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Analytical solution of a kinematic wave approximation
for channel routing
P. Reggiani, E. Todini and D. Meißner

ABSTRACT
The kinematic wave approach is often used in hydrological models to describe channel and overland
ﬂow. The kinematic wave is suitable for situations where the local and convective acceleration, as
well as the pressure term in the dynamic wave model is negligible with respect to the friction and
body forces. This is the case when describing runoff processes in the upper parts of catchments,
where slopes are generally of the order of 103. In physical-based hydrological models, the
point-scale conservation equations are integrated over model entities, such as grid pixels or control
volumes. The integration leads to a set of ordinary differential governing equations, which can be
solved numerically by methods such as the Runge–Kutta integrator. Here, we propose an analytical
solution of a Taylor-series approximation of the kinematic wave equation, which is presented as nonlinear reservoir equation. We show that the analytical solution is numerically robust and third-order
accurate. It is compared with the numerical solution and the solution of the complete dynamic wave
model. The analytical solution proves to be computationally better performing and more accurate
than the numerical solution. The proposed analytical solution can also be generalized to situations of
leaking channels.
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NOTATION
a, c, k hydraulic geometry coefﬁcients
A

area of reach cross section

b, f, m hydraulic geometry exponents

V

volume of channel segment

w

channel top width

x

x-coordinate along channel axis

y

channel depth coordinate

Y

channel maximum depth (Leopold & Maddock

g

gravity constant

n

Manning roughness

Y

channel average depth (Leopold & Maddock )

Pw

wetted perimeter of channel segment

▵x

channel segment length

qlat

lateral inﬂow per unit channel length

τ

truncation error

qgw

reach–groundwater exchange

ξ; ζ

generic integration variables

Q

discharge

Qin

up-stream inﬂow into channel segment

Qout

down-stream outﬂow from channel segment

Rh

hydraulic radius

S0

channel bed slope

Channel, overland (Hortonian and saturation excess) and sub-

Sf

friction slope

surface storm ﬂow are important runoff mechanisms that

t

time

characterize the hydrological response footprint of a water-

v

channel velocity Q/A

shed. A comprehensive hydrological model should include
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separate descriptions of these mechanisms. Surface and subsur-

Whitham ; Dooge ). The parameters for the linear

face runoff are typical processes that are included in most

routing schemes can be derived either by direct physical

models in the literature. Channel ﬂow can be simulated by com-

interpretation or by matching hydrodynamic patterns (Kund-

bining a hydrological model with an external dynamic wave

zewicz ). Flow routing in hydrology can also be set aside

model, for which the hydrological model provides the lateral

completely and replaced by a cascade of linear reservoirs

inﬂow. The choice of modelling the channel separately is motiv-

(Nash ), in which the outﬂow of a storage element is

ated by the potential need to describe ﬂow propagation via a

assumed to be a linear function of storage, allowing for an

complete dynamic wave model (Chow ) instead of using

analytical solution. Kalinin & Miljukov () demonstrated

simpler approaches. A full dynamic representation becomes

that a river channel can be modelled as a succession of

necessary when modelling river ﬂow over very mild slopes (of

linear reaches of characteristic length, which, similar to the

the order of 0:5 × 103 or milder), where storage effects

Nash cascade model, leads to a gamma function response,

cannot be neglected and surface gradients as well as inertial

whose parameters can be derived from the physical proper-

terms (local and convective acceleration) become important.

ties instead of being estimated from input–output data as in

A commonly used alternative to the dynamic wave model is

the Nash modelling approach (Kalinin & Miljukov ;

the variable-parameter Muskingum–Cunge (MC) routing

Dooge ; Strupczewski & Kundzewicz ).

method. Cunge () modiﬁed the original ﬁxed-parameter

Similarly, the use of the mass balance equation, where

linear Muskingum approach introduced by McCarthy (),

closure schemes for ﬂuxes across storage elements bound-

which he interpreted as a ﬁrst-order kinematic approximation

aries (channel cross sections) are expressed in terms of

of a diffusion wave model. Cunge converted it into a parabolic

power laws, can also be used instead of linear relationships.

model by enabling variable parameters in time according to a

The model parameters are introduced ad hoc, and are

suitable estimation of the parameter values that matches the

usually not interpretable in terms of measurable quantities,

physical to the numerical diffusion. Todini () revised and

such as channel slope and geometry or bed friction, leaving

generalized the variable-parameter MC method, thus addres-

the effects of gravity unaccounted for. The power law par-

sing situations in which the original scheme is not mass

ameters need to be determined on the basis of calibration,

conservative (Ponce & Yevjevich ; Tang et al. ).

whereby historical time series of observed discharges are

Notably, the modiﬁed MC method can now adequately capture

needed. Examples include the HBV (Bergström ), the

non-linear effects of the dynamic wave such as the hysteresis

Sacramento (Crawford & Linsley ) or the Xinanjiang

loop of the stage–discharge curve.

