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Swarm intelligence for groundwater management
optimization
A. Sedki and D. Ouazar

ABSTRACT
This paper presents some simulation–optimization models for groundwater resources
management. These models couple two of the most successful global optimization techniques
inspired by swarm intelligence, namely particle swarm optimization (PSO) and ant colony
optimization (ACO), with one of the most commonly used groundwater flow simulation code,
MODFLOW. The coupled simulation–optimization models are formulated and applied to three
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different groundwater management problems: (i) maximization of total pumping problem,
(ii) minimization of total pumping to contain contaminated water within a capture zone and
(iii) minimization of the pumping cost to satisfy the given demand for multiple management
periods. The results of PSO- and ACO-based models are compared with those produced by other
methods previously presented in the literature for the three case studies considered. It is found
that PSO and ACO are promising methods for solving groundwater management problems, as is
their ability to find optimal or near-optimal solutions.
Key words 9 global optimization technique, groundwater resources management

MODFLOW, simulation, simulation–optimization model, swarm intelligence

INTRODUCTION
Due to inherent weaknesses of traditional optimization

(2000) used PSO to determine pump speeds to minimize the

methods for solving complex groundwater management pro-

total costs in water distribution systems. Abbaspour et al.

blems, especially discontinuous, or highly nonlinear and

(2001) employed ACO for estimating the unsaturated soil

nonconvex problems, interest in developing heuristic search

hydraulic parameters. Maier et al. (2003) compared the

methods has grown rapidly in the past decades. The most

performance of the ACO algorithm with that of GAs for

widely used algorithms including the genetic algorithm (GA)

the optimization of water distribution networks. More

(McKinney & Lin 1994; Wang & Zheng 1998; Cheng et al.

recently, Li & Chan Hilton (2007) used ACO for optimi-

2000) and simulated annealing (SA) (Marryott et al. 1993;

zing groundwater monitoring network and Montalvoa et al.

Rizzo & Dougherty 1996; Wang & Zheng 1998). Recently,

(2008) applied PSO to optimize water distribution systems

particle swarm optimization (PSO) (Kennedy & Eberhart

designs.

1995) and ant colony optimization (ACO) (Dorigo et al.

In this study, the potential of PSO and ACO to solve

1996) have been successfully applied to a wide range of

groundwater management problems is explored using three

engineering and science problems (Dorigo & Stützle 2004;

benchmark case studies. The objectives are:

Clerc 2006). Application of PSO and ACO, however, to water

(1) To develop a formulation for applying ACO and PSO for

resources problems is of more recent origin. Wegley et al.
doi: 10.2166/hydro.2010.163
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(2) To evaluate the performance of ACO and PSO in

Journal of Hydroinformatics 9 13.39 2011

total cost of pumping, subject to certain constraints including
equalities and inequalities. There may be constraints on

preparation for a real case study.

decision variables and state variables.
For maximization of the total pumping rates, the optimization model can be formulated as

GROUNDWATER MANAGEMENT MODEL
In a groundwater management model there are two sets of
variables: state variables and decision variables. The state
variables are hydraulic head, which is the dependent variable
in the groundwater flow equation. Decision variables include
the well locations and pumping rates. The purpose of the
management model is to identify the best combination of
these decision variables in order to minimize (or maximize) a
management objective with respect to constraints. Constraints can refer to bounds on decision variables and state
variables. In a groundwater management model, the state
variables are defined as a function of the decision variables by
a simulation model.

T X
N
X

Qti

ð2Þ

i ¼ 1; K; N; t ¼ 1; K; T

ð3Þ

i¼1 i¼1

Subject to hti Zhti;min
qti;min oqti oqti;max

i ¼ 1; K; N; t ¼ 1; K; T

ð4Þ

where J is the objective function; T is the number of management periods; and N is the number of wells. Equation (3) is
the hydraulic head constraint where hti is the hydraulic head
in well i at management period t and hti;min is the lower head
bound in well i at period t. Equation (4) is the well capacity
constraint where qti is the pumping rate of well i at management period t; and qti;min and qti;max are the ranges of allowable
pumping rates for well i at management period t.
In the minimum cost problem, the objective function is

Simulation model

defined as a sum of the capital cost and the operational cost.

