitive, Local Choice and Non-

operates as a selection index:

local Choice to illustrate these linkages. Note that these
categories are tied to the clustering of solutions in both parameter space and objective space.

CIi; j ¼ 1 

jjFCi ∩ PCj jj
jjFCi jj

ð2Þ

Robustness is the ability for a set of parameters to
remain unchanged (i.e. insensitive) regardless of small

where ‖FCi‖ represents the number of members in cluster i

changes or perturbations in the internal and external struc-

in objective space and ‖PCj‖ is the number of members in

ture of a system (Jin & Sendhoff ; Deb & Gupta ;

cluster j in parameter space. The choice index CIi, j shall

Ross et al. ; Willink ). Using this deﬁnition,

also be denoted as CI(FCi, PCj). CIi, j varies between a

robust parameter sets are deﬁned as solutions that have simi-

value close to zero, indicating a local choice, and a value

lar values (i.e. belong to similar clusters) in both parameter

close to one for non-local choice. This special purposed

space and objective space. Robustness links parameter space

index, CIi, j, is used to emphasize whether there are several

to objective space in a way that similarities in parameter

or a few choices in parameter space to produce a speciﬁed

space imply similarities in objective space.

solution in objective space.

We now determine whether a cluster of solutions is robust

Clusters of solutions that are local choice have similar

or sensitive through the use of a robustness index. The robust-

pathways in parameter space as well as similar ﬁtness

ness index RIi, j for the jth cluster in parameter space and the

values, such that no other solutions exist that have similar
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ﬁtness values with different parameter pathways. A strong

solutions. The solution clusters A, B, C, and D combine two

local choice solution satisﬁes the condition: CIi, j ≈ 0.0. On

sets of properties, one from robustness index and the other

the other hand, solutions possessing the non-local choice

from choice index. As a result, robust/sensitive solution clus-

property have different solutions in parameter space but

ters on the robustness index are either non-local choice or

result in similar scenarios in objective space. Speciﬁcally,

local choice.

non-local choice solutions have several alternative parameter

Using Figure 2 as a decision tool, a user can further dis-

values to generate a speciﬁed watershed response. A strong

cern between two robust clusters (clusters B and C ). Cluster

non-local choice solution satisﬁes the condition CIi, j ≈ 1.0.

C is robust but this cluster has a subset of solutions which

Note that solutions used in this type of analysis are equally

can be generated from several other parameter pathways

competitive but they possess unique properties. Solutions do

(non-local choice). In contrast, cluster B is robust but only

not need to be determined in a multi-objective fashion so

a few similar parameter pathways can generate similar

the framework can apply to single-objective problems.

objective values (local choice). Hence a combined evaluation of robustness and choice index can be useful to

Using linkages between robustness and choice index:
choosing a solution with desired behavior

distinguish between two similar robust clusters. Non-local
choice solutions are equally relevant for evaluation of the
physical meaning of model parameters and their sensitivity.

The set of solutions categorized based on a robustness index

Because non-local choice solutions have several parameter

(RIi, j) and choice index (CIi, j) can be combined by linking

pathways and produce similar watershed responses, these

the two indices. The rationale for this analysis is that, by

pathways could be examined for their physical meaning by

combining the two indices, a decision can be made as to

choosing the most descriptive.

whether a particular solution is robust enough and, if not,

Furthermore, a user could be interested in a parameter

whether other solutions with similar performance but with

pathway that falls in one of the two sensitive clusters (clusters

different parameter pathways exist that may be in a robust

A and D). Cluster D is sensitive and non-local choice, that is,

region. Additionally, the analysis allows selection of par-

it comprises a set of solutions which belong to other par-

ameter sets with the desired behavior from robust or

ameter pathways as well as many other clusters in objective

sensitive solutions. This analysis is illustrated in Figure 2

space. This cluster of solutions has alternatives in both par-

where robustness index is plotted on the vertical axis against

ameter space and objective space. Because there are other

choice index on the horizontal axis for a hypothetical set of

alternatives to solutions in this region, those choices should
be explored for decision-making, for example, on the basis
of the physical meaning of parameter values. Indeed, a cluster
that has similar performance but different parameter pathways might be found in a robust region and therefore a
desirable solution. Cluster A is sensitive and local choice; solutions in this region also belong to several other parameter
pathways but they are uniﬁed in objective space. A set of solutions in this region will be ideal for assessing the sensitivity
and the physical meaning of parameter pathways. Although
Figure 2 is illustrated for a hypothetical set of solutions, an
analysis for real results is shown in the results section.
Study area