(Zhao ) models. Important drawbacks are that readily

In watershed hydrology, the use of complex physical-

available information such as digital terrain elevation

based routing is often replaced by much simpler analogies,

remains unused, and an application to ungauged basins is

which still provide accurate ﬂow descriptions in situations

impossible in the absence of historical observations.

where second-order effects are negligible. This choice is

Owing to the rapid progress in space-borne data

mainly motivated by the comparatively modest input data

acquisition, recent research is oriented towards the develop-

requirement by the latter and the option not to use detailed

ment of process-based hydrological models, in which the

channel geometries, which are required in the complete

physical principles governing the ﬂow are explicitly included.

dynamic wave model, but which in practice are frequently

The underlying formulations start from the point-scale con-

coarsely described or not available (e.g. in ungauged

servation equations for mass and momentum and integrate

basins). Examples include several simpliﬁcations of the

these up to spatial scales, which are meaningful for hydrolo-

dynamic wave model, which yields a hyperbolic differential

gical applications. The spatial domain over which the point-

equation (Henderson ). Otherwise, ﬂood propagation

scale equations are integrated differs between approaches.

can be studied by a diffusion wave analogy formulated in

It can either consist of elements of a square lattice by a land-

terms of a parabolic differential equation, which is derived

scape discretization into a pixel grid, or of more general

from the dynamic wave model through linearization and neg-

shapes, such as generic control volumes deﬁned on the

ligence of acceleration terms (Hayami ; Lighthill &

basis
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topographic kinematic approximation and integration model

The paper is structured as follows: the background sec-

(Liu & Todini , ; Liu et al. ) introduces a series

tion revisits the theory, then the analytical solution is

of conservation equations at the spatial scale of a pixel,

presented, while the section on channel geometry describes

whereas the representative elementary watershed (REW) for-

the hydraulic representation of the cross sections. The section

mulation (Reggiani et al. ; Reggiani & Rientjes )

on numerical analysis examines the analytical solution, the

deﬁnes irregularly shaped control volumes for different

sections on applications and simulations describe the model

types of ﬂows and independently of spatial scale.

implementation, and then the results are discussed.

The integration of the point-scale conservation law of
mass leads to a transformation of local gradients into ﬂuxes
across the boundaries of the storage elements. The ﬂuxes
need to be closed by appropriately combining mass and
momentum conservation. The combination yields to a nonlinear ordinary differential equation (ODE) for a reach segment, whose analytical solution is only available for speciﬁc
values of the exponent (as, for instance, when the exponent
equals 1, namely in the linear reservoir case), but not in general. Therefore, this ODE can be solved analytically with
linear approximations (Ostrowski ) or numerically with
methods such as the Runge–Kutta (RK) integrator (Reggiani
et al. ; Todini & Ciarapica ). In the interest of numerical efﬁciency, we demonstrate that under restrictive
assumptions, such as time-invariant (averaged) lateral
inﬂow into a channel segment over an integration timestep,
and based on an approximation of the non-linear reservoir
equation introduced by Liu & Todini (), it is possible to

BACKGROUND
The dynamic wave model, known as the Saint-Venant (SV)
equations, is derived by integrating the point-scale conservation equations of mass and momentum over the cross
section of a channel slab of inﬁnitesimal thickness. In this
process, the SV assumptions (Chow ) are applied: (i)
hydrostatic pressure, (ii) uni-dimensional ﬂow, (iii) incompressible ﬂuid, (iv) depth and velocity vary only in the
longitudinal direction, (v) steady-state ﬂow resistance, and
(vi) small bed slope with a ﬁxed channel bed. The mass conservation equation for the inﬁnitesimal slab is:
@A @Q
þ
¼ qlat þ qgw
@t
@x

(1)

ﬁnd an analytical solution that is equivalent to the non-

where Q(x, t) is the discharge and A(x, t) is the cross-sec-

linear kinematic wave model (Liu & Todini ). Note

tional area at location x and time t. The terms qlat (x, t)

that the resulting non-linear reservoir equation model

and qgw (x, t) deﬁned per unit channel length are, respect-

highly differs from the previously cited approaches, such as

ively, the lateral inﬂow and a recharge/loss term

the Nash reservoirs cascade (Nash ) or the Kalinin & Mil-

representing the interaction between the channel and the

jukov () approach, in that it is the result of the

groundwater system. The latter term is positive in the

discretization at the scale of the reach of the non-linear kin-

case of groundwater discharge into the reach or negative

ematic model, as opposed to the mentioned approaches,

in the case of groundwater recharge from the channel.

which are discretizations of the linear kinematic model.