The three-dimensional equation describing the groundwater
flow can be expressed as (Harbaugh et al. 2000)
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The cost for operation is assumed to be a function of both the
pumping rate and the total lift to bring water from the wellbore to the surface. The capital cost accounts for drilling and
installing all the wells. The objective function is given by

ð1Þ
Minimize JðQÞ ¼ a1

hydraulic conductivity along the x, y and z coordinate axes;

þ a3

tions at the boundaries of an aquifer system and initial head
condition, constitutes the mathematical model for a groundwater flow system. For this work we are using the US
Geological Survey code MODFLOW-2000 (Harbaugh et al.
2000). MODFLOW is a widely used and well-supported

qti di

i¼1 t¼1

N X
T
X

Subject to qti;min oqti oqti;max
hti Zhti;min
N
X

qti ðHi  hti Þ

ð5Þ

i ¼ 1; K; N; t ¼ 1; K; T

ð6Þ

qti ZQt

i ¼ 1; K; N; t ¼ 1; K; T
i ¼ 1; K; N; t ¼ 1; K; T

ð7Þ
ð8Þ

i¼1

hti1  hti2 ZDhtmin

block-centered finite difference code that simulates saturated
groundwater.

N X
T
X

i¼1 t¼1

W is the flux into or out of the system due to sources or sinks;
Equation (1), together with the flow and/or head condi-

qti þ a2

i¼1 t¼1

where h is the hydraulic head; Kx, Ky and Kz are values of

S is the specific storage; and t is time.

N X
T
X

qtinject ¼ A

N
X

i ¼ 1; K; N; t ¼ 1; K; T

qti þ B

i ¼ 1; K; N; t ¼ 1; K; T

ð9Þ
ð10Þ

i¼1

Optimization model

where Equation (5) is the objective function; a1 is the cost
coefficient for well installation; a2 is the cost coefficient for

The object of the management model is to maximize the total

drilling; a3 is the cost coefficient for pumping; hti is the

pumping from extraction wells in the aquifer or minimize the

hydraulic head in well i at management period t; di is the
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depth of well i; Hi is the land surface elevation at well i.

for steady-state conditions, the third example is a transient

Equation (8) is the demand constraint, where Qt is the water

problem. These are described in detail in the fifth section.

demand at management period t. Equation (9) is the minimum head difference constraint, where Dhtmin is the specified
bound on head differences and hti1 and hti2 are heads at
locations i1 and i2 at the period t. This type of constraint is

USING PSO TO SOLVE GROUNDWATER
MANAGEMENT MODEL

generally associated with the design of capture zones to
contain and remove contaminated groundwater. It is typically

Particle swarm optimization (PSO) is a population-based

imposed to force a gradient in the hydraulic flow field.

stochastic optimization technique. It was originally proposed

Equation (10) is the balance constraint. This type of constraint

by Kennedy & Eberhart (1995) as a simulation of the social

is used to maintain a relationship between the injection rate in

behavior of social organisms such as bird flocking and fish

well i at period t, qtinject , and the total pumpage, where A and B

schooling. PSO shares many similarities with evolutionary

are the coefficients defining the balance relationship.

computation techniques such as genetic algorithms (GA). The

To solve the above problems, the constrained model is

system is initialized with a population of random solutions

converted into an unconstrained one by adding the amount of

and searches for optima by updating generations. However,

constraint violations to the objective function as penalties:

unlike GA, PSO has no evolution operators such as crossover
and mutation. Instead, PSO relies on the exchange of infor-

F ¼ J±

NC
X

Pi

ð11Þ

i¼1

mation between individuals (particles) of the population
(swarm). In effect, each particle of the swarm has an adaptable velocity (position change), according to which it moves

and

in the search space. The particles update their velocities and

P1 ¼ l1 maxð0; hti;min  hti Þ

ð12Þ

P2 ¼ l2 maxð0; Dhtmin  ðhti1  hti2 ÞÞ

ð13Þ

t

P3 ¼ l3 maxð0; Q 

X

qti Þ

ð14Þ

positions based on the previous best position and towards the
current best position attained by any other member in its
neighborhood.
In PSO-based groundwater simulation–optimization
code, for an optimization problem with only a single management period, each particle represents all decision variables

where F and J are the penalized and non-penalized objective

(pumping rates). However, for an optimization problem with

function values, respectively. The minus sign applies for the

multiple management periods, the pumping rate of any well

maximization problem (Equation (2)) and a plus sign for the

can vary from one management period to another. In this

minimization problem (Equation (5)); Pi (i ¼ 1, 2, 3) are the

case, the pumping rates for all the management periods are

penalty amounts of constraint violation with respect to the

joined to form one decision vector of a larger dimension. If

hydraulic head constraint in Equations (3) or (7), the mini-

the number of total candidate wells is M and the number of

mum head difference constraint in Equation (9) and the

the management periods is T, the ith particle of the swarm

demand constraint in Equation (8); NC is the number of

can be represented by a D ¼ M  T-dimensional vector:

constraint violations (NC ¼ 3); and li (i ¼ 1, 2, 3) are penalty
coefficients. Note that if constraint i is satisfied, the max

