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Modelling the deterioration of buried infrastructure as a
fuzzy Markov process
Yehuda Kleiner, Rehan Sadiq and Balvant Rajani

ABSTRACT
Dearth of data is the greatest acknowledged obstacle to the deterioration modeling of the buried
infrastructure assets. In the last two decades numerous models have been proposed with a
greater emphasis on Markovian Deterioration Processes (MDP). The MDP requires that the
condition of the deteriorating system be encoded as an ordinal condition rating, based on
numerous distress indicators obtained possibly from direct and indirect observations, as well as
from non-destructive tests. The encoding of distress indicators into condition rating is inherently
imprecise and involves subjective judgment. This imprecision is not considered, let alone
propagated in the traditional application of the MDP.
In this paper a new approach is presented to model the deterioration of buried infrastructure
assets using a fuzzy rule-based, non-homogeneous Markov process. This deterioration model yields
the ‘possibility’ of failure at every time step along the life of the asset. The use of fuzzy sets and
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fuzzy techniques help to incorporate the inherent imprecision and subjectivity of the data, as well as
to propagate these attributes throughout the model, yielding more realistic results.
This paper is the first of two companion papers that describe a complete method of managing
failure risk of large buried infrastructure assets. The second companion paper describes how the
condition ratings along the life of the asset are converted to risk values and how effective decisions
can be made about the renewal and/or scheduling the next inspection of the asset.
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NOTATION
Ai (i ¼ 1; 2; … ; 5)

fuzzy triangular subsets (levels) in the

i;j

Dt

fuzzy set A, which defines pipe age
At

fuzzy number representing the pipe

condition state i to condition state j
gi

fuzzy age at time step t
Ci (i ¼ 1; 2; … ; 7)

zero/one binary variables to compute
membership ‘flow’ from state i to state
j (j ¼ i þ 1)

fuzzy triangular subsets (states) in the
fuzzy set C, which defines pipe

deterioration rate at time step t from

Gi

threshold values which restrict the

condition

membership ‘flow’ from state i to state

d0

base deterioration unit

j (j ¼ i þ 1)

D i (i ¼ 1; 2; … ; 5)

fuzzy triangular subsets (levels) in the

0

hx(u)

fuzzy set D 0 , which defines pipe
deterioration rate
0

Dt

height of a fuzzy set, or maximum
membership in a fuzzy set

RD

rule set governing the deterioration D 0

fuzzy number representing the pipe

as a function of fuzzy age A and fuzzy

fuzzy deterioration rate at time step t

condition C
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membership of a pipe to the fuzzy
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model to show that the Markov deterioration process in

deterioration subset D i at time step t

bridge decks is state-dependent, i.e., non-homogeneous. Li

membership of a pipe to the fuzzy age

et al. (1997) modelled deterioration as a non-homogeneous

subset Ai at time step t

Markov process with ten condition states. Later they

membership of a pipe to the fuzzy state

improved this method by incorporating a Bayesian updating

(subset) Ci at time step t

process. Abraham and Wirahadikusumah (1999) and
Wirahadikusumah et al. (2001) divided the life of sanitary
sewers into four phases, whereby the deterioration in each

INTRODUCTION

phase is characterized by a homogeneous transition matrix.
Jiang et al. (2000) proposed a “partially observable Markov

Large buried infrastructure assets, such as large-diameter

process” as a basis for a decision approach for minimizing the

trunk sewers and large water transmission mains, typically

life-cycle costs of structures. McKim et al. (2002) introduced

have low failure rates but when they fail the consequences

risk ratios, defined as the percentage of pipes in a particular

can be disastrous. This low rate of failure, coupled with high

risk category (low, medium or high) out of all pipes in all risk

cost of inspection and condition assessment, have con-

categories. Mishalani and Madanat (2002) proposed a MDP,

tributed to the current situation where most municipalities

which is modified by exogenous effects such as material

lack the data necessary to model the deterioration rates of

properties, environmental conditions, age, etc. Kleiner (2001)

these assets and subsequently to make rational decisions

modelled the deterioration of buried infrastructure assets as a

regarding their renewal.

semi-Markov process. Probability distributions were used to

The condition assessment of a buried infrastructure
asset is a costly process, and can be viewed as consisting of

derive the transition probability matrices for the asset to
transit from one deteriorated state to the next.

two distinct components. The first component involves the

Other types of statistical models have also been used,

inspection of the asset using direct observation (visual,

e.g., Lu and Madanat (1994) demonstrated the use of

video) and/or non-destructive evaluation (NDE) tech-

Bayesian updating with the aid of a two-parameter logistic

niques (radar, sonar, ultrasound, sound emissions, eddy

function to model the deterioration of bridge decks; Cooper

currents, etc.). Inspection of an asset yields quantification

et al. (2000) introduced a GIS (geographical information

and location(s) of distress, e.g., 2 mm wide crack at spring

system) framework to evaluate the failure risk of trunk

level and 19 broken wires, located 2 m from the bell end of a

water mains where the probability of failure is modelled as a

prestressed concrete cylinder pipe (PCCP). The second

logistic function of several covariates, etc.