Direct input through precipitation and evaporation

The approximation of the original equation is obtained by

across the top surface are omitted. The momentum conser-

means of a second-order polynomial. Here, we revisit the

vation equation for the inﬁnitesimal slab reads:

theory and perform an error analysis of the approximated solution. Moreover, we extend the theory to include analytical
solutions for the case of channel–aquifer exchange. The





@Q @ Q2 =A
@y
þ
 S0 þ gASf ¼ 0
þ gA
@t
@x
@x

(2)

implementation of the analytical solution proves to be computationally efﬁcient with potential for a wide range of

In the kinematic wave model, the inertial term (ﬁrst

applications in hydrological models. The analytical solution

term on the left-hand side (l.h.s.)), the convective accelera-

should however be used by acknowledging the restrictive

tion term (second term on the l.h.s.) and the pressure term

assumptions of the kinematic wave model.

(@y=@x ≈ 0) are neglected, while the slope of the energy
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line Sf is derived from Manning’s formula. Consequently,

for A ¼ 0; B ¼ 0; γ ¼ 0; γ ¼ 1; γ ¼ 2 shown in Appendix A

Equation (2) reduces to a steady-state ﬂow equation:

(available online at http://www.iwaponline.com/nh/045/157.

Q 1 2=3 1=2
¼ R S
A n h f

and A ≠ 0, we propose a Taylor-series approximation of V γ

pdf). In the case of kinematic ﬂood routing, where γ ¼ 5=3
(3)

where n is the Manning coefﬁcient and Rh is the hydraulic
radius. Integration of Equation (1) over a channel segment
of length Δx yields a time-dependent expression:
dV(t)
þ ðQout  Qin Þ ¼
dt

ð
Δx

described later. In principle, a least-squares polynomial could
also be used in ﬁnding an analytical solution; however, this
approach bears the potential for numerical drawbacks, and
therefore we refrain from pursuing it further.

Taylor-series approximation
(qlat þ qgw )dx

(4)
In searching for an analytical solution, the second right-

The inﬂow Qin is provided by the outﬂow of the up-stream

hand side (r.h.s.) term in Equation (6) is expanded as a

reaches meeting at the segment’s inﬂow section. Under the

second-order Taylor polynomial around the centre point of

kinematic wave model assumption, the outﬂow Qout is pro-

the volume between time t and t þ Δt, denoted by VΔt ¼ Vt-

vided by Equation (3). By recalling that the hydraulic radius
is deﬁned as Rh ¼ A=Pw , where Pw is the wetted perimeter,
and for qlat and qgw constant over Δx, we obtain the nonlinear reservoir equation for a channel segment of length Δx:

2

þ(AB Vγt ) Δ t/2:

A  B  V γ ¼ fjΔt þ
2

f 0 jΔt
2

1!

ðV  VΔt Þ þ
2

f 00 jΔt
2

2!

ðV  VΔt Þ2 þ OðΔV 3 Þ
2

(7)
1=2
Sf

dV(t)
¼ Qin þ (qlat þ qgw )Δx 
dt
n

Pw
(Pw Δx)5=3

V(t)5=3

(5)

with ΔV ¼ V  VΔt , and the ﬁrst- and second-order deriva2

tives are deﬁned as follows:

whereby Qin , Pw , qlat and qgw can still vary in time. Next, we
proceed to deriving an analytical solution of Equation (5) for
different values of Qin þ (qlat þ qgw ) Δx corresponding to net
recharge or discharge situations of the channel segment. In
particular the term qgw can switch sign depending on leakage

γ
fjΔt ¼ A  B VΔt
2

2

0

f jΔt ¼ B γ
2

γ1
VΔt
2

γ2
f 00 jΔt ¼ B γðγ  1ÞVΔt
2

from the channel towards the groundwater or vice versa.

(8)

2

After insertion and rearrangements, one can state the

ANALYTICAL SOLUTION

l.h.s. in Equation (6) as:

In the quest for an analytical solution for Equation (5),

i
dV
ΔV h ^
^ þ O(ΔV 3 )
^ V þ C)
¼ lim
¼ A (V 2 þ B
Δt!0 Δt
dt

we

rewrite

the

expression

by

assuming
1=2

term A ¼ Qin þ (qlat þ qgw ) Δx and B ¼ Sf

that

the

Pw =[n(PwΔx)5/3]

remains constant over a typical integration interval Δt:
dV
¼ A  B  Vγ
dt

(6)

Generically, an analytical solution for Equation (6) is
not available. Analytical solutions for Equation (6) are
only

known

in

a

limited

number

of

cases,
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The Taylor-series polynomial coefﬁcients are deﬁned as:
^ ¼  1 B γ(γ  1)V γ2
A
Δt
2
2
^ ¼ 2 (γ  2) VΔt
B
(γ  1) 2
^ ¼ A þ (γ  2) V 2
C
Δt
^
γ
A
2

(10)
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After setting:



(Vt  p1 )
^
et ¼
 eA (p1 p2 ) Δt
(Vt  p2 )

(17)

form as shown next. Two cases need to be distinguished
depending on the channel inﬂow and outﬂow terms, inﬂuen-

the analytical solution for VtþΔt becomes:

cing the sign and magnitude of A and C:
VtþΔt ¼
^ 0
^ 2 4C
Case 1 : A ≠ 0, B

p1  p2 et
(1  et )