Xi ¼ ðq1i1 ; q1i2 ; K; q1iM ; q2i1 ; q2i2 ; K; q2iM ; K; qTi1 ; qTi2 ; K; qTiM Þ

function takes on a value of zero.

where the subscript in qi is the well number and the super-

Three types of model formulations are considered in this
study: (i) maximization of total pumping problem, (ii) minimization of total pumping to contain contaminated water within a
capture zone and (iii) minimization of the pumping cost to

ð15Þ

script is the management period number. The range of qi is
qi,min oqioqi,max.
The velocity of this particle can be represented by another
D-dimensional vector:

satisfy the given demand for multiple management periods.
Note that, while the first and second problems have been solved
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The best position found by the ith particle so far is denoted
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where iter is the current iteration number and maxiter is the
maximum number of allowable iterations.

as

The steps of the PSO algorithm are explained in the
Pi ¼ ðp1i1 ; p1i2 ; K; p1iM ; p2i1 ; p2i2 ; K; p2iM ; K; pTi1 ; pTi2 ; K; pTiM Þ:

ð17Þ

following.

Defining g as the index of the best particle in the swarm

(1) Generate initial position of particles randomly in the

(i.e. the gth particle is the best) and let the superscripts

range of [qmin, qmax] and initial velocity in the range of

denote the iteration number, then the swarm is manipulated
according to the following two equations (Eberhart & Shi

[(qmin–qmax)/2, (qmax–qmin)/2].
(2) Evaluate the fitness of each particle according to either
Equation (2) or Equation (5). Pi is set as the positions of

1998):

the current particles, while Pg is set as the best position
Viiterþ1 ¼ wðoViiter þ c1 r1iter ðPiter
 Xiter
i
i Þ
þ

c2 r2iter ðPiter
g



Xiter
i ÞÞ

Xiterþ1
¼ Xiter
þ Viiterþ1
i
i

of the initialized particles.
ð18Þ

(3) Reduce the inertia weights o according to Equation (20).
(4) The positions and velocities of all the particles are

ð19Þ

where i ¼ 1,2,y,N; N is the size of the swarm. c1 and c2 are

updated according to Equations (18) and (19); then a
group of new particles are generated.

two positive constants named as learning factors and r1 and r2

(5) Evaluate the fitness of each new particle, and the

are random numbers in the range (0,1). o is called the inertia

worst particle is replaced by the stored best particle.

weight and w is a constriction factor which is used, as an

If the new position of the ith particle is better than Pi,

alternative to o to limit velocity.

then set Pi equal to the new value. If the best position

Equation (18) is used to calculate the particle’s new
velocity according to its previous velocity and the distances
of its current position from its own best position and the
group’s best position. Then, the particle flies toward a new
position according to Equation (19). Proper fine-tuning of the
parameters c1 and c2 in Equation (18) may result in faster
convergence of the algorithm, and alleviation of the problem of
local minima. The constriction factor w in Equation (18) is used
to control the magnitude of the velocities. It is observed that, if
the particle’s velocity is allowed to change without bounds, the
swarm will never converge to an optimum, since subsequent
oscillations of the particle will be larger. To control the changes
in velocity, Clerc (1999) introduced the constriction factor into
the standard PSO algorithm to ensure the convergence of the
search. The role of inertial weight o in Equation (18) is to
control the impact of the previous velocities on the current one.
A large inertial weight facilitates global exploration (searching
new areas), while a small weight tends to facilitate local
exploration. Hence selection of a suitable value for the inertial
weight o usually helps in the reduction of the number of
iterations required to locate the optimum solution (Parsopoulos & Vrahatis 2002). The variable o is updated according to
o¼

maxiter  iter
maxiter
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ð20Þ

of all new particles is better than Pg, then Pg is
updated.
(6) Check the convergence criterion. If the stopping criterion is met, stop; else repeat steps (3)–(5).
Note that, to evaluate Equations (3), (5), (7) and (9), the
values of the hydraulic head in the given cells of the model,
hti , must be computed for each trial solution generated by
PSO. To do this, PSO was linked externally with the
MODFLOW. In effect, PSO begins with a random set of
trial solutions for pumping rates. For every trial solution
(particle) of random pumping rates, MODFLOW is executed once to update the hydraulic head distribution in
response to those pumping rates. The output of the simulation consists of the values of hydraulic heads at all model
cells. The values of hydraulic heads for the selected observation points are extracted to evaluate the objective function along with the constraints and violation constraints
are evaluated by calculating the modified objective function
(Equation (11)). Next, new trial solutions for pumping rates
are generated based on Equations (18) and (19) and again
MODFLOW is called to update the head distribution and
the objective function. This process is continued until an
optimal solution is reached based on the objective function
and the constraints.
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USING ACO TO SOLVE GROUNDWATER
MANAGEMENT MODEL