Figure 2

|

Different clusters of Pareto-optimal solutions categorized based on robustness
index and choice index.
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framework in a case study. The case study uses NSGA-II to

discharges are occasionally observed in January due to

calibrate SWAT for streamﬂow in the Fairchild Creek (FCr)

sudden high temperatures which result in snowmelt ﬂoods.

watershed in southern Ontario. The FCr watershed shown

But overall maximum discharges occurred in March and

in Figure 3 is a sub-catchment of the Grand River located

April due to accumulated snow.

in the south-eastern portion of the Grand River Basin. The
FCr has a drainage area of about 400 km2. The topography

SWAT and its calibration using NSGA-II

of the FCr watershed is gently sloping with an elevation
interval of about 325 m at the upstream to 184 m at the

The Soil and Water Assessment Tool (SWAT) is a semi-

downstream. The soils in the upstream portion of the water-

distributed hydrological model that was developed by the

shed are predominately loam. The middle and lower

United States Department of Agriculture in the early

sections have ﬁne textured soils that are a mix of silt, clay,

1990s and has been continuously updated (Arnold et al.

loam and some sand. A large portion of the watershed is

; Arnold & Fohrer ). SWAT runs continuously at

cleared for agricultural activity but speciﬁc land cover distri-

a daily time step and is capable of simulating long-term

butions are approximately agriculture (64%), forestry (21%),

impacts of land management and climate on water and sedi-

pasture (9%), urban (5%) and open water and wetlands

ment in large river basins with varying soils and land cover

(1%). Streamﬂow in the FCr watershed collected from

(Arnold & Fohrer ). As a physically based model, SWAT

1990 to 2003 varies widely from year to year, with the maxi-

inputs include speciﬁc information on topography, drainage

mum and minimum daily discharges ranging between

networks, land use/cover, weather and land management

75.9 m3/s on January 17, 1995 and 0.145 m3/s on July 16,

practices. SWAT uses a digital elevation model (DEM) to

1999, respectively. The average annual daily discharge is

delineate the watershed into sub-basins which are further

3.49 m3/s with a standard deviation of 0.88 m3/s. Extreme

divided into hydrologic response units (HRUs). HRUs are

Figure 3

|

Study area: Fairchild Creek watershed in southern Ontario (data source: Natural Resources Canada).

Downloaded from https://iwaponline.com/jh/article-pdf/14/2/270/386677/270.pdf
by guest

276

G. Dumedah et al.

|

Pareto-optimality and a search for robustness

Journal of Hydroinformatics

|

14.2

|

2012

homogenous land areas within sub-basins which are cate-

information in the FCr watershed. The sub-basins were

gorized by speciﬁcation of the unique land use and soil

further subdivided into HRUs using both land use/cover

information. SWAT computes runoff volume using either

and soil distribution. The generated HRUs are homogeneous

the runoff curve number approach or the Green and Ampt

land areas within sub-basins based on a unique combination

inﬁltration equation (Green & Ampt ). Further descrip-

of land use and soil distribution within a sub-basin. Next,

tion of SWAT can be found in various sources (Arnold

weather information based on precipitation, minimum and

et al. ; Neitsch et al. ; Arnold & Fohrer ).