(18)

After we neglect the error term O(ΔV 3 ), an approximated

^ <0
^ 2 4C
Case 2 : A ≠ 0, B

integral solution can be found analytically by variable separ-

^ a different integration
^ 2 4C,
For negative values of B

ation and integration of Equation (9):
ð

1
^
dV ¼ A
^
^ V þC
V2 þ B

approach needs to be adopted. First, we complete the quadratic in the denominator in Equation (11) in such a way that we

ð
dt þ const:

(11)

can reduce it to an integrable expression. Adding and sub^ 2 yields:
tracting 1 B
4

for which a primitive is available in closed form. The
second-order polynomial at the denominator can be factorized:

V2

1
1
¼
^
^
(V

p
)
1 (V  p2 )
þBV þC

p1 ¼

p2 ¼

^ 
B

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
^
^ 2 4C
B
0
2

1
(V þ

1^ 2
2B)

^
^ þC
 14 B

and t þ Δt, one obtains:
ð VtþΔt
ð tþΔt
1
^
dV ¼ A
dξ
2
^
^ 2  1B
^ þC
t
Vt
(V þ 1B)
2

(13)

2

(19)

The integral on the r.h.s. can be performed analytically

4

(14)

ð VtþΔt þ1B^
2

Substitution into Equation (11) and integration ﬁnally

du
u2

^
þD

2

^ Δt
¼A

(21)

^ is a known form:
The indeﬁnite integral of du=(u2 þ D)
ð

(15)

which can be re-arranged and evaluated between [t, Δt] and

(20)

4

leading to Δt; equally, the integral on the l.h.s can be performed
^  1B
^ ¼C
^ 2 and u ¼ V þ 1B,
^ which leads to:
by setting D

yield the following primitive:


1
(V  p1 )
ln
þ const:
(p1  p2 )
(V  p2 )

^
þC

¼

After substitution into Equation (11) and by integrating

1^
Vt þ2B

^ Δt ¼
A

^2
14 B

the l.h.s. between Vt and Vt þ Δt and the r.h.s. between t

nomial:
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
^
^ 2 4C
B
0
2

^Vþ
V2 þ B

(12)

where p1 and p2 are real roots of the second-order poly-

^ þ
B

1
1 ^2
4B

du
^
u2 þ D

^ 1=2 arctan
¼D

u
^ 1=2
D

!
þ const:

(22)

which allows evaluation of Equation (21) as:

[Vt , VtþΔt ] as follows:



(V  p1 ) VtþΔt
^
¼ eA (p1 p2 ) Δt
(V  p2 ) Vt
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(16)

^
D

1=2

arctan

u
^
D

1=2

!#VtþΔt þ1B^
2

1^
Vt þ2B

^ Δt
¼A

(23)

48

P. Reggiani et al.

|

Analytical approximation of a kinematic wave solution

Hydrology Research

45.1

|

2014

 as follows:
depth Y at-a-station depends on Y

The resulting analytical solution is ﬁnally:

VtþΔt

|

!
"
#
^
B
^
V
þ
1=2
1=2
B
t
2
^ Δt
^
^
¼ þD
tan arctan
þD
A
2
^ 1=2
D

(24)


Y ¼ Y(b=f
þ 1)

(26)

The at-a-station wetted perimeter Pw can be derived by
which is deﬁned for values of the term between square brackets ½  ∈ Rn{kπ þ

1
2π,

integration over depth:

k ∈ Z}. In this way, the analytical

^
^ 4C
solution is fully generalized for all possible values of B
2

and A ≠ 0.

Pw ¼ 2

ðw ðY "
0

1þ

0

  #0:5
1 dξ 2
dζdξ
4 dζ

(27)

where ξ and ζ are dummy variables integrated between 0
and w and 0 and Y. The integral cannot be obtained in

CHANNEL GEOMETRY

closed form and must be evaluated numerically. Details of
the channel geometry formulation can be accessed in Snell

Solution of Equation (5) requires the knowledge of the

& Sivapalan ().

wetted perimeter Pw . In the absence of regional data, standard assumptions such as a rectangular, semicircular,
triangular or trapezoidal cross section can be adopted. If

NUMERICAL ANALYSIS

observations of stream ﬂow and channel morphology are
accessible, a regionalized approach for the estimation of

Properties of the approximated solution

channel geometry can be used (Naden et al. ). Snell &
Sivapalan () proposed to estimate Pw using a combi-