component of condition assessment involves the translation

In recent years, increased research effort has been

(Rajani et al. 2006) of these distress indicators to the

dedicated to the application of soft computing methods to

condition rating of the asset. In this paper, the terms distress

assess infrastructure deterioration. Soft computing methods

indicator, observed distress indicator, and observation are

include techniques such as artificial neural network (ANN),

used interchangeably. The condition rating of an asset

genetic algorithms (GA), probabilistic and evidential reason-

reflects the combined result of all observed distress

ing, and fuzzy techniques. Fuzzy techniques seem to be

indicators for one asset segment.

particularly suited to model the deterioration of infrastruc-

Managing the failure risk of infrastructure assets is

ture assets for which data are scarce and knowledge on

improved with the use of a deterioration model to enable

cause(s)-effect(s) is imprecise and vague. Fuzzy techniques

the forecast of the asset condition as well as its likelihood of

are a generalized form of interval analysis, which addresses

failure in the future. The last two decades have witnessed a

uncertain and/or imprecise information (Zadeh 1965).

significant effort to model infrastructure deterioration.

Examples of the application of fuzzy techniques to infra-

Various approaches have been suggested, but the use of

structure assets include Hajek and Hurdal (1993), who

Markovian Deterioration Process (MDP) has clearly domi-

compared two artificial intelligence techniques ANNs and a

nated. For example, Madanat et al. (1997) used the probit

rule-based system for maintenance of pavements; Chao and
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Cheng (1998), who used a fuzzy-based model to diagnose

terminologies) for it to qualify as a fuzzy number. Only TFNs

cracks in reinforced concrete structures; Liang et al. (2001),

are used in the model proposed in this paper, therefore,

who developed a multiple layer fuzzy evaluation method to

whenever the term ‘fuzzy number’ is used, it refers to TFN,

monitor the health of concrete bridges; Sadiq et al. (2004),

unless noted otherwise. The fuzzy subsets Ai are triangular

who employed a fuzzy-based method to determine the soil

fuzzy numbers that can be defined by three points represent-

corrosivity as a surrogate measure for breakage/corrosion

ing the three vertices of the respective triangle.

rate of cast iron pipes.

To illustrate these concepts, suppose that the age of the

The proposed deterioration model was developed for

infrastructure asset is defined by five fuzzy subsets (or

large-diameter water mains. However, it could be trained on

numbers), Ai, defined over universe of discourse where each

any system whose condition can be rated on an ordinal scale

subset represents an aging grade; A1 ¼ new, A2 ¼ young,

where condition states are enumerated either linguistically or

A3medium, A4 ¼ old and A5 ¼ very old, as illustrated in

numerically. Such a deterioration model would have useful

Figure 1. For example, the fuzzy subset A3 ¼ medium has a

application where access to assets is difficult and inspection is

membership function such that for age x below 20 years or

costly, hence the use of the term “buried infrastructure”. The

above 60 years the membership to medium is zero, and for

text refers to an “infrastructure asset” or simply an “asset” in a

age between 20 and 60 years the membership follows

deliberate attempt to remain generic. The manner with which

straight lines that form a triangle.

the model could be applied to a pipe segment, a pipe reach or

Figure 1 shows the triangular membership values for an

an entire network requires further research, which was

asset with five subsets as represented by the following set of

beyond the scope of this paper.

equations,

PROPOSED METHODOLOGY
Fuzzy sets
A fuzzy set describes the relationship between an uncertain

8
0;
>
>
>
>
x 2 qi;1
>
>
;
>
>
< qi;2 2 qi;1
mAi ðxÞ ¼
qi;3 2 x
>
>
;
>
>
q
>
i;3 2 qi;2
>
>
>
: 0;

0 # x # qi;1
qi;1 # x # qi;2
ð1Þ
qi;2 # x # qi;3
x $ qi;3

quantity x and a membership function m, which ranges
between 0 and 1. A fuzzy set is an extension of the
traditional set theory (in which x is either a member of set A
or not) in that an x can be a member of set A with a certain

Set

degree of membership m. Fuzzy techniques help address

Triangular fuzzy number
(TFN) representation

Qualitative scale

A1

new

(q1,1, q1,2, q1,3) = (0, 0, 20)

A2

young

(q2,1, q2,2, q2,3) = (0, 20, 30)

nition of a fuzzy number is given by Dubois and Prade

A3

medium

(q3,1, q3,2, q3,3) = (20, 40, 60)

(1985): if x is a member of (sub)set Ai with a certain degree

A4

old

(q4,1, q4,2, q4,3) = (40, 70, 100)

of membership mAi(x), denoted as Ai ¼ {ðx; mAi ðxÞÞ}, then Ai

A5

very old

deficiencies inherent in binary logic and are useful in
propagating uncertainties through models. A general defi-

is a fuzzy number if x takes its value from the real numbers
called the ‘universe of discourse’ of the fuzzy (sub)set Ai.
Any shape of a membership function is possible, but the
selected shape should be justified by available information.
Generally, triangular fuzzy numbers (TFN) or trapezoidal
fuzzy numbers (ZFN) are used to represent linguistic
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very old
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0.52
0.40
0
0
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50
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80