maximum temperatures, solar radiation, humidity and

The following procedures were undertaken to set up

wind are generated for the sub-basins from weather stations

SWAT for the FCr watershed. The FCr watershed was deli-

within and surrounding the FCr watershed. SWAT assem-

neated into sub-basins using a 10 m resolution DEM and a

bles all the above information to generate input ﬁles and

drainage network. The delineation was based on the distri-

initializes parameter values ready for calibration. Table 1

bution of drainage networks, and soil and land-cover

shows 24 SWAT model parameters, their descriptions and

Table 1

|

SWAT model parameters, their lower and upper bounds, and their descriptions

Model parameter

Change type

Lower bound

Upper bound

Description

TIMP

Absolute

0.01

1.00

SURLAG

Absolute

0.00

24.00

Surface runoff lag time (d)

SFTMP

Absolute

5.00

5.00

Snowfall temperature ( C)

SMTMP

Absolute

5.00

5.00

Snowmelt base temperature ( C)

SMFMX

Absolute

0.00

10.00

Melt factor for snow on Jun. 21 (mm/ C d)

SMFMN

Absolute

0.00

10.00

Melt factor for snow on Dec. 21 (mm/ C d)

MSK-CO1

Absolute

0.00

10.00

Calibration coefﬁcient used to control impact of the storage time constant
for normal ﬂow (km)

MSK-CO2

Absolute

0.00

10.00

Calibration coefﬁcient used to control impact of the storage time constant
for low ﬂow (km)

MSK-X

Absolute

0.00

0.30

Weighting factor controlling relative importance of inﬂow rate and outﬂow
rate in determining water storage in reach segment

CH-K1

Absolute

0.00

150.00

CN2

Relative

0.35

0.35

Initial SCS runoff curve number for moisture condition II

CH-N2

Relative

0.50

0.50

Manning’s n value for main channel

CH-K2

Absolute

0.01

150.00

ALPHA-BF

Absolute

0.00

1.00

GWQMN

Absolute

0.00

5000.00

GW-REVAP

Absolute

0.02

0.20

GW-DELAY

Absolute

0.00

500.00

RCHRG-DP

Absolute

0.00

1.00

REVAPMN

Absolute

0.00

500.00

Snow pack temperature lag factor
W

W

W

W

Effective hydraulic conductivity in tributary channel alluvium (mm/h)

Effective hydraulic conductivity in main channel alluvium (mm/h)
Baseﬂow alpha factor (d)
Threshold depth of water in the shallow aquifer required for return ﬂow to
occur (mm)
Groundwater ‘revap’ (transfer of groundwater to upper soil layers)
coefﬁcient
Groundwater delay (d)
Deep aquifer percolation fraction
Threshold depth of water in the shallow aquifer for ‘revap’ to occur (mm)

CANMX

Absolute

0.00

100.00

Maximum canopy storage (mm H2O)

ESCO

Absolute

0.00

1.00

Soil evaporation compensation factor

EPCO

Absolute

0.00

1.00

Plant uptake compensation factor

SOL-AWC

Relative

0.50

0.50

Available water capacity of the soil layer (mm H2O/mm soil)

SOL-K

Relative

0.80

0.80

Saturated hydraulic conductivity (mm/h)
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types of modiﬁcation used during the parameter estimation

streamﬂow solutions under changing meteorological con-

procedure.

ditions in the watershed.

Next, the NSGA-II is applied to calibrate SWAT for

The solutions in the Pareto-optimal set describe a variety

simulations of streamﬂow. The NSGA-II/SWAT framework

of acceptable simulations; ﬁnding an objective rationale to

was run through 400 generations with a population of

select one solution amongst numerous possible solutions

200 parameter sets which are evaluated based on model

can be a daunting task. The Pareto frontier is a trade-off sur-

bias in Equation (3) and RMSE in Equation (4). Though

face that is represented by a range of parameter sets which

model bias is bounded by RMSE (i.e. bias cannot be

have equally competitive RMSE and model bias values.

