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I would like to compliment the author on a most comprehensive 
and stimulating review. I hope to take up the challenge to con-
tribute theoretical analyses. 

May I suggest that a paper of mine4 supersedes your references 
[14 and 15] which treat only laminar boundary-layer conditions; 
that is, outside the normal commercial flowmetering range. 

One other point, in this application, boundary layers (nozzle, 
venturi, etc.) are likely to be very thin relatively and surface-
roughness may consequently have a not unimportant influence. 
Strictly , then, experimental results are of limited use to the 
theorist without a roughness specification attached to them. 

Robert M . Reimer 6 

I congratulate the author for his attention to the critical flow 
nozzle. This device deserves recognition as a flow meter because 
it is closely related to the turbine inlet nozzle and the jet thrust 
nozzle, whose performance is valued in terms of thousands of 
dollars for small fractional percentage changes, and whose per-
formance is known to be reproducible for the thousands of turbines 
and thrust nozzles in service. 

A real gas becomes perfect when its compressibility coefficient 
Z is unity. Its specific heat may be constant or may vary with 
temperature. The aerodynamicist has historically described the 
critical flow of a perfect gas having constant specific heat, where 
the isentropic exponent is constant and equal to the ratio of 
specific heats. The steam thermodynamicist has historically 
used enthalpy-entropy methods to calculate high velocity flow 
of steam, an imperfect gas with variable specific heat. Gas 
thermodynamicists have determined calculation techniques for 
computing critical flow of a perfect gas having variable specific 
heat and the low pressure properties tabulated in Keenan and 
Kaye (Reference [25]). The difficult calculations have been pro-
grammed for digital computers (Reference [34]). 

The calculation of critical flow of an imperfect gas with varying 
specific heat has not received the attention it deserves. The 
author's proposed method should not give exact results because 
the isentropic exponent of an imperfect gas is not equal to the 
local ratio of specific heats at the stagnation conditions. 

The paper shows that a 0.5 per cent change in the critical flow 
function of 80 F air occurs between one and ten atmospheres. 
This is not accounted for in the perfect gas variable specific heat 
calculation technique. This significant change is extremely im-
portant for accurate performance measurement of scale model jet 
thrust nozzles, and prompted this reviewer to attempt calcula-
tion of the theoretical critical flow function. Together with W. 

H. Janssen of my company, we determined a precise method using 
tabulated NBS circular 564 properties. Our results for dry air 
from 60 to 100 F and 0 to 300 psia stagnation conditions is pre-
cisely expressed by 
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where t = degrees Fahrenheit and the other symbols are defined 
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in the author's Nomenclature. An ASME paper describing the 
calculation technique is being prepared. 

Comparison of our results with the author at 80 F stagnation 
temperature shows 

Stagnation pressure 14.7 psia 147psia ratio 

w, Vf0/paat Arnberg 0.5320 0.5348 1.0053 

WtVTo/poci t jw 0.53205 0.53392 1.0035 

The author's method is as he claims it to be, i.e., a first-order 
approximation with a minimum complication of calculations. 

Daniel E. Rosner6 

In this very comprehensive and useful review' paper Professor 
Arnberg expresses the opinion that the Reynolds number based 
on properties evaluated at the throat is the best nondimensional 
parameter upon which to correlate discharge coefficient data for 
critical flow orifices. However, in the verbal discussion which 
followed his paper it was suggested that perhaps the Knudsen 
number Kn (i.e., the ratio of the gas kinetic mean free path X to 
a geometric dimension L of the flowmeter) would be preferable. 
Actually, this latter suggestion should strengthen Professor 
Arnberg's opinion somewhat since kinetic theory reveals that the 
rarefaction parameter Kn = \/L is related to the Mach number 
M and the Reynolds number Re as follows [62] 

M Y ' 8 M 
K N = [J) R ^ ( 9 ) 