Age (years)

variables (Lee 1996). A fuzzy set must be normal, convex
and bounded (see Klir and Yuan (1995) for definitions of these

young

new
Membership value

line and mAi(x) [ [0, 1]. The range over which x is defined is

(q5,1, q, q5,3) = (70, 100, 100)

Figure 1

|

Illustrative example of fuzzy sub-sets (numbers).
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In this example, it can be seen (Figure 1) that for an asset of
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where x is the input (antecedent) linguistic variable and Aj

age x ¼ 50 years the membership values are mA3(x) ¼ 0.52,

is an antecedent linguistic constant. (one of M in set A)

and mA4(x) ¼ 0.40 and zeros for mA1(x) mA2(x) and mA5(x). The

Similarly, y is the output (consequent) linguistic variable

fuzzy set representing the buried asset at age 50 can be written

and Bk is a consequent linguistic constant (one of N in set

as the vector A ¼ (mA1(x), mA2(x), mA3(x), mA4(x), mA5(x)) ¼ (0,

B). The values of x and y, and Aj and Bk are fuzzy sets

0, 0.52, 0.40, 0). Each element of the vector (tuple) depicts the

defined in the domains of their respective base variables.

asset membership value to the corresponding subset of aging

The linguistic terms Aj and Bk are selected from sets of

grade (from new to very old). The term ‘support’ of a fuzzy set

predefined terms, such as small, medium, large. The rule set

refers to all the tuples with non-zero memberships. For the

(comprising L rules) and the sets A and B constitute the

cited example, the support of A is SA(X) ¼ {A3, A4} or

knowledge base of the linguistic model. Each rule is

{medium, old}. The term ‘height’ of a fuzzy set refers to the

regarded as a fuzzy relation: Ri (X £ Y) ! [0, 1], which

highest membership value. In our example, the height of A is

means that Ri is a function defined in the Cartesian space

hA(X) ¼ 0.52. The term ‘cardinality’ of a fuzzy set refers to the

X £ Y, which takes values from the unit interval [0, 1]. This

sum of memberships of all its elements. The cardinality of A

relation can be computed in two basic ways, either by using

for the example is jAj ¼ 0.92.

fuzzy implications or by using fuzzy conjunctions (Mam-

A range of definitions for arithmetic operations exists

dani algorithm). In the proposed model, the Mamdani

for triangular fuzzy numbers (operations with triangular

(1977) algorithm was used, in which fuzzy conjunction

shapes are simple in comparison with other shapes of fuzzy

A ^ B is computed by a minimum operator (a t-norm):

numbers). Details on these arithmetic manipulations are
described by Klir and Yuan (1995). The term ‘defuzzifica-

R i ¼ Aj £ Bk ; i:e:; mRi ðx; yÞ ¼ mAj ðxÞ ^ mBk ðyÞ

ð3Þ

tion’ refers to a process to evaluate a crisp or point estimate
of a fuzzy number. A defuzzified value is generally

where each possible pair x and y has a fuzzy relationship Ri.

represented by centroid, often determined using the center

The strength (or the degree) of Ri is expressed as a

of area method (Yager 1980).

membership function mRi (x, y), which takes on the value
of the minimum between mAj (x) and mBk (x). Note that the
minimum operator is computed on the Cartesian product
space of X and Y, i.e., for all possible pairs of x and y.

Fuzzy rule-based algorithm
In fuzzy rule-based modelling, the relationships between
variables are represented by means of fuzzy if-then rules of
the form “If antecedent proposition then consequent
proposition”. The antecedent proposition is always a fuzzy
proposition of the type “x is A” where x is a linguistic

The fuzzy relation R represents the entire model and is
given by the maximum disjunction operator, i.e., s-norms, of
L individual relations R i ði ¼ 1; …; LÞ:
L

R ¼ < Ri ;
i¼1



i:e:; mR ðx; yÞ ¼ max mAj ðxÞ ^ mBk ðyÞ
1#i#L

ð4Þ

variable and A is a linguistic constant term. For example, a
linguistic-based fuzzy rule might be: “if ambient temperature is ‘quite cold’ then ‘people prefer to stay home’”.

Now the entire knowledge base is encoded in the fuzzy

The proposition’s truth-value (a real number between zero

relation R and the output of the linguistic model can be

and 1) depends on the degree of similarity between x and A.

computed by the max-min composition operator, denoted

This linguistic model (Mamdani 1977) has the capacity to

in this paper by the symbol “o”

capture qualitative and highly uncertain knowledge in the
y ¼ xoR

form of if-then rules such as
Ri : If x is Aj then y is Bk ;
i ¼ 1; 2; … ; L; j ¼ 1; 2; … ; M; k ¼ 1; 2; … ; N
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Suppose an input fuzzy value x ¼ A 0 has the output value
B 0 given by the relational composition:
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mB0 ðyÞ ¼ max mA0 ðxÞ ^ mR ðx; yÞ

ð6Þ

X
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into 5 levels (from new to very old), represented by
triangular fuzzy subsets Ai (i ¼ 1, 2, … , 5), with underlying
units of years. Similarly, the condition rating C of the asset is

Substituting mRi (x, y) from (3), the above expression can be

partitioned into 7 levels (condition states that range from

rearranged as

excellent to failed) represented by triangular fuzzy subsets

h
i
mB0 ðyÞ ¼ max max mA0 ðxÞ ^ mAj ðxÞ ^ mBk ðyÞ
1#i#L

!