greater than RMSE), within those bounds the two objective

Two different types of trade-off are apparent on the Pareto

functions are independent as they assess different aspects

frontier: the ﬁrst is the trade-off between the parameter

of the calibration process (Gupta et al. ). The default

sets based on their model parameter values (parameter

crossover probability of 0.8 and a mutation probability of

space) and the second trade-off is between parameter sets

1/l (where l is the number of variables) were used to

based on their predicted streamﬂows (objective space). As

guide the search. The modeling period was 12 years, start-

a result, when choosing one solution over another from

ing from 1992 to 2003. The model calibration period was

the Pareto frontier, some compromise between optimizing

set to the ﬁrst six years (i.e. 1992–1997) and the remaining

either RMSE or model bias inherently occurs. In the discus-

six years (i.e. 1998–2003) were used to validate model

sion below, we evaluate the solutions on the Pareto frontier

outputs:

for properties of robustness and choice index on two fronts:

Bias ¼

k
X

parameter space and objective space.

!
(ys; i  yo; i )

k

ð3Þ

i¼1

Evaluation of robustness and choice properties for
parameter sets

vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
!
u k
u X
2
t
RMSE ¼
(y s;i  yo; i )
k

ð4Þ

i¼1

There are solutions on the Pareto frontier that possess
unique properties either from the parameter values themselves or on the Pareto frontier but it is unknown if these

where yo, i is the observed streamﬂow for ith day, ys, i the

solutions possess robustness or choice properties. By evalu-

simulated streamﬂow for ith day, and k the period of simu-

ation of robustness and choice properties, we intend to

lation in days.

examine the distribution of parameter values and the
spread of RMSE and bias values on the Pareto frontier.
Speciﬁcally, the following is an implementation of the
model characterization framework described in later

RESULTS AND DISCUSSION

subsections.

This section presents the NSGA-II results for calibrating

unique clusters are readily identiﬁed in objective space. A

First, using cluster analysis on the Pareto frontier, six
SWAT for streamﬂow and analyzes the resulting Pareto set

k-means clustering was applied using a Euclidean distance

by implementing the model characterization framework.

measure, where the six clusters and their cluster sizes are

The solutions were evaluated for two linkages: one based

‖FC1‖ ¼ 60, ‖FC2‖ ¼ 7, ‖FC3‖ ¼ 18, ‖FC4‖ ¼ 13, ‖FC5‖ ¼ 10

on linkages between objective space and parameter space,

and ‖FC6‖ ¼ 7. The decision to use six clusters was based

and the other based on linkages between robustness and

on Figure 4 where the percent of variance is explained by

the choice index. This combined evaluation of distribution

different numbers of clusters k, and k ¼ 6 provided the

of solutions allows the identiﬁcation of solutions which

most suitable number of clusters as it falls at the knee.

remain competitive across several validation periods. That

Second, on the distribution of parameter values, eight

is, the evaluation is capable to identify high-performing

parameter clusters (denoted PC1, PC2, PC3, PC4, PC5, PC6,
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Cluster of solutions found on the Pareto frontier for calibration output. Inset plot is a number of clusters and their corresponding variances based on the knee method (Thorndike
1953).

PC7 and PC8) were identiﬁed in parameter space. Again, the

In summary, the number of clusters in parameter space

k-means clustering technique was applied to all parameter

is eight and there are six clusters in objective space. The

values across the 115 parameter sets using a Euclidean dis-

number of clusters is problem-dependent and a function of

tance measure. The eight clusters are obtained using the

the Pareto frontier and its corresponding distribution of sol-

same procedure as was done for objective space clustering;

utions in both spaces.

the plot for parameter space is shown in Figure 5. For the

Based on clustering in both spaces, we evaluate the level

115 solutions, PC1 has 14 solutions, PC2 has 33 solutions,

of partitioning, robustness and choice properties for sol-

PC3 has 20 solutions, PC4 has 14 solutions, PC5 has 5 sol-

utions. In association with partitioning of the Pareto

utions, PC6 has 10 solutions, PC7 has 12 solutions and

frontier, we use coverage to indicate the proportion of sol-

PC8 has 7 solutions.