l11

Ant colony optimization (Dorigo et al. 1996) is a discrete

l12

l21

combinatorial optimization algorithm which is inspired by
l22

the ability of an ant colony to find the shortest paths between
their nest and a food source. This is accomplished by
using pheromone (chemical) trails as a form of indirect

d1

l13

d2

communication. When searching for food, ants initially

l23

explore the area surrounding their nest in a random manner.
As soon as an ant finds a food source, it evaluates the quantity
and the quality of the food and carries some of it back to the

l14
Figure 1 9 Typical representation of ant colony optimization graph.

nest. During the return trip, the ant deposits a pheromone
trail on the ground. The quantity of pheromone deposited,
which may depend on the quantity and quality of the food,

(2) Ant number k is placed on the starting decision point of
the problem.

will guide other ants to the food source. Thus a shorter path

(3) A transition rule is used for ant k currently placed at

tends to have a higher pheromone density, making it more

decision point i to decide which option to select. The

likely to be chosen by other ants (Bonabeau et al. 2000). This

transition rule used here is defined as follows (Dorigo

shortest path represents the global optimal solution and all the

et al. 1996):

possible paths represent the feasible region of the problem.
Application of the ACO to a combinatorial optimization
problem requires that the problem can be projected on a
graph (Dorigo et al. 1996).
Consider a graph G ¼ (D,L,C) in which D ¼ d1,d2,y,dn
is the set of decision points at which some decisions are to be
made, L ¼ lij is the set of options j ¼ 1,2,y,J available at
decision points i and finally C ¼ cij is the set of local costs
associated with options L ¼ lij. The components of sets D and
L may be constrained if required. A path on the graph, called
a solution (f), is then composed of a selection of an option at
each decision point. The minimum cost path on the graph is

½tij ðtÞa ½Zij b
pij ðk; tÞ ¼ PJ
a
b
j¼1 ½tij ðtÞ ½Zij 

ð21Þ

where pij(k,t) is the probability that ant k selects option
lij from the ith decision point at iteration t; tij(t) is the
concentration of pheromone on option lij at iteration t;
Zij ¼ 1/cij is the heuristic value representing the local
cost of choosing option j at point i; a and b are two
parameters which determine the relative influence of
the pheromone trail and the heuristic information
respectively.

called the optimal solution (f*). The cost of a solution is

Once the option at the current decision point is selected,

denoted by f(f) and the cost of the optimal solution by f(f*)

ant k moves to the next decision point and a solution is

(Dorigo & Di Caro 1999).

incrementally constructed by ant k as it moves from one

In the example depicted in Figure 1, there are two nodes,

decision point to the next one. This procedure is repeated

d1 and d2. At d1, four options are available, denoted by l11, l12,

until all decision points of the problem are covered and a

l13 and l14, if it is assumed that the graph is traversed from d1

complete trial solution f is constructed by ant k.

to d2, and three options l21, l22 and l23 are available at d2. For
each of the available options is associated a local cost value cij.

(4) The cost f(f) of the trial solution generated is calculated.

The basic steps of the ACO algorithm (Dorigo et al. 1996;

(5) Steps 2–4 are repeated for all ants, leading to the

Maier et al. 2003) may be defined as follows:

generation of m trial solutions and the calculation of

(1) A colony of m ants is chosen and the amount of

their corresponding costs, referred to as an iteration (t).

pheromone trail on all options L ¼ lij are initialized to

(6) After the completion of one iteration (t) (i.e. the con-

some proper value.
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rates for each well in each period constitutes the available

updated by the following rule (Dorigo et al. 1996):
tij ðt þ 1Þ ¼ rtij ðtÞ þ Dtij
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ð22Þ

options at each decision point of the graph. Here, the options
available at each decision point i are originally represented by

where tij(t þ 1) is the amount of pheromone trail on

infinite values of pumping rates in the range defined by qi,min

option lij at iteration t þ 1; tij(t) is the concentration of

and qi,max. These options, however, are discretized so that

pheromone on option lij at iteration t; 0 oro1 is the

a combinatorial optimization method such as the ACO

coefficient representing the pheromone evaporation and

algorithm can apply. After the discretization, at each decision

Dtij is the pheromone deposit on option lij. The para-

point there are a number of options corresponding to all

meter r is used to avoid stagnation of the pheromone

possible discrete values resulting from this discretization. For

trails in which all the ants select the same option at each

example, for qi,min ¼ 0 and qi,max ¼ 7000 m3/d and the preci-

decision point and it enables the algorithm to ‘‘forget’’

sion requirement of the solution is 1000 m3/d, then at each

bad decisions previously taken.