At this stage, it is important to perform a numerical analysis

nation of empirical hydraulic geometry relationships by

of the approximated analytical solution to verify if it is accu-

Leopold & Maddock (). These power laws tie the aver-

rate, consistent, stable, convergent and conservative. We

age velocity, channel top width and average depth to

note that the analysis below is an error assessment of the

steady-state discharge under a gradually varying ﬂow

integral formulation of the initial-value problem:

regime and uniform roughness. Under reasonable assumptions, these relationships can be extrapolated to non-steady

situations. For a reach, the top width w, average depth Y

V(t)  V(t0 ) ¼

ðt
t0

dV
dζ ¼
dζ

ðt

F[V(ζ), ζ]dζ

(28)

t0

and velocity v at a point in time (at-a-station) or along
stream locations ﬁxed in time (down-stream) can be

whereby the differential and the integral formulation are

expressed as power laws of Q:

mutually linked via the fundamental theorem of calculus.
Accuracy and consistency

w ¼ a (Q)b
 ¼ c (Q)f
Y

(25)

An approximate solution of a differential equation is said to

v ¼ k (Q)m

be consistent, if the local truncation error between the

where the scaling coefﬁcients a, c and k are a combination

size decreases towards zero. The local truncation error at

of the at-a-station and down-stream coefﬁcients and can

time t is expressed as the difference between the volume

vary regionally. The exponents b, f and m remain indepen-

Vt given by the approximated solution of Equation (18)
~ t:
and the exact one V

dent of space and time. The coefﬁcients and exponents of
the hydraulic geometry relationships are established on the
basis of ﬁeld surveys. It can be proven that the maximum
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By exploiting the algebraic properties of the Landau

truncation error, then the global error is bounded by a

notation O( ), which quantiﬁes the higher order terms of

multiple of Δtm . Under the condition of local Lipschitz conti-

the approximation, Equation (11) is restated as:
ð VtþΔt
Vt

1
^
dV ¼ A
^
2
^
V þBV þC

ð tþΔt

nuity of Vt given by Equation (18), we show in Appendix B
(available online at http://www.iwaponline.com/nh/045/

dξ þ O(ΔV 4 )

(30)

157.pdf) that the following relationship holds:

t

En  L n Δt þ K Δtm ; m  1

(32)

By invoking the analytical expression for VtþΔt in
Equation (18), the local truncation error is stated as follows:

where L and K are constants. It follows that the global error is
bounded and tends towards zero as Δt ! 0 and the approxi-

τ tþΔt ¼

p1  p2 et ~
 V tþΔt ¼ O(ΔV 4 )
(1  et )

(31)

In other words, the local truncation error grows asymptotically no faster than ΔV 4 . By recognizing that ΔV scales like Δt
and choosing progressively smaller timesteps, the error between
the exact solution and the approximated analytical solution
tends towards zero with the fourth power of the stepsize. As
such, the approximated solution is, by deﬁnition, consistent.
The approximated solution is also said to be third-order accurate,
one order below the local truncation error. The same can be

mated solution converges to the exact solution. A similar proof
can be obtained for the solution in the form of Equation (24).
Conservation
As a corollary of the previous analysis, it follows that the method
is conservative. The mass outﬂow from a channel reach is given
by Equation (9). It is obvious that for Δt ! 0, the Taylor-series
approximation of the volume derivative tends towards the
exact analytical expression (6), thus ensuring conservation.

shown to also hold for the solution in the form of Equation (24).
Stability
The approximate analytical solution given by Equation (18)
remains deﬁned and does not asymptotically blow up, if the
denominator is different from zero, thus if et ≠ 1. This con^ ≠ 0.
dition requires foremost that (i) p1 ≠ p2 and that (ii) A
Conditions (i) and (ii) are always met due to the non-zero
discriminant of the quadratic polynomial and the very deﬁ^ For the case in which Δt ! 0, it can easily be
nition of A.
shown that VtþΔt ! Vt , thus the solution continues to
remain stable. By analogy, the stability of the solution (24)
can be proven for all values in which it is deﬁned.

APPLICATION
Study area and hydrology
To test the analytical solution, we applied it to ﬂood propagation in the River Mosel. The Mosel drains a 29,000 km2
basin and is one of the largest tributaries to the River Rhine.
The lower catchment area includes mainly Germany, with
parts of the upper basin situated in France and Luxembourg.
The Mosel joins the Rhine at the city of Koblenz. The longterm average ﬂow in the Mosel at Koblenz is about 330 m3/s.
Peak discharges of approximately 4,200 m3/s have been
recorded, making the Mosel a signiﬁcant contributor to the

Convergence

Rhine. Therefore, accurate ﬂow forecasting in River Mosel is
very relevant for ﬂow prediction on the Rhine, and attracts sta-

A numerical solution is said to be convergent, if the global

keholder interest to compare computational and forecasting

truncation error En at step n tends towards zero for a decreas-

performance of non-linear routing methods. A drawback of

ing timestep, thus the approximated solution converges

using the Mosel River system for the present study is the high

towards the exact one over the sum of all n integration

level of river training, as the Mosel also serves navigation and

steps. Under fairly general assumptions, such as when a func-

hydro-electric generation purposes. The engineering works

tion is locally Lipschitz continuous, it can be proven that if the

have a severe impact on low-ﬂow regimes, but their effect is

approximated solution is of order m as measured by the local

felt more during low-ﬂow periods and gradually disappears

Downloaded from https://iwaponline.com/hr/article-pdf/45/1/43/370657/43.pdf
by guest
on 15 August 2018

50

P. Reggiani et al.

|

Analytical approximation of a kinematic wave solution

during medium to high ﬂows, where the structures are operated
in such a way as to allow ﬂoods to propagate undisturbed.