X

Ci (i ¼ 1, 2, … , 7). C is mapped onto arbitrary nonð7Þ

h
i
Defining bi ¼ max mA0 ðxÞ ^ mAj ðxÞ as the degree of fulfillX

ment of the ith rule’s antecedent, the output fuzzy set of the
linguistic model is:

m ðyÞ ¼ max bi ^ mBk ðyÞ ;
B0



1#i#L

dimensional relative scale in the interval [0, 1]. It should
be noted that the failed state does not mean that collapse
has already occurred (in which case the membership would
be a clear unity), rather that it is imminent. The deterioration rate D 0 , which is a measure of change in condition
ratings in a unit time step, is partitioned into 5 levels (from

y[Y

ð8Þ

very slow to very fast) represented by triangular fuzzy
subsets D 0 i (i ¼ 1, 2, … , 5). D 0 is mapped onto a dynamic

A fuzzy set can be ‘defuzzified’, i.e., assigned a representative crisp value. Several techniques for defuzzification have
been proposed, but the one used here is the most widely
accepted technique known as the centroidal method
(Yager 1980).
The above algorithm is called the Mamdani inference. It
is illustrated in equations (3) through (8) for single input
and single output (SISO) model. It can be extended to
include multiple inputs and single output (called MISO):
R i : If x1 is A1j and x2 is A2j and…and xp is Apj then y is Bk ;

ð9Þ

relative scale (Figure 2) that ranges from 0 to 4do, where do
is the base deterioration rate and has the underlying units of
fractions of membership per year. The base deterioration
rate do is a scaling parameter. It is required to account for
possible large variations in deterioration rates of assets with
different characteristics or subjected to different internal
and external environments (e.g., a relatively slow deterioration rate of a cast iron pipe in corrosive environment may
be considered relatively fast for a prestressed concrete
cylinder pipe, PCCP, pipe in a benign environment). Typical
range of the scale (from 0 to 4do) for deterioration rates will
usually be between zero and 0.2 membership per year
(Figure 2).

For example, a linguistic-based fuzzy rule might be: “if a

Numbers of partition levels (granularity) for age (A),

buried pipe is ‘fairly young’ and its observed condition is

condition rating (C) and deterioration rate (D 0 ) were

‘quite poor’ then its deterioration rate is ‘very fast’”. The

established after considering the compromise between too

algorithm can also be extended to multiple outputs

many levels and the inability to practically judge the

(MIMO), which is formed by a set of MISO models.

difference between any two contiguous levels. However,

Other conjunction operators (t-norms) such as product can

the model is general enough to accommodate other

also be used instead of minimum operator Derivations and

granularities. The table at the bottom of Figure 2 depicts

discussion on fuzzy rule-based modelling in this section

the set of fuzzy rules RD that governs this fuzzy rule-based

were mainly adapted from Babuska (2003) and Yager and
Filev (1994).

Markovian deterioration process (FR-MDP) model. For
example, if the asset age is A ¼ young and its condition is
C ¼ fair then its deterioration rate is D 0 ¼ fast. The rule set

Fuzzy rule-based Markovian deterioration process

RD thus contains 35 fuzzy rules.

(FR-MDP) model
Knowledge base

Deterioration process

Figure 2 depicts the knowledge base for the proposed

The proposed deterioration process is modelled essentially

deterioration model. The age A of the asset is partitioned

as a ‘flow’ of membership from one condition state to the
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Knowledge-base
young

new
q i,1

q i,2

q i,3

new
young
medium
old
very old

0
0
20
40
70

0
20
40
70
100

20
40
70
100
100

medium

very old

old

mA = 1
Membership

Age

0

20

40

60

80

100

Age of the asset (A, years)
q i,1

q i,2

q i,3

excellent
good
adequate
fair
poor
bad
failed

0
0
0.17
0.33
0.50
0.67
0.83

0
0.17
0.33
0.50
0.67
0.83
1

0.17
0.33
0.50
0.67
0.83
1
1

excellent adequate
good
fair

mC = 1

poor

bad

failed

0.67

0.83

1

Membership

Condition state

0

0.17

0.33

0.50

Pipe condition state (C, qualitatively defined)

q i,2

q i,3

0
0
do
2d o
3d o

0
do
2d o
3d o
4d o

do
2d o
3d o
4d o
4d o

very slow
slow
average
fast
very fast

very
slow

mD = 1

slow

average

do

2do

fast

very fast

Membership

Deterioration rate q i,1

0

3do

4do

Deterioration rate (membership shifted / year)