decision point there exist eight options, corresponding to the

Different methods are suggested for calculating Dtij. The
method used here is rank-based ant system (ASrank) (Bullnheimer et al. 1999) in which, in each iteration, only the (w1)
best ranked ants and the ant that produced the best solution
are allowed to deposit pheromone, i.e.
Dtij ¼

w
1
X

ðw  kÞDtkij þ wDtbest
ij :

eight possible discrete values of qi.
Figure 2 is an example of a simple graph where there are
three wells and two management periods. Therefore, there
are six decisions points (d11 ; d12 ; d13 ; d21 ; d22 ; d23 ), where dti represents the ith managed well in period t. At each decision point
dti there are eight options (l1,l2,l3,l4,l5,l6,l7,l8) corresponding to
the eight possible discrete values of the pumping rate

ð23Þ

k¼1

qti;min rqti rqti;max . Then, for this example, the total number
of possible combinations (trial solutions) is 8  106 and one

The amount of pheromone change is defined as (Dorigo
et al. 1996)
8
< R
Dtkij ¼ fðfÞk
:
0

of the combinations is the optimal pumping solution we look
for. The cost of a trial solution is given by either Equation (2)
or Equation (5).

if option j is chosen by ant k

The coupling between ACO and MODFLOW is similar to
ð24Þ

otherwise

that between PSO and MODFLOW. A colony of m ants is
used to traverse the graph sequentially, making decisions at

is the cost of the solution produced by ant k and

each decision point. At a decision point dti (i.e. well i in period

R is a quantity related to the pheromone trail called the

t) an ant selects one of the available option j (i.e. a discrete

pheromone reward factor. Ants deposit an amount of phero-

possible value j of the pumping rate qti;min rqti rqti;max ) based

where

f(f)k

mone proportional to the quality of the solutions they produce. Consequently, options that are used by the best ant and

Management period 1
Management period 2

which form a part of the lower cost solution, receive more
pheromone and therefore are more likely to be chosen by
ants in future iterations.
(7)

The process defined by steps (2)–(6) is continued until

1

1

the iteration counter reaches its maximum value defined
by the user or some other convergence criterion is met.
Application of the ACO algorithm, as defined previously,
to groundwater management problems requires the problem
to be defined in terms of a graph G. For this, each well i in
each management period t of the problem is considered as the
decision point of the graph. The list of available pumping
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Figure 2 9 Representation of groundwater optimization problems in terms of a graph.
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River, h = 20 m

on a transition rule given by Equation (21), where the
heuristic value Zij is taken here equal to the inverse of the
value of pumping rate selected for the well considered in a
minimizing problem. However, in a maximizing problem, Zij

1

2

3

4

5

6

equal to the pumping rate value and the change in pheromone concentration is Dtkij ¼ Rf ðfÞk .
Initially, each of the m ants have an equal probability to

have completed the construction of their solution, each one is
evaluated using MODFLOW and the modified objective
function (Equation (11)) is calculated. After the generation
of the m trial solution and the calculation of their correspond-

10000 m

and the parameter b set to zero). Once all ants of the colony

7

8

9

10

Mountains, no flow

alization, each option has an equal initial pheromone intensity

Mountains, no flow

choose a specific option at each decision point (i.e. at initi-

ing cost, the concentration of the pheromone tails is modified
by applying the updating rule Equation (22). The steps of
generating trial solutions, calling MODFLOW to evaluate the
chosen solutions and updating the pheromone concentrations
are repeated until a converged optimal solution is reached.

APPLICATION EXAMPLES
Swamp, h = 20 m

To investigate the performance of applying the PSO and ACO
algorithms to solve groundwater management problems,

45000 m
Figure 3 9 Aquifer system of Example 1.

three typical problems are used as examples. They are maximum groundwater supply, hydraulic capture zone design

anywhere in the aquifer and the range of the pumping rate is

with a single management period, and minimum cost pump-

from 0 to 7000 m3/d for every well. The objective function to

ing to a multiple management period problem. These example

be maximized is in the form of Equation (2) with T ¼ 1 since

problems were chosen because they have been used as

only one management period is assumed.

examples for a number of optimization algorithms in previous
studies, making it possible to compare our results.