Hydrology Research

|

45.1

|

2014

The main objective here is to compare the proposed kinematic wave solution with a full dynamic wave solution in a

The Mosel has been selected as the study system because a

real setting. The ODEs governing the system of non-linear

pre-operational forecasting system based on the REW model

reservoir equations are formulated for individual stream chan-

(Reggiani & Rientjes ) is currently tested at the forecasting

nel segments and are resolved analytically as well as with a

ofﬁce at the Federal Institute of Hydrology in Koblenz (BFG).

ﬁfth-order RK ODE solver (Press et al. ). The results are

Meteorological forcing data over the 16 year period 1996–

compared with ﬂood propagation using the ﬁnite-difference

2011 are available at hourly intervals, including hourly

solution of the dynamic wave model with the SV equation

water-level observations transformed into discharges at several

solver SOBEK (Stelling & Duinmeijer ) used operation-

locations, including Cochem and Trier. These data were uti-

ally by the BFG. The SOBEK model contains a total of 455

lized to calibrate and validate the REW model, which is used

high-resolution cross-section proﬁles. Over a length of

to estimate lateral inﬂows into the Mosel and main tributaries.

240 km, this corresponds to circa one proﬁle every 500 m.

The Nash–Sutcliffe coefﬁcient was used as a performance indi-

The spatial resolution of the computation grid includes 726

cator by comparing simulated discharges against observations

nodes. The Manning roughness in the SOBEK model is vari-

at Cochem and Trier for daily average ﬂows. Channel routing is

able, with values ranging between 0.022 and 0.025.

performed using the integral kinematic wave approach as
stated by Equation (6). The choice of the kinematic wave is jus-

Stream network characteristics

tiﬁed by the main channel bed slope, which is around
1:12 × 103 on average, and by the relatively low hydraulic

The channel network was extracted from a 75 × 75 m digi-

roughness. In fact, the Mosel is known to behave as a kin-

tal elevation model (DEM). Different spatial resolutions of

ematic system, by barely exhibiting any parabolic behaviour

the network can be deﬁned. If a single reach per REW is

and looped stage–discharge relationships anywhere in the

used, we obtain a network of 85 reaches, as shown in

river, which will also become clear from the results.

Figure 1. Alternatively a higher-resolution network with

Figure 1

|

The Mosel basin including 85 REW modelling elements.
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SIMULATIONS

each link is subdivided into a number of stream segments
with a Strahler order lower than a set cut-off order value.

We performed ﬂow simulations for the 1 January 1996 to 31

By lowering the cut-off value, the amount of segments

December 2001 period by using hourly forcing to generate

increases. Here, it is possible to work with a network

lateral inﬂow time series via the hydrological model. Exactly

including 501 segments (cut-off order 3), 951 segments

the same inﬂows are used for all channel routing simu-

(cut-off order 2) and 1,903 segments (cut-off order 1).

lations. We note that these lateral inﬂows are generated

We carried out different trials with all four resolution

using uncertain meteorological forcing on the REW

levels and concluded to use 501 reach elements, which

model. No data assimilation or input correction has been

proved to be a sound compromise between spatial resol-

applied to address the uncertainty in the forcing. The simu-

ution and computational effort. The bed slopes were

lated ﬂow is therefore an uncertain and suboptimal estimate

extracted from the DEM, whereby in the lower end, bed

of the hourly observed ﬂow. The main purpose of this exer-

slopes of the order of 105 or less were encountered.

cise, however, is to compare the routing methods.

4

No river–groundwater interaction is assumed to ensure

was assigned in case the slope was smaller. A uniform

that the amount of water routed through the network is the

For numerical reasons, a minimum value of 2:5 × 10

Manning coefﬁcient of 0.025 has been assigned to all

same for all simulations. The analytical solution (18) is com-

reaches in conformity with the values used in the oper-

pared against the solution of Equation (6) with the RK

ational model currently in use at BFG.

method and the solution of the SV equations with SOBEK.

Finally, the channel geometry for the kinematic wave

Figure 2 provides a schematic view of the interface between

formulation was determined using the Leopold & Mad-

the SOBEK and REW models. The stations Perl (Mosel),

dock

combined

the inﬂow point of the Sauer, and Fremersdorf (Saar) were

formulation. For the exponents, parameter values from

taken as upper model boundaries with concentrated inﬂows,

Leopold & Maddock () were employed. For the

while lateral inﬂows further down-stream were distributed

remaining parameters, values were applied that yielded a

uniformly along the main channel of River Mosel. Flow

channel geometry based on essentially triangular cross sec-

rates were compared at the measurement locations Cochem

tions. Table 1 summarizes the values assumed for the

and Trier. All computations, except SOBEK, were performed

hydraulic geometry.

in C þþ code on a 64 bit LINUX machine cluster.