Fuzzy rule-set RD
Ri = If asset age (A) is “A”and pipe condition state (C) is “ C” then deterioration rate (D) is “D” (at time = t)
Pipe condition (C):

excellent

good

Age (A):new

slow
slow
very slow
very slow
very slow

average
average
slow
very slow
very slow

young
medium
old
very old
Figure 2

|

adequate

fair

poor

fast
fast
average
slow
very slow

very fast
fast
average
slow
slow

very fast
fast
fast
average
slow

bad
very fast
very fast
fast
average
average

failed
very fast
very fast
very fast
fast
average

Fuzzy sets for age, condition and deterioration rate and fuzzy rule-base for the Markovian deterioration model.

next lower condition state. The deterioration process at

 D0 D0

D0
D0t ¼ mt 1 ; mt 2 ; … ; mt 5 is computed using the Mamdani

each time step comprises two stages. In the first stage, the

(1977) algorithm detailed earlier for the MISO model –

asset age is fuzzified (mapped on A) to obtain the asset


A5
A2
1
fuzzy age At ¼ mA
. The asset fuzzy condition
t ; mt ; … ; mt

equation (9) where At and Ct are the inputs, D 0 t is the output

rating at time step t (taken for convenience as a single year)


is C t ¼ mCt 1 ; mCt 2 ; … ; mCt 7 . The fuzzy deterioration rate at t,

are established, i.e.,

Downloaded from https://iwaponline.com/aqua/article-pdf/55/2/67/402753/67.pdf
by guest

and RD is the fuzzy rule-set from which the fuzzy inferences
D0t ¼ ðAt and C t Þ o RD

ð10Þ

73

Y. Kleiner et al. | Modelling deterioration of buried infrastructure fuzzy Markov process

where “o” is a max-min composition operator explained
0

earlier. D t, is a 5-tuple fuzzy set which is then defuzzified
using the centroidal method. The defuzzified (crisp) value of

Journal of Water Supply: Research and Technology—AQUA | 55.2 | 2006

Consequently, (12) can be written


 

7
1
2
¼ mCt 1 ; mCt 2 ; … ; mCt 7
mCtþ1
; mCtþ1
; … ; mCtþ1
2

the fuzzy deterioration D 0 t is denoted by Dt. In the second

6
6
6
6
6
6
6
6
^6
6
6
6
6
6
6
4

stage, the condition rating of the asset in the next time step
Ct þ 1, is calculated from its condition rating in the current
time step, Ct, and the (defuzzified) deterioration rate Dt
obtained by rule-base algorithm in the current time step as
follows
C tþ1 ¼ C t ^Dt

ð11Þ

1 2 Dt1;2

Dt1;2

0

0

···

0

1 2 Dt2;3

Dt2;3

0

···

0

0

···

1 2 Dt6;7

0

0

···

0

..
.

0

3

7
7
7
0 7
7
7
7
7
7
7
7
7
7
Dt6;7 7
7
5
1
ð13Þ

The operator ^ can now be viewed as a simple matrix
multiplication, in which

where ^ is an operator as explained below. Two assumptions are made with regards to the deterioration process.
First, it is reasonably assumed that an asset cannot improve
itself without any intervention. Thus if

i;j
Dt

is the deterio-

i
mCtþ1

8 C1
>
mt ð1 2 D1;2
t Þ;
>
>
< C
i21;i
i21
þ mCt i ð1 2 Di;iþ1
Þ;
¼ mt Dt
t
>
>
>
C
C
6;7
: m 7 þ m 6D ;
t

t

t

i¼1
i ¼ {2; 3; … ; 6}
i¼7

ration rate at time t from condition state i to condition state

ð14Þ

i;j

j, then Dt ¼ 0 for all i . j. Additionally, it is assumed that
the deterioration process is continuous and slow relative to
the selected time step, therefore, an asset in state i can at the
most deteriorate to state i þ 1 within a single time step.
This assumption has been made by others (e.g., Madanat
et al. 1995; Kleiner 2001). Equation (11) can now be written
in a matrix form


 

7
1
2
mCtþ1
; mCtþ1
; … ; mCtþ1
¼ mCt 1 ; mCt 2 ; … ; mCt 7
2
6
6
6
6
6
6
6
6
^6
6
6
6
6
6
6
6
4