McKinney & Lin (1994) solved this problem using linear
programming (LP) and genetic algorithms (GA [M&L]). This
problem was also solved by Wang & Zheng (1998) using

Example 1: maximization of total pumping

genetic algorithms (GA [W&Z]) and simulated annealing
(SA). Wu et al. (1999) developed a GA-based SA penalty

The first example is obtained from Example 1 of McKinney &

function approach (GASAPF) to solve this problem. Wu &

Lin (1994). The management objective is to maximize the

Zhu (2006) used the shuffled complex evaluation method

yield from a homogeneous, isotropic, unconfined aquifer

developed at the University of Arizona (SCE-UA) to solve

using 10 pumping wells with constraints on hydraulic head

the same problem. Table 1 compares the results of these

and pumping rates. The hydraulic conductivity and the areal

studies with those obtained using PSO and ACO algorithms.

recharge rate are 50 m/d and 0.001 m/d, respectively. The

From Table 1, it is seen that the pumping rates calculated by

plan view of the discretized aquifer and the potential pump-

the PSO and ACO models are in close agreement with the LP

ing well locations are shown in Figure 3. The constraints on

solution. Furthermore, the PSO and ACO pumping rates

hydraulic head are that the head must be above zero (bottom)

are symmetric due to the symmetry of the aquifer system.
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Table 1 9 Maximum pumping Example 1: results (units: m3/d)

Well

LP

GA[M&L]

GA[W&Z]

SA

GASAPF

SCE-UA

PSO

ACO

1

7000

7000

7000

7000

7000

7000

7000

7000

2

7000

7000

7000

7000

7000

7000

7000

7000

3

7000

7000

7000

7000

7000

7000

7000

7000

4

6000

7000

5000

6200

6056

5987

6154

5000

5

4500

2000

5000

4700

4290

4477

4704

5000

6

6000

6000

6000

6200

6056

5986

6146

6000

7

6800

7000

7000

6650

6774

6814

6764

7000

8

4100

4000

4000

4000

4064

4094

3856

4000

9

4100

4000

4000

4000

4064

4094

4175

4000

10

6800

7000

7000

6650

6774

6814

6709

7000

Total pumping

59,300

58,000

59,000

59,400

59,058

59,266

59,508

59,000

The symmetric solutions provide a check on the search

tion. Note that the PSO solution has a higher precision than

accuracy and validity of these algorithms.

the ACO solution. In PSO, each pumping rate parameter (i.e.

In the ACO algorithm, after sensitivity analysis, the model

continuous parameter) can take any value from the interval

parameters adopted are as follows: population size ¼ 200;

defined by qmin ¼ 0 and qmax ¼ 7000 m3/d. However, for the

a ¼ 1, b ¼ 0.1, r ¼ 0.85 and R ¼ 1. The precision requirement

ACO solution, the precision in this example for each para-

for pumping rate is the same 1000 m3/d as in McKinney &

meter is 1000 m3/d.

Lin (1994). As discussed previously, for qmin ¼ 0 and
qmax ¼ 7000 m3/d, the decision variables are discretized into

Example 2: hydraulic capture zone design

scaled integer values ranging from 0 to 7000 in increments of
1000 m3/d. Figure 4 shows the convergence behavior of both

The second example is from case 1 of example 1 of Zheng &

PSO and ACO models. The ACO solution converged to a

Wang (2003). In this example, the objective is to determine

stable objective function value of 59,000 m3/d after 28 iterations as shown in Figure 4. The results are also listed in Table
1 from which it can be observed that ACO converged to the

6

same objective function value as GA (Wang & Zheng 1998)
and better than that of GA (McKinney & Lin 1994) when the

values for w, c1 and c2 are 0.8, 2 and 2, respectively. From the
plot of PSO in Figure 4, it can be observed that the best PSO
solution converged to 59,000 m3/d after only 9 iterations and

Objective function

size as in ACO. By trail and error, it was found that the best

4

5.9

precision requirements for pumping rates are identical.
The PSO algorithm was run with the same population

× 10

ACO
PSO

5.8
5.7
5.6

after 82 iterations, the solution converged to stable maximum
of 59,508 m3/d. The results are also given in Table 1, which