utions in a speciﬁed partition. Coverage is a measure of

Figure 5

|

Left-hand side graph shows plotted points for SWAT model parameters and their clustering in parameter space. Right-hand side plot is a number of clusters and their corresponding variances based on the knee method (Thorndike 1953).
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how well a speciﬁc cluster in both parameter and objective

split into six clusters in parameter space; PC1 has 14 sol-

spaces is represented on the Pareto frontier. The level of cov-

utions, PC2 has four solutions, PC3 has 20 solutions, PC4

erage gives information about regions of concentration (or

has 10 solutions, PC5 has ﬁve solutions and PC8 has seven

similarity) of solutions on the Pareto frontier. To partition

solutions. This example shows how a set of solutions in

the Pareto frontier, the number of solutions in the overlap

FC1 with very similar RMSE and bias values in objective

region between a cluster in objective space and a cluster in

space are split into six different clusters in parameter

parameter space are divided by the number of all solutions

space. That is, there are several choices in parameter path-

on the Pareto frontier. Table 2 illustrates the partitioning

ways to generate similar solutions in FC1.

of the Pareto frontier into different clusters (e.g. FC1).

In contrast, strong local choice solutions are exempliﬁed

Overall, PC2 represents the most concentrated region in

in the overlapped region between FC5 and PC6 where all the

parameter space and FC1 has the most coverage in objective

solutions in the objective cluster FC5 are located in the par-

space. The most concentrated clusters, particularly, in par-

ameter cluster PC6. Similarly, local choice solutions are

ameter space describe a representative pathway for

obtained in CI(FC4, PC2). Again, local choice solutions are

clustering in parameter space. These results are important

different from robust solutions as conditionality for robust-

because there are solutions which represent locations of

ness is in parameter space while conditionality for the

maximum concentrations for parameter-by-parameter clus-

choice index is in objective space. As we have seen in

tering but do not describe a representative pathway for

Table 2, although solutions in the overlapped region

clustering in parameter space. That is, information about

between FC4 and PC2 are located closely in objective

individual parameter clusters is important but they are not

space and parameter space these solutions are not robust.

adequate to describe a representative pathway to generate

They are sensitive on the robustness scale as constituent sol-

information about parameter relationships.

utions in PC2 are all not located in FC3 but they are split into

Next, the evaluation of robustness determines clusters

other objective clusters: FC1, FC2, FC3 and FC6.

(e.g. PC1) in parameter space which overlap with clusters
(e.g. FC1) in objective space. Table 2 illustrates the compu-

Linkages between robustness and choice index:

tation of robustness index for different clusters (e.g. FC1)

solutions with desired properties

on the Pareto frontier with respect to the clusters (e.g.
PC2) in parameter space. The most robust combination

Now we illustrate linkages between the level of coverage

of parameter clusters are RI(PC1, FC1), RI(PC3, FC1),

and the set of solutions categorized as robust, sensitive,

RI(PC5, FC1), RI(PC6, FC5) and RI(PC8, FC1).

local choice and non-local choice. The evaluation of robust-

In addition, there are sensitive solutions in Table 3, that

ness and choice properties has selected a category of

is, solutions with very similar pathways in parameter space

solutions in the overlapped region between clusters in par-

which produce different responses at the watershed outlet.

ameter space and objective space. These categories of

The cluster PC4 has 14 solutions located close together in

solutions represent isolated regions across the clusters in

parameter space but they fall into clusters FC1 (with 10 sol-

both parameter space and objective space.

utions) and FC2 (with four solutions) in objective space. A

As illustrated in Table 2, there are ﬁve categories of sol-

similar pattern is observed for 12 solutions in cluster PC7

utions representing robust regions, and a similar pattern is

which are split into clusters FC3 (with seven solutions)

demonstrated for sensitive, local choice and non-local

and FC6 (with ﬁve solutions) in objective space.

choice solutions. To decide which category of solutions

The non-local choice describes solutions that have simi-

from which to select a robust solution, the categories

lar RMSE and bias values on the Pareto frontier but have

should be evaluated using their level of coverage which is

different values in parameter space. Table 2 shows compu-

computed in Table 2. An expanded coverage signiﬁes a con-

tation of the choice index for different clusters (e.g. PC1)

centrated region on the Pareto frontier either in parameter

in parameter space with respect to clusters (e.g. FC1) on

space or objective space. Although the NSGA-II properties

the Pareto frontier. In Table 2, the 60 solutions in FC1 are

do not allow for full sensitivity analysis in these
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The partitioning of solutions (coverage), robustness and choice indices for 1992–1997 calibration output