Dt1;1 D1;2
t

0

D2;2
t

D2;3
t

0

0

···

0

0

···

0

0
0

·· ·
·· ·

..
.
D6;6
t

0

3

7
7
7
0 7
7
7
7
7
7
7
7
7
6;7 7
Dt 7
7
7
5
7;7
Dt
ð12Þ

In practice, a fuzzy asset condition rating with substantial
support (non-zero membership) for more than three
contiguous tuples would be counterintuitive to expert
opinion. One approach to incorporate this aspect of expert
opinion is through the introduction of threshold parameters
Gi, as follows.
8 C1
>
mt ð1 2 Dt1;2 Þ;
i¼1
>
>
<
C i21 i21;i
Ci
i;iþ1
Ci
þ gi mt ð1 2 Dt Þ; i ¼ {2; 3; … ; 6}
mtþ1 ¼ gi21 mt Dt
>
>
>
C
C
6;7
7
6
: mt þ g6 mt Dt ;
i¼7
ð15Þ
where
8
< 1 if maxðmCt i Þ $ Gi for any t # t
gi ¼
: 0 otherwise
Equation 15 indicates that membership cannot start to ‘flow’
from state i to state j ( j ¼ i þ 1) at time t, unless the
membership in state i exceeds a threshold value Gi at any
time prior to t. These constraints ensure that the deterioration

where

i
mCtþ1

is the membership value to condition state i. The

model avoids these counterintuitive situations in which an

deterioration rate matrix in the RHS of (12) is analogous to

asset has significant membership values to more than two or

a transition probability matrix in the traditional Markovian

three contiguous condition states (Figure 3). Figure 3

i;j

deterioration process. If, e.g., Dt ¼ 0:05, it means that the

illustrates an example on the application of deterioration

asset loses 5% membership to state i in favour of state

models with and without thresholds. At t ¼ 40 years,

j ( j ¼ i þ 1) as it transits from time step t to t þ 1.

e.g., the condition rating of the asset without threshold is
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the water (membership) is in the top container (excellent

1
0.9

condition state). As time goes by, water flows from the higher

0.8
Membership value
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excellent

containers to the lower (more deteriorated states) ones, until

(a)

0.7

gradually the bottom container ( failed condition state) fills

0.6

failed

up. The effect of the threshold parameters can then be

0.5

good

0.4

visualized as follows. In the deterioration process without the

adequate
fair

0.3

threshold parameters, the containers act as if they have a

poor

0.2

bad

spout at the bottom, out of which water flows as soon as there

0.1

is water in that container. As each container fills up, the flow

0

into the next container increases due to increased head. Once
1

the outflow becomes greater than the inflow the container

0.9

begins to empty. In the deterioration process with the

Membership value

0.8

excellent adequate

0.7

failed
fair

0.6

poor

threshold parameters, the containers act as if they have an

bad

good

inverted siphon mechanism, instead of a spout at the bottom,

(b)

0.5

where outflow does not start until the water level in the

0.4

container reaches a specific threshold level.

0.3
0.2

It is worth noting that state 7, which is the failed state, is

0.1

an ‘absorbing’ state. Furthermore, since the deterioration

0
0

Figure 3

20

|

40

60
Year

80

100

120

Deterioration curves without (a) and with (b) membership threshold
parameters.

rate is re-evaluated according to the rule-set at each timestep, it follows that this deterioration process is analogous
to a non-homogeneous Markov process. Membership to the
failed state (state 7) at any given time t can be viewed as the
possibility (not probability) of failure at that time. A

approximately C40 ¼ {0, 0.09, 0.16, 0.17, 0.20, 0.21, 0.17},
which means that the asset has relatively significant simultaneous membership values of mC 2 ¼ 0:09 and mC 7 ¼ 0:17 to
state 2 (good) and to state 7 ( failed), respectively. This result
is of course unrealistic. In contrast, the model with thresholds
yields a realistic condition rating of C40 ¼ {0, 0.09, 0.36, 0.54,
0, 0, 0}. This, by the way, is one of the caveats of using the
traditional Markov process to model the deterioration rate of
a single asset (as oppose to an inventory of assets). Though the
introduction of the artifice of threshold parameters in
Equation 15 has no physical interpretation, it ensures a

notional difference between ‘probability’ and ‘possibility’
can be demonstrated by referring to “what will happen”
(probability) versus “what can happen” (possibility). Possibility measure is therefore always more than the probability
measure. While the area under the probability distribution
function (pdf) is equal to 1, the area under the possibility
distribution curve has no specific meaning, rather the
‘height’ of the possibility distribution is 1. Further discussion
on this subject is given under the Discussion section.
Assumed or known condition rating of the asset
immediately after installation, and at least one other at a
later age t are required in order to train the deterioration

more realistic deterioration model and may better replicate

model. The model is trained by using a non-linear regression

realistic condition ratings of assets.

procedure, where the sum of squared deviations between the

An instructive way to visualize the deterioration process

observed and predicted membership values to condition

is to consider a series of seven containers positioned one

states is minimized. The parameters that vary in the training

below the other, where water flows from a higher container to

process are those that control the scale and shape of the

a lower one as illustrated in Figure 4. Each container

deterioration fuzzy set, namely, do (base deterioration rate)

represents a condition state (seven containers for seven

and Gi (threshold parameters). Note that not all Gi

condition states, only five are shown) and the water levels

parameters need to be considered in the training process,

represent membership values. At the start of the process, all

rather only those that are significantly supported in the
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Figure 4

|
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Visualization of threshold effects: bottom reservoirs – analogous to traditional Markov process (no thresholds); top reservoirs – analogous to deterioration curves with
thresholds.