()

down-stream

and

at-a-station

RESULTS AND DISCUSSION
Table 1

|

Leopold & Maddock (1953) scaling coefﬁcients and exponents (Snell & Sivapalan
1995)

The results are presented against those obtained with

At-a-station depth scaling exponent

0.33

At-a-station width scaling exponent

0.33

At-a-station velocity scaling exponent

0.34

Down-stream depth scaling exponent

0.4

Down-stream width scaling exponent

0.5

Down-stream velocity scaling exponent

0.1

Down-stream depth scaling coefﬁcient

0.23

Down-stream width scaling coefﬁcient

7.09

Down-stream velocity scaling coefﬁcient

0.61

Discharge-area scaling coefﬁcient

2.0 × 106

Discharge-area scaling exponent

0.8

Downloaded from https://iwaponline.com/hr/article-pdf/45/1/43/370657/43.pdf
by guest
on 15 August 2018

dynamic wave model SOBEK, which we consider as the
reference case (SV0) because it involves the numerical solution of the complete SV equation set with the actual
surveyed cross-section proﬁles. All other simulations are
compared against the SV0 benchmark case. Table 2 summarizes the characteristics of each simulation run. We
note that in the SV0 simulation, all relevant hydraulic structures, such as bridges and weirs, have been modelled.
SOBEK performs regular mass balance checks. In case the
mass balance error in a computation cell exceeds the
order 1 × 107 , the code approximates the solution iteratively until the desired error tolerance is reached.
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Coupling of the REW hydrological model and the SOBEK dynamic wave model.

Mass balance and CPU time analysis, Cochem, 1996–2001

Case

Run characteristics

Mass error (m3)

Cumulative outﬂow volume (mm)

CPU time

Observed

Measured discharge

N/A

2:3272 × 103

N/A
3 h ca.

7

SV0

726 nodes, 3,600 s

 1:0 × 10

2:3768 × 10

AS0

85 elements, Δt ¼ 180 s

2:6209 × 106

2:4041 × 103

28 min 23 s

AS1

85 elements, Δt ¼ 900 s

5:0950 × 10

7

2:4060 × 10

3

4 min 47 s

AS2

85 elements, Δt ¼ 3,600 s

7:4340 × 107

2:4031 × 103

1 min 30 s

2:4031 × 10

3

29 min 9 s

2:4031 × 103

5 min 15 s

2:4044 × 10

2 min 28 s

6

AS3

501 elements, Δt ¼ 180 s

2:0209 × 10

AS4

501 elements, Δt ¼ 900 s

1:0437 × 106
7

AS5

501 elements, Δt ¼ 3,600 s

3:1804 × 10

RK0

85 elements, ε ¼ 107

4:9813 × 107

RK1

5

85 elements, ε ¼ 10

2:5167 × 10

6

RK2

501 elements, ε ¼ 105

8:5880 × 106

Analytical solution

3

3

2:4004 × 103

23 min 37 s

2:4040 × 10

3

11 min 56 s

2:4073 × 103

25 min 19 s

elements), but increase the timesteps to Δt ¼ 900 s and
Δt ¼ 3, 600 s, respectively. In doing so, we accept a lower

Six simulations are performed with the analytical solution

accuracy of the solution as the local and total truncation

(18). In the ﬁrst case (AS0), we use a network with one

errors increase. Moreover the assumption of constant

reach element per REW, thus 85 elements in total. The maxi-

inﬂow and wetted perimeter in Equation (5) breaks down,

mum timestep Δt ¼ 180 s. In the second (AS1) and third

leading to progressively larger approximation errors over

cases (AS2), we use the same network resolution (85

longer timesteps due to poorer inﬂow and wetted perimeter
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estimations. In the fourth case (AS3), we increase the number

sensitive to larger timesteps, whereby the solution starts to

of reach elements to 501, while the timestep Δt ¼ 180 s. In

deteriorate dramatically for Δt ! 3,600 s. The approximation

the ﬁfth (AS4) and sixth cases (AS5), we use 501 elements

error of the solution, mainly caused by the growing local trun-

and Δt ¼ 900 s and Δt ¼ 3,600 s, respectively. The total

cation error, is cumulative and therefore has a larger impact

mass computation error for all reach elements and the cumu-

on the solution for 501 links with respect to the 85 link case.