FC1

FC2

FC3

FC4

FC5

FC6

Sum

Number of solutions in overlapped cluster
PC1

14

0

0

0

0

0

14

PC2

4

3

11

13

0

2

33

PC3

20

0

0

0

0

0

20

PC4

10

4

0

0

0

0

14

PC5

5

0

0

0

0

0

5

PC6

0

0

0

0

10

0

10

PC7

0

0

7

0

0

5

12

PC8

7

0

0

0

0

0

7

Sum

60

7

18

13

10

7

115

Coverage
PC1

0.122

0.000

0.000

0.000

0.000

0.000

0.122

PC2

0.035

0.026

0.096

0.113

0.000

0.017

0.287

PC3

0.174

0.000

0.000

0.000

0.000

0.000

0.174

PC4

0.087

0.035

0.000

0.000

0.000

0.000

0.122

PC5

0.043

0.000

0.000

0.000

0.000

0.000

0.043

PC6

0.000

0.000

0.000

0.000

0.087

0.000

0.087

PC7

0.000

0.000

0.061

0.000

0.000

0.043

0.104

PC8

0.061

0.000

0.000

0.000

0.000

0.000

0.061

Sum

0.522

0.061

0.157

0.113

0.087

0.061

1.000

PC1

1.000

0.000

0.000

0.000

0.000

0.000

1.000

PC2

0.121

0.091

0.333

0.394

0.000

0.061

1.000

PC3

1.000

0.000

0.000

0.000

0.000

0.000

1.000

PC4

0.714

0.286

0.000

0.000

0.000

0.000

1.000

PC5

1.000

0.000

0.000

0.000

0.000

0.000

1.000

PC6

0.000

0.000

0.000

0.000

1.000

0.000

1.000

PC7

0.000

0.000

0.583

0.000

0.000

0.417

1.000

PC8

1.000

0.000

0.000

0.000

0.000

0.000

1.000

Sum

4.835

0.377

0.917

0.394

1.000

0.477

8.000

PC1

0.767

1.000

1.000

1.000

1.000

1.000

5.767

PC2

0.933

0.571

0.389

0.000

1.000

0.714

3.608

PC3

0.667

1.000

1.000

1.000

1.000

1.000

5.667

PC4

0.833

0.429

1.000

1.000

1.000

1.000

5.262

PC5

0.917

1.000

1.000

1.000

1.000

1.000

5.917

PC6

1.000

1.000

1.000

1.000

0.000

1.000

5.000

PC7

1.000

1.000

0.611

1.000

1.000

0.286

4.897

PC8

0.883

1.000

1.000

1.000

1.000

1.000

5.883

Sum

7.000

7.000

7.000

7.000

7.000

7.000

42.000

Robustness index

Choice index
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Partitioning of solutions (coverage), robustness and choice indexes for calibration output

Parameter cluster

Objective cluster

Solutions

CI

RI

Robustness and choice indexes for 1992–1997 calibration output
PC1

FC1

16,17,18,19,20,23,49,51,61,65,73,79,99,108

0.767

1.000

PC2

FC1

7,21,37,102

0.933

0.121

PC2

FC2

84,103,105

0.571

0.091

PC2

FC3

12,28,46,57,70,74,78,80,83,89,91

0.389

0.333

PC2

FC4

1,14,35,38,44,47,53,67,69,81,93,94,101

0.000

0.394

PC2

FC6

52,92

0.714

0.061

PC3

FC1

5,9,13,15,27,29,30,31,34,39,43,45,48,50,62,63,64,71,82,114

0.667

1.000

PC4

FC1

8,10,11,22,24,25,26,32,36,54

0.833

0.714

PC4

FC2

107,110,112,113

0.429

0.286

PC5

FC1

41,42,72,97,106

0.917

1.000

PC6

FC5

2,3,4,76,77,85,87,88,90,100

0.000

1.000

PC7

FC3

33,56,75,86,98,109,111

0.611

0.583

PC7

FC6

59,60,66,68,104

0.286

0.417

PC8

FC1

6,40,55,58,95,96,115

0.883

1.000

concentrated regions, these locations still indicate a uniﬁed

function of the set of solutions obtained from the Pareto

space in either parameter space or objective space to explore

frontier.