observed condition rating. For example, if the observed

0.7, 0.1, 0, 0, 0). The non-linear regression yielded a base

condition rating at year t is Ct ¼ (0, 0.2, 0.7, 0.1, 0, 0, 0) only

deterioration rate parameter do ¼ 0.036, and threshold

G2, and G3 need to be considered (although condition state 4

values G2 ¼ 0.754 and G3 ¼ 0.752. Other threshold values

is supported, at a membership value of 0.1 the threshold

understandably did not affect the results of the regression

parameter G4 will not be triggered in the regression because

because the observed condition rating did not cause them to
‘fire’ (in Figure 5 they are arbitrarily depicted as Gi ¼ 0.6

typical Gi values are expected to be 0.5 to 0.9).
Figure 5 illustrates a numerical example in which the

(i ¼ 4, 5, 6)). The modelled condition rating was found to be

asset condition rating immediately after deterioration was

C 0 50 ¼ (0.03, 0.18, 0.7, 0.09, 0, 0, 0) with a sum of squared

assumed to be Ct ¼ 0 ¼ (0.8, 0.2, 0, 0, 0, 0, 0), and at age 50

deviations 0.00156.

the observed condition rating was evaluated at C50 ¼ (0, 0.2,

MODEL VALIDATION

1
0.9

Membership value

0.8

excellent

The proposed fuzzy non-homogeneous Markov deterioadequate

failed

ration model is especially suited for assets for which data

0.7

fair
0.6

poor

bad

are scarce, and if available, are often imprecise and vague.

good

0.5

Data scarcity results from the fact that most often these

0.4

assets are difficult to access and expensive to inspect. In this

0.3

paper, data on buried, large-diameter water transmission

0.2

mains are used to conduct the validation exercise.

0.1

At least two consecutive observations of the asset

0
0

50

100
Year

Figure 5

|

Example model training on a single observation.
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condition are needed in order to validate the proposed
model. Further, these observations need to be reasonably
distant (in time) from each other, to avoid errors due to
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small inconsistencies due to the subjective nature of the

0.06, 0, 0, 0, 0). The model yielded a condition rating (0.12,

condition assessment of an asset. The first observation is

0.87, 0.01, 0, 0, 0, 0) for 1997 (at age 19), with sum of squared

needed to train the model and predict future deterioration,

deviations (SSD) of 0.004.

whereas the second observation is required to validate the

The model forecasted the condition rating for 1999

prediction. Unfortunately, available data are scarce and the

(age 21) to be (0.09, 0.9, 0.01, 0, 0, 0, 0), which is quite close

data obtained for this research project were less than ideally

to the observed (Table 1) condition rating (SSD ¼ 0.01).

suited for validation. Nonetheless, one case study is

For 2002 (age 24) the forecast was (0.06, 0.66, 0.28, 0, 0, 0,

presented here to demonstrate the validation procedure.

0), which is still quite close to the observed condition rating

Arizona Public Service Company (APS) submitted

(SSD ¼ 0.07). It is noted that the threshold values for the

selected information on 69 prestressed concrete cylinder

future condition states (those that are not supported by the

00

pipe (PCCP) segments of 96 (2400 mm) in diameter and 98

observed data) were arbitrarily set to 0.7, which is the mid-

PCCP segments of 11400 (2900 mm) in diameter, all installed

range of the expected values of all thresholds.

in 1978. Following installation, some of the pipe segments

Figure 6b illustrates the results obtained by training the

have been inspected twice and others thrice, using visual

deterioration model on both 1997 and 1999 condition

inspection, hammer tapping (pulse echo) to detect concrete

ratings. The fit was quite good (SSD ¼ 0.023). With this

core condition, and remote field eddy current/transformer

calibration, the model forecasted the condition rating for

coupling (RFEC/TC) to detect the number of wire breaks

2002 (age 24) to be (0.07, 0.58, 0.35, 0, 0, 0, 0), which is

(the most common failure mode in PCCP is one in which

moderately close, with SSD ¼ 0.14.

contiguous prestressing wires break due to corrosion).

It appears that the extra inspection data actually degrades

Observed distress indicators were translated into condition

the accuracy of the forecast rather than improve it. This

ratings as described by Rajani et al. (2006). Table 1 provides

degradation could possibly be attributed to the closeness of

details for the specific pipe segment discussed here. The

the inspections to each other in time as well as in observed

pipe condition rating upon installation was unknown and

condition ratings considering the inherent uncertainty in the

therefore assumed to be (0.9, 0.1, 0, 0, 0, 0, 0).

inspection results. A more spread-out set of observations

The pipe appeared to have deteriorated relatively slowly

might have increased the robustness of the results but

during the first 19 years, as well as during the subsequent five

unfortunately such data were not available. Another source

years. No detectable deterioration was observed between the

of poor model performance can be because of the lack of

second and third inspections, which is expected given the

equivalency between any two non-commensurate measures

slow overall deterioration and the short period elapsed

of distress, such as visual inspection (1997 inspection) and

between inspections Figure 6a. Figure 6b illustrates the

RFEC (1999 and 2002 inspections). In the proposed frame-

results obtained by training the deterioration model on the

work, relative confidence in the inspection methods is

1997 condition rating that was observed to be (0.09, 0.85,

expressed through the introduction of weights (credibility

Table 1

Year

|

Distress indicators and condition ratings for 2400 mm (9600 ) PCCP installed in 1978