Since the Mach number approaches unity as the throat of the 
flowmeter is approached, any correlation based on Reynolds 
number evaluated at the throat is therefore equivalent to a 
Knudsen number correlation for gases of the same specific heat 
ratio. But the specific heat ratio k = cp/cv  has already been in-
troduce d as a useful correlative parameter in critical flow orifice 
work. Thus under most conditions there should be no need to 
add the Knudsen number explicitly. Recast in these terms the 
Knudsen number suggestion becomes equivalent to the statement 
that perhaps some of the spread in existing correlations of dis-
charge coefficient data at low Reynolds number is attributable to 
differences in specific heat ratio k of the test gases. Theoretically, 
this could reflect the fact that, as the Reynolds number ap-
proaches zero for gas flows in which the mean directed velocity is 
comparable to the mean thermal speed of the individual molecules, 
the parameter R e / \ / k becomes better than Re itself as a correla-
tive group. More likely, however, effect of the " low" Reynolds 
numbers of interest in flowmeter practice occur at values of the 
Knudsen number which are small enough to ensure that the flow 
is well within the continuum regime. For example, upon inserting 
the minimum Reynolds number given in Fig. 2 of the paper into 
equation (9), assuming k = 1.4, the gas kinetic mean free path 
X is found to be only 3.5 millionths of the throat diameter. There-
fore, rather than betraying rarefaction phenomena per se, any 
systematic ^-dependence appearing in the discharge coefficient-
Reynolds number relation would probably reflect the conse-
quences of either (a) differences in free stream pressure-tempera-
ture history on the growth of the attached viscous boundary layer 
in the converging section of the flowmeter or (6) separation and/or 
jet contraction. For these reasons one could not justifiably ex-
pect the parameter R e / \ / k (or 1 /Kn) to provide a discharge co-
efficient correlation valid for all test gases. The author com-
ments in his conclusions that more data are needed on the effect of 
Reynolds number on discharge coefficients, especially with different 

6 Aeronautical Research Scientist, AeroCliem Research Labora-
tories, Inc., Princeton, N. J. 

4 5 8 / D E C E M B E R 1 9 6 2 Transac t ions of the A S M E 

Copyright © 1962 by ASME

Downloaded From: https://fluidsengineering.asmedigitalcollection.asme.org on 06/16/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use



gases. Indeed, such data could be used to test the speculations 
above. 

Although implicit in Professor Arnberg's discussion of the ad-
vantages of critical flow orifices, it may be useful to underline a 
class of applications for which indifference to downstream pres-
sure conditions is of great utility, namely, in the laboratory 
preparation of known composition mixtures of two or more pure 
gases. This may be done in quasi-steady fashion (in which the 
desired gas mixture continuously accumulates in a previously 
evacuated vessel, but the pressure is not allowed to reach the 
critical value determined by the pressure level in the regulated 
supply lines) or it may be done in the steady state. A good ex-
ample of the latter application occurs in research on the low 
pressure combustion of premixed gases. Since the ignition process 
is often greatly facilitated if the pressure at the burner can be 
varied independently of the mixture ratio a simple sonic orifice 
flow system can eliminate the need for the more elaborate con-
trols necessarily associated with the use of other flow metering 
devices. Interestingly enough, commercially available jeweled 
watch bearings are frequently used to provide the small, re-
producible orifices required in these applications [63]. 

Last, and certainly least, it should be cautioned that, in addi-
tion to the critical flow constant C* defined by equation (2) of 
this paper, there is another combination of the letter C and the 
asterisk ( * ) prevalent in the literature on isentropic nozzle flow. 
This is the so-called characteristic velocity c*, used as a measure of 
the performance of rocket propellants [64], Since the latter is 
defined by the ratio of the product of reservoir pressure and 
throat area to the mass flow rate through the nozzle it can be 
verified that the flow constant C* and the characteristic velocity 
c* are indeed  closely related. 

Addit ional References 
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Author's Closure 
This constructive discussion is very much appreciated since 

the stimulation of discussion, both formal and otherwise, was a 
primary objective of the paper. 

The fact that 38 pages of discussion and closure followed Dr. 
Hall's 6 page paper4 indicates the great interest and controversy 
regarding "theoretical coefficients." It is encouraging that there 
does seem to be quite general agreement that theory must be 
relied upon to a greater extent than in the past if we are to make 
further progress in the design of flow nozzles and Venturis. 