lative outﬂow volume per unit basin area for all cases are

Figure 3 shows a comparison of the AS0–AS5 solutions

summarized in columns three and four of Table 2, while

against the SV0 reference case and the observed discharge

the central processing unit (CPU) times are reported in

at Cochem for the triple ﬂood peak that occurred between

column ﬁve. The CPU times are a good indicator of the rela-

9 December 1999 and 6 January 2000. Overall, the analytical

tive computational economics of the different solutions,

solutions compare well with the SV0 reference case. We note

especially as the stepsize for the adaptive timestep method

the slightly higher peaks, which are due to the implicit

(RK) is controlled by the routing scheme. We note that

assumptions of the kinematic wave model to neglect

with the 85 link scheme, an increase of the timestep to

second-order effects, which are responsible for peak attenu-

Δt ¼ 3,600 s has very little impact on the accuracy of the sol-

ation. The consistency with the SV0 case shows (a) the

ution. This is different with the 501 links scheme, where the

validity of the kinematic wave model for the particular situ-

number of computational cells has been increased by a factor

ation, (b) the accuracy of the analytical solution for

of approximately six. As a result, the model becomes more

sufﬁciently small timesteps (up to 1 h for 85 reach elements)

Figure 3

|

Inter-comparison of the solutions SV0, AS0–5 and observations for the 9 December 1999 to 6 January 2000 event, Cochem.
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and (c) the adequacy of the hydraulic geometry relationships

transited at Cochem, as listed in Table 2. In the third case

to describe the hydrodynamic properties of the channel.

(RK2), the network resolution is increased to 501 links and
ε ¼ 105 . The solutions for the RK0, RK1 and RK2 cases

RK solution

are very similar and barely appreciable to ε. In summary,

Next, we compare the analytical solution of the kinematic

utions in terms of computation time economics. However,

wave with the results obtained by resolving Equation (6)

all RK solutions compare well to the SV0 and the AS0–2 sol-

with a ﬁfth-order variable-stepsize RK scheme and examine

utions during peak and low ﬂows, as visible in Figures 4–6.

the RK method performs much worse than the AS0–5 sol-

the sensitivity of method. Three cases were simulated. In the
ﬁrst case (RK0), we use 85 reach elements and an accuracy
tolerance ε ¼ 107 (see Press et al. ). The stepsize in

SUMMARY AND CONCLUSIONS

this case can drop below 60 s. In the second case (RK1), we
accept an accuracy tolerance ε ¼ 105 , which results in com-

We have presented an analytical solution of the kinematic

putational efﬁciency gains by at least a factor two. The results

wave equation under a series of assumptions, which are

for the 9 December 1999 to 6 January 2000 events are com-

applicable in practical ﬂow routing. The method has been

pared in Figure 4. The impact of reducing ε by two orders

tested by simulating the hydraulics of the River Mosel chan-

of magnitude is minimal in terms of cumulative volume

nel over a 6 year continuous period and compared against

Figure 4

|

Inter-comparison of the solutions SV0, RK0–2 and observations for the 9 December 1999 to 6 January 2000 event, Cochem.
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Inter-comparison of all solutions and observations for the 9 December 1999 to 6 January 2000 event, Cochem.

the solutions of a complete dynamic wave model and a

computational economics with respect to the numerical

numerical solution of the original non-linear reservoir

solution of (i) the ODE with a numerical integrator

equation by using the exact same lateral inﬂow series for

such as the RK method and (ii) the ﬁnite-difference sol-

all cases. The ﬁndings can be summarized as follows.

ution of the dynamic wave model.

•

•
•

The integral and original form of the non-linear kin-

•

It has been shown that the kinematic wave equation in
the form of a non-linear reservoir equation can be applied

ematic wave model for a reach element is obtained by

by using empirical relationships to represent the channel

combining the mass and energy conservation equations,

geometry. The approach has therefore signiﬁcant poten-

whereby lateral inﬂows are assumed constant over a time-

tial to be used for channel routing in ungauged basins,

step. The result is a non-linear reservoir equation in the

where detailed information on cross-sectional proﬁles,

form of an ODE.

as required by the dynamic wave model, is unavailable.

We have demonstrated that the analytical solution
obtained by means of a second-order Taylor-series

•

A solution for situations, such as aquifer recharge in
which water is lost through the channel bed, has been

approximation of the original equation is third-order

found that can be used for a whole range of recharge situ-

accurate, consistent, stable and conservative.

ations potentially encountered in practice.

The utilization of an analytical solution of the kinematic
wave equation has a signiﬁcant advantage in terms of
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Mosel, and compared against the dynamic wave model
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Inter-comparison of all solutions and observations for the 9 December 1999 to 6 January 2000 event, Trier.

SOBEK. The comparison shows that besides the known

We also acknowledge the International Commission for the

inherent limitations of the kinematic wave with respect

River Rhine (CHR) for providing the digital terrain model

to the dynamic wave model (absence of the convective

for the River Mosel basin. We would like to thank two

acceleration and surface slope terms), the wave solution

anonymous referees for their contributions, who have

performs well by requiring a signiﬁcantly inferior

signiﬁcantly contributed to improving the manuscript.

amount of input information.
On bed slopes that have an order of magnitude equal or
larger to 103 , where peak attenuations are minimal, the
kinematic wave model provides an accurate approximation
of ﬂood propagation and the solution of the dynamic wave
model collapses onto the kinematic wave model.
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