5.5

showed that the PSO algorithm obtained a better objective
function compared to SA, GASAPF and SCE-UA.
In comparison with ACO, as can be seen from Figure 4,
PSO presents faster convergence and provides a better solu-
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Figure 4 9 Comparison of the convergence of PSO and ACO solutions for Example 1.
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Table 2 9 Minimum pumping Example 2: results (units: m3/d)

existing contaminant plume within a capture zone and preWell

GA

PSO

ACO

of flow. The aquifer system is assumed to be unconfined with

1

161.3

92.00

322.6

a uniform hydraulic conductivity of 25 m/d. Figure 5 shows

2

645.2

94.50

322.6

the plan view of the aquifer. The finite-difference grid consists

3

1774.0

1928.0

1774

of 18 columns and 30 rows with a uniform grid spacing of

4

1613.0

1927.0

1774

100 m in either direction. The filled contours show the

Total

4193.5

4041.5

4193.2

vent it from spreading by using wells to control the direction

location and concentration distribution of the plume and
the arrows indicate the location of monitoring points where

between any two specified model cells (as connected by the

inward hydraulic gradients are to be maintained. There are

arrows in Figure 5) must be greater than or equal to zero.

four pumping wells, shown as solid dots in Figure 5, which

Finally, for the balance constraint as expressed in Equation

will be used to achieve containment of the plume and two

(10), the injection rates at the two injection wells are each

injection wells, shown as triangles in Figure 5, to put back

required to be one-half of the total pumpage from the four

into the aquifer the extracted and treated groundwater. The

pumping wells (i.e. A ¼ 0.5 and B ¼ 0). Zheng & Wang

objective function in Equation (5) is reduced to the first term

(2003) solved the problem using GA. Table 2 compares the

(a1

¼ 1/m4)

and the constraints are Equations (6), (7), (9) and

(10). The hydraulic head constraints must be non-negative

optimal solutions from GA, PSO and ACO. Comparatively,
the lower objective function is obtained by the PSO model.

and all the pumping rates must be in the range of 0 to

In PSO, the population size is set to 200 and the other

5000 m3/d. The minimum head difference constraint

parameters are the same as those for Example 1. In the

1

Relative
Concentration

ACO algorithm, the size of the population is the same as in
Constant-head boundary (h = 20 m)

PSO. After sensitivity analysis, the other parameters were
adopted as a ¼ 1, b ¼ 0.1, r ¼ 0.9 and R ¼ 1. Figure 6 shows
convergence behavior in the 200 runs of both the PSO and
ACO methods. It is observed that PSO outperforms ACO
in terms of convergence speed and the quality of the

No-flow boundary

solution. The optimal solutions of both methods are listed

Rows

10

1.0

in Table 2. It should be noted that, in this example, the
precision requirement for the ACO solution is 161 m3/d.

0.8
4600

20

0.4

0.2

0.0

PSO
ACO

4500
Objective function

No-flow boundary

0.6

4400
4300
4200
4100

Constant-head boundary (h = 10 m)
30
1

5

10
Columns

15

Figure 5 9 Aquifer system of Example 2.

Downloaded from https://iwaponline.com/jh/article-pdf/13/3/520/386618/520.pdf
by guest

18

4000

0

50

100

150

200

Number of Iterations
Figure 6 9 Comparison of the convergence of PSO and ACO solutions for Example 2.
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Compared with GA (Zheng & Wang, 2003), the ACO

cost, and the constraints are Equations (6)–(8). The num-

algorithm found a slightly better objective function value

ber of management periods for this example is 4 and

when the precision requirements for pumping rates are

each of them has 91.25 d. The water demands for each

identical. The optimal solutions for ACO and GA are

management period are 130,000, 145,000, 150,000 and

shown in Table 2.

130,000 m3/d, respectively. The minimum hydraulic head
is zero and the range for each pumping well is from 0 to

Example 3: minimization of the pumping cost for

30,000 m3/d. Jones et al. (1987) solved the problem using

multiple management periods

differential dynamic programming (DDP). Wang & Zheng
(1998) also solved this problem using genetic algorithms

This example problem is obtained from Jones et al. (1987)

(GA) and simulated annealing (SA). The solution compar-

and Wang & Zheng(1998). The problem is to find optimal

isons to the minimum cost pumping example from DDP,

pumping rates that would yield the minimum cost from an

GA, SA, PSO and ACO are presented in Table 3.

unconfined aquifer with a hydraulic conductivity of

As can be seen from Table 3, the total pumping calculated

86.4 m/d and specific yield of 0.1. Figure 7 shows the

by ACO and PSO is in good agreement with the given water

plan view of the discretized aquifer and the locations of

demands for each management period. Furthermore, com-

eight potential pumping wells. The model is transient and

pared with GA and SA, the best solution was found by ACO

has an initial head of 100 m everywhere. The distance from

followed by PSO. However, DDP gives a better final objective

the ground surface to the bottom of the aquifer is 150 m at

function value than PSO and ACO.