further. Among the ﬁve robust regions in Table 2, the cat-

To select a robust solution, a decision-maker can choose

egory of solutions in P(FC1, PC3) has the highest coverage

from ﬁve strongly robust clusters: P(PC1, FC1), P(PC3, FC1),

(0.17), indicating an overlapped region from which to

P(PC5, FC1), P(PC6, FC5) and P(PC8, FC1). The cluster

select a strong robust solution. Similar analysis could be

P(PC5, FC1) is strongly robust but it has solutions whose objec-

applied to relate coverage for the selection of sensitive,

tive values could be determined from several other parameter

local choice and non-local choice solutions.

pathways. But we can reduce the diversity in parameter path-

Furthermore, following the analysis method in an earlier

ways by selecting P(PC8, FC1) or P(PC1, FC1) as they both

subsection we determine linkages between robustness and

have fewer parameter pathways than P(PC5, FC1). As seen

choice index for solution clusters. The relationship between

from Figure 6, the cluster P(PC6, FC5) has the most uniﬁed

robustness and choice index for our solutions is shown in

parameter pathway for producing similar solutions in objec-

Figure 6 where we illustrate different pairs of properties

tive space. But the cluster P(PC6, FC5) does not have the

for solution clusters. The plotted points are sized based on

highest coverage among the ﬁve robust solutions as it trails

their level of coverage; a higher level of coverage is ident-

both P(PC1, FC1) and P(PC3, FC1) on the coverage scale.

iﬁed with a larger maker. As a result, Figure 6 is using

Overall, we have two distinct clusters of robust solutions:

three properties: robustness, choice index and coverage to

one with a uniﬁed parameter pathway and a moderate cover-

discern between clusters of solutions. As seen from Figure 6,

age P(PC6, FC5) and the other with several choices in

four groups of clusters are identiﬁed; robust and non-local

parameter space and the largest coverage P(PC3, FC1).

choice, robust and local choice, sensitive and non-local
choice, and sensitive and local choice. The pair of properties

Evaluation of Pareto-optimal solutions for several

for different solution clusters divides the Pareto-optimal set

validation periods

into speciﬁc categories from which a decision-maker can
select a single solution based on the properties of the pro-

Solution clusters in the Pareto-optimal set were evaluated

blem under consideration. Again, this categorization is a

across 15 different validation periods to determine their
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Pareto-optimal solution clusters evaluated based on robustness and choice index. Note that plotted dots are sized based on their corresponding level of coverage.

performance levels. To facilitate this analysis, Pareto-opti-

Notes on the utility of the MCF

mal solutions in different clusters are listed in Table 3 with
their associated robustness and choice indexes. Solutions

Results in the above sections have demonstrated the utility

which remained non-dominated for various validation

of the MCF to select a subset of Pareto-optimal solutions

periods are shown in Table 4.

by exploring relationships in parameter space and objective

The results show that solutions which remained non-

space when conducting parameter estimation. The MCF

dominated are variable for different validation periods.

procedure, more importantly, determined solutions which

Some validation periods (e.g. 2000–2003) have a large set

remain competitive when evaluated for future simulation

of non-dominated solutions while others (e.g. 1999–2002)

periods. In contrast to traditional methods, the MCF has

have small memberships. Notwithstanding this variability, a

linked robustness to other properties including coverage

subset

non-

and choice index. The MCF has illustrated that robustness

dominated for several validation periods. For example, sol-

is not enough information alone to evaluate the perform-

utions 51,73,99 from PC1 ∩ FC1, solutions 6,55,58,96,115

ance solutions across future simulation periods, and that

of

solutions

has

consistently

remained

from PC8 ∩ FC1 and solutions 48,50,71 from PC3 ∩ FC1.