The subject of surface roughness presents some interesting 
problems. Accurate roughness measurements are difficult to ob-
tain, especiallj' at the throat of small nozzles and Venturis. In 
addition, the true or effective throat diameter becomes difficult 
to define and to measure accurately when surface irregularities 
are present. Also, the cleanliness of the surface may influence 
effects related to surface roughness. For example, a thin tightly 
adhering oil film might have the net effect of a more smooth L O X 
clean surface. It is doubtful that many test- installations have 
purified their gas streams after compression to such a degree that 
oil films were avoided. Professor Durham7 compared two similar 

7 F. P. Durham, "The Performance Characteristics of Small 
Rocket-Type Nozzle—Summary Report," Engineering Experiment 
Station, University of Colorado, June, 1955. 

critical nozzles with throat diameters of one half inch which were 
operated at Reynolds numbers above 10s. The nozzle with a sur-
face roughness of 300 microinches had a discharge coefficient that 
was two per cent below the nozzle  with a 6 microinch finish. 
Whereas the measurement technique was not of high precision, it 
is surprising that such a large change in surface roughness did not 
cause a much greater change in the discharge coefficient, and 
some of the factors discussed above may have had a significant 
effect on the comparison. 

The author appreciates Mr. Reimer's further emphasis of the 
importance of real gas properties in the computation of the 
theoretical (one-dimensional, nonviscous) mass flow rate through 
critical nozzles. The author was aware of the limitations of the 
perfect gas (or ideal gas) assumptions as traditionally applied to 
the theoretical isentropic process from the inlet to the throat 
of head meters, i.e., the assumption of a compressibility factor 
Z of unity, constant specific heats, and an equivalence between 
the specific heat ratio k and the actual isentropic exponent. It 
was known that these assumptions caused some error in the 
theoretical mass flow rate for all head meters, and that the error 
was much larger for critical flow meters than for subsonic  meters. 
Further, the error was expected to increase from an insignificant 
magnitude for nearly perfect gases, to large magnitudes for 
vapors. 

It has been known since the days of the steam engine that the 
ratio of specific heats could not be accurately used for an isentropic 
exponent for vapors. Instead, isentropic exponents were plotted 
as a function of the pressure, temperature, and entropy of steam 
(Fig. 8)8 for use in the calculation of properties along isentropic 
paths. And, as stated by Mr. Reimer, values of entropy and 
enthalpy were obtained from steam tables8 for the calculation of 
velocities. T o be more specific, the method used for the calcula-
tion of the theoretical mass flow through a critical steam nozzle 
is as follows:9 " W e measure static pressure upstream and use 
steam table properties to calculate the velocity and density at the 
nozzle throat. We have a computer program which maximizes 
the product of the throat density and velocity—it is a trial-and-
error solution with throat pressure as a variable." Preliminary 
results for critical steam nozzles,8 based on this method of solu-
tion for the theoretical mass flow rate, showed the discharge co-
efficient to be constant over the range of Reynolds numbers 
covered from 6.5 X 10G to 1.9 X 107. If it is assumed that the 
discharge coefficient should be constant in this range, then the 
data substantiate the validity of the method used to calculate 
the theoretical mass flow rate. Actually, however, no such 
converse reasoning is necessary since the theory is based directly 
on the one-dimensional steady-state energy equation and em-
pirical property data, with none of the assumptions, stated above, 
that are incorporated in the theoretical solution for perfect gases. 
This method is just as applicable to real gases as to vapors, the 
only limitation being the availability of accurate real gas  property 
data from which the required gas tables could be compiled. Be-
cause efforts are presently being made in this direction, it is ex-
pected that accurate theoretical solutions for the mass flow rates 
of real gases will soon be available in a convenient to use form.10 

In consideration of the above, one might question the ad-
visability of continuing to use perfect gas theory for critical flow-
meters at all. I t was the author's opinion that the perfect gas 
theoiy did have a definite place and would continue to fill a per-
manent need from a practical point of view. It was to this area 