all locations. The objective function in Equation (5) is

In PSO and ACO, a total of 32 parameters are required,

reduced to the last term only (a3 ¼ 1/m4), i.e. the pumping

each of which represents the pumping rate at one of the eight
potential wells in each of the four management periods. The
population size is increased to 600 from 200 in the previous

Constant Head, h = 100 m

examples to accommodate the increase in the number of
1

2

parameters. As a consequence, more computational time
would be needed.
Using the value of 200 for the maximum number of
iterations, both PSO and ACO were run for different trials.
In ACO the best parameters found are a ¼ 1, b ¼ 0.1, r ¼

4

3

5

6

No Flow Boundary

No Flow Boundary

6000 m

0.9 and R ¼ 1. For the PSO model, the parameters
adopted are w ¼ 0.5, c1 ¼ 1.3 and c2 ¼ 2.7. Figure 8
shows the convergence behavior of both models, from
which it can be observed that the objective function
decreases rapidly at the early iterations for both methods
with a faster convergence in the case of PSO. However,
ACO converged to a lower objective function value than
8

7

PSO. Table 3 lists the optimal pumping rates from both
methods.

DISCUSSION AND CONCLUSIONS
No Flow Boundary

In this paper, the Particle Swarm Optimization (PSO) and Ant

4500 m

Colony Optimization (ACO) algorithms have been formulated

Figure 7 9 Aquifer system of Example 3.
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Table 3 9 Minimum pumping with multiple management periods Example 3: results (units: m3/d)

Well

Planning period

DDP

GA

SA

PSO

ACO

1

1

30,000

28,000

30,000

30,000

30,000

2

1

30,000

28,000

30,000

28,996

30,000

3

1

21,924

28,000

17,000

16,827

20,000

4

1

21,924

4000

17,000

16,896

12,000

5

1

7494

12,000

16,000

2049

6000

6

1

7494

12,000

11,000

7647

14,000

7

1

5582

14,000

7000

9767

9000

8

1

Demand

5582

4000

2000

17,818

9000

130,000

130,000

130,000

130,000

130,000

1

2

28,000

30,000

30,000

30,000

2

2

28,000

30,000

29,913

30,000

3

2

10,000

21,000

9866

170,000

4

2

20,000

21,000

23,580

27,000

5

2

8000

10,000

7389

12,000

6

2

14,000

12,000

14,860

12,000

7

2

16,000

12,000

13,838

1000

8

2

20,000

9000

15,554

16,000

Demand

144,000

145,000

145,000

145,000

1

3

28,000

30,000

29,984

30,000

2

3

30,000

30,000

29,992

30,000

3

3

12,000

25,000

19,381

30,000

4

3

28,000

18,000

9756

18,000

5

3

6000

12,000

23,131

10,000

6

3

8000

15,000

16,662

20,000

7

3

26,000

10,000

1801

8000

8

3

Demand

12,000

10,000

19,293

4000

150,000

150,000

150,000

150,000

1

4

28,000

30,000

29,947

30,000

2

4

28,000

30,000

30,000

30,000

3

4

20,000

22,000

22,929

22,000

4

4

22,000

12,000

3174

6000

5

4

4000

5000

12,324

1000

6

4

8000

13,000

9621

14,000

7

4

6000

6000

8162

9000

8

4

Demand
Total cost

28,693,336

14,000

12,000

13,843

18,000

130,000

130,000

130,000

130,000

29,779,432

29,572,110

29,552,000

29,497,050

groundwater management models. In the proposed manage-

obtained results show that the PSO and ACO models yield

ment model, MODFLOW was used as the simulation compo-

identical or better quality solutions when compared to other

nent in the coupled simulation–optimization model. The

methods in the literature for the case studies considered.
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3.3

× 107

The results of this study thus demonstrate that an incremental improvement in the groundwater management model

ACO
PSO

3.25
Objective function

Journal of Hydroinformatics 9 13.39 2011

can be achieved through the use of swarm-intelligence-based
models. The results, based on only using three benchmark

3.2

case studies from the literature, are extremely promising, but

3.15

a wider test of ACO and PSO algorithms on more ground-

3.1

water management problems is required to determine their
utility for real case studies.

3.05
3
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Figure 8 9 Comparison of the convergence of PSO and ACO solutions for Example 3.

For the maximization of total pumping problem, results of
the PSO are in close agreement with the LP solution and
better than the ACO, SA, GASAPF,SCE-UA abd GA. However, ACO obtained the same objective function value as GA
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