choice index and coverage provide important supplemen-

These solutions are associated with high robustness index

tary information to evaluate solution clusters. These

and their clusters performed well across several validation

indexes were shown in a unit interval to illustrate the rela-

periods. Additionally, these solutions are generally associ-

tive robustness or sensitivity for different solution clusters.

ated with clusters which have more choices in objective
space.
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Performance of Pareto-optimal solutions and solution clusters across several validation periods

Validation period

Non-dominated solutions

1998–1999

2,3,4,6,48,50,55,67,71,73,75,76,77,85,87,88,90,95,98,99,100,102,109,111

1999–2000

6,55,58,67,95,96,99,101,102

2000–2001

6,40,58,67,70,71,73,83,96,99,102,115

2001–2002

2,6,16,18,19,20,23,40,48,50,51,54,55,58,61,65,67,68,71,73,77,85,87,88,95,96,99,102,112,115

2002–2003

1,5,12,14,20,28,33,35,37,38,44,47,48,50,56,72,74,81,84,89,91,97,99,102,103,105,106

1998–2000

6,55,58,67,71,73,75,95,96,98,99,102,106,109,111

1999–2001

6,58,67,96,99,102,106

2000–2002

6,40,58,67,96,99,102,106,115

2001–2003

1,6,14,20,35,40,44,47,48,50,51,55,58,67,71,73,92,95,96,99,102,106,115

1998–2001

6,10,55,67,95,99,102

1999–2002

6,58,67,96,102

2000–2003

1,6,14,20,35,40,44,47,48,50,51,58,67,71,73,92,96,99,102,106,115

1998–2002

6,55,67,95,102,106,115

1999–2003

6,40,58,67,96,99,102,106,115

1998–2003

6,40,48,50,51,55,58,67,71,73,92,95,96,98,99,102,106,109,115

decision-makers. That is, users can select robust solutions

CONCLUSIONS

with different behaviors: robust solutions with few choices
in model performance or robust solutions with several

This study has explored the concept of Pareto-optimality to

alternative performances in objective space. This is useful

search for robust solutions by investigating the distribution

information for modelers and users alike who would use

of solutions in objective space and parameter space. Our

both types of solutions under different conditions. For

method applied an NSGA-II framework to calibrate

example, robust solutions with several choices in model per-

SWAT for simulations of streamﬂow based on two objec-

formance are important in data assimilation operations

tives: RMSE and model bias. The NSGA-II output

where a stable model state is crucial to estimate the ensem-

comprises a set of solutions, each with a trade-off between

ble of model forecasts under different simulation periods.

RMSE and model bias.

Additionally, the MCF illustrates regions in parameter

Using Pareto-optimal solutions from the NSGA-II

space which could be used to specify parameter limits and

method, we developed and applied MCF to identify robust,

to speed up future model parameterizations. Sensitive par-

sensitive, local choice and non-local choice solutions by

ameter

these

evaluating the relationships between patterns observed in

operations. Note that the MCF applied two pieces of infor-

objective space and those in parameter space. The model

mation on the sensitivity of model parameters: sensitivity

characterization framework used cluster analysis to examine

on a parameter-by-parameter basis and sensitive parameter

the distribution of solutions in objective space and par-

pathways which actually use parameter relationships.

ameter space, and conditional probability to combine the

While traditional sensitivity analysis usually focuses on the

distribution of solutions in both spaces. Using this frame-

former, the MCF incorporates the latter to emphasize par-

work, we were able to compute different indices that were

ameter relationships. Clustered regions were observed on a

used to separate robust solutions from sensitive, local

parameter-by-parameter basis, but these individual clustered

choice and non-local choice solutions.

pathways

would

also

be

avoided

in

regions play a small role when ﬁnding the dominant pathway across all model parameters.
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