8 J. H. Keenan and F. G. Keyes, "Thermodynamic Properties of 
Steam," John Wiley & Sons, Inc., New York, N. Y „ 1936. 
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November 10, 1961. 
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that the study was directed, as indicated by the title ". . . for Gas 
Flow Measurements,"  with the intentional  exclusion of the vapor 
range and the applicable methods therefore. In his discussion, 
Dr. Rosner cited an excellent example [63] of the other operating 
extreme from the vapor range, where the error in the perfect gas 
theory is insignificant.  The inlet pressure range was sufficiently 
low (15 to 56 psi gage) and the inlet temperatures sufficiently  high 
(room temperature) as to cause a negligible deviation between 
real gas and perfect gas properties. As stated in [63]: "A given 
orifice was tested seven times with nitrogen, the mean deviation 
from the best straight line through the data and the origin being 
one part in a thousand, when flow rate is plotted against pressure. 
This includes errors caused by meter reading, meter tuning, pres-
sure fluctuation, and pressure measurement. . . . It may be con-
cluded that the discharge coefficients are in actuality independent 
of the type of gas, and that equation (2) (equivalent to equation 
(1) in this paper) would correctly describe the dependence of flow 
rates upon molecular weight and heat capacity ratio for pure 
gases." 

The application of [63] discussed above corresponded to Case 1 
in this paper under the subtitle "Problems Caused by the Varia-
tion in Real Gas Properties." When the operating regime and 
accuracy requirements are such as to permit Case 1, "Use of per-
fect gas properties," the resulting simplicity  will undoubtedly 
make this calculation method very desirable for many applica-
tions. The other four possibilities,  Cases 2 through 5, for taking 
real gas properties into account, are admittedly compromises be-
tween the convenience offered by the perfect gas theory and the 
rigor offered by the method in use for vapors, as cited above in the 
case of steam nozzles. Mr. Reimer's comparison showed a dis-
crepancy of 0.18 per cent between the author's Case 2 method, 
using properties corresponding to the inlet stagnation state, and 
his real gas method. The error is seen to be  an overcorrection 
and is also known to increase in magnitude at higher pressures. 
However, the validity of Case 2 as a first order correction is seen 

from the fact that the error was reduced to 0.18 per cent from an 
error of 0.40 per cent that would have been present based on per-
fect gas properties (Case 1), and the relative error decreases at 
more extreme operating conditions. However, the overcorrection 
provided by Case 2 is undesirable since results based on this 
method will show a fictitious  decrease in discharge coefficient  with 
increasing Reynolds number, which is actually a compensation 
for the error in the theory rather than an actual characteristic of 
the critical flowmeter. Case 3 is now known to produce a greater 
error than Case 2. Case 4 is an improvement, but still does not 
compensate for variations in the compressibility  factor, Z. Both 
Cases 4 and 5 have the disadvantage of complexity, thus negating 
the original advantage in using perfect gas theory. The compila-
tion of real gas tables that would permit a method similar to the 
one in use for steam nozzles would therefore be preferable to Cases 
4 and 5. 

A complete evaluation of Mr. Reimer's method must await 
publication of his paper, but the author expects that both the 
computation procedure and the resulting equation(s)  that " f i t " 
the calculated results will become far more complex at pressures 
above 300 psia and at temperatures below 60 F. The most 
promising approach for real gases, therefore, lies in the calcula-
tion of adequate real gas tables,10 in the author's opinion. 

The author is indebted to Dr. Rosner for his several interesting 
and valuable contributions  to the papers. 

In closing, whereas the over-all response to this paper has been 
gratifying,  the author does not feel that the primary objectives 
have yet been attained. Much more communication is needed 
to achieve the cross-pollination  of ideas, liaison between theory 
and experiment, exchange of data, extension of the literature 
search, etc., that must be accomplished if we are to proceed 
efficiently  toward the goal of developing accurate critical flow-
meters and reliable codes thereon. The readers are therefore 
urged to make whatever contribution they can, formal or other-
wise. 
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