Inspection method

# wire breaks

Spalling

Cracks

Colouration

Pulse-echo sound

Observed condition rating

(0.9, 0.1, 0, 0, 0, 0, 0)p

1978
1997

Visual

–

None

No cracks

No stains

Very firm

(0.09, 0.85, 0.06, 0, 0, 0, 0)

1999

RFEC/TC

5

–

–

–

–

(0.06, 0.85, 0.09, 0, 0, 0, 0)

2002

RFEC/TC

5

–

–

–

–

(0.06, 0.85, 0.09, 0, 0, 0, 0)

p

Assumed condition rating.
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poor
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50
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60
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Prediction 2002
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0.4
0.3
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20

30
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(b)

40

50

60
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80

90

Pipe age (years)
Figure 6

|

Model validation with (a) one inspection in 1997 and (b) two inspections in 1997 and 1999.

factors) to the condition ratings (these weights are to be

Defuzzified value = 0.069
1

distinguished from weights introduced by Rajani et al. (2006),
determine condition rating). The issue of weights is discussed
further in the next section.

Membership value

to assign relative ‘importance’ of distress indicators to
=-region
Lower =-cut

0.5

Higher =-cut

a-CUTS AND FUZZY CONFIDENCE BAND
The concept of a-cuts as applied to fuzzy numbers (sets) is

0
0

0.04

defined as follows. Assume Ai is a fuzzy number that
corresponds to the definition described earlier. The a-cut of

0.08

0.12

0.16

Deterioration rate (Condition state Membership/time)
Figure 7

|

Illustration of concept of an a-cut.

set Ai, denoted by Aia is the subset of Ai that consists of all
the elements in x for which mAi(x) $ a. Figure 7 illustrates

estimate. For the earlier example, a fuzzy confidence band

the a-cut concept (a ¼ 0.5), using the fuzzy number

Aia for the best estimate of failed condition state is obtained

D 0 30 ¼ (0.18, 0.25, 0.68, 0.14, 0), which represents the

D5
D2
1
by an a-cut at ½0:9maxðmD
t ; mt ; … ; mt Þ which is

fuzzy deterioration rate at year 30. The dark solid outline in

illustrated in Figure 8. It is important to note that this

Figure 7 is a graphical representation of the ‘mass’ of the

confidence band should not be interpreted in the same

fuzzy number D 0 30. The a-cut concept can be used to form a

manner as a probabilistic band.

0

0

0

fuzzy confidence band (also could be referred to as a
possibilistic confidence band), which is akin to (though not
the same as) the probabilistic confidence interval used in

DISCUSSION

traditional statistical methods. This possibilistic confidence

The example in the previous section illustrated how the

band provides a plausible range (or an interval) for the best

deterioration model can be trained using one or two
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1

condition rating is four for a moderately deteriorated asset,

Upper bound

and less for a more deteriorated one. Clearly, condition

0.9
Most likely
values

Membership value

0.8
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ratings based on multiple inspections will greatly improve

0.7

the reliability of the regression, especially in the more

0.6

deteriorated assets, provided that the inspection techniques

Lower
bound

0.5

are consistent.

0.4
0.3

Although in this paper a seven-state condition rating

0.2

was used, the model is flexible enough to accommodate

0.1

different numbers of states. The number of states is

0
0

Figure

50

8

|

100
Year

150

Deterioration
curves
with
fuzzy
confidence
D0
D0
D0
½0:9maxðmt 1 ; mt 2 ; … ; mt 5 ÞÞ for the ‘failed’ state.

200

not anticipated to introduce a material change in the
performance of the deterioration model. Further, it is

band

ða ¼

possible that the fuzzy rules could be tweaked to improve
the performance of the model. This has not been attempted
in the current research.

observations of the condition ratings of the asset. The
training process could be extended to multiple observations
throughout the life of the asset. Deterioration-causing
conditions, such as climate, overburden, pressure regimes,
can change because buried infrastructure assets have
typically long lives, often measured in many decades.
Consequently, when the model is trained on multiple
observations that span a long period of time, with the
purpose of forecasting the future condition ratings of the
asset, the later observations could be perceived as having

It was assumed that the base deterioration rate do will
persist in the process of predicting the future deterioration
of the asset. However, the threshold parameters Gi cannot
be ascertained for the condition states that are higher (more
deteriorated) than the one observed in the latest condition
assessment. Consequently, a need arises to assume reasonable values for the prediction of future deterioration.
Reasonable values for the threshold parameters could be
in the range of 0.6 –0.8, and one could possibly consult
threshold values obtained from lower states. Although
threshold values of 0.7 were taken in the example described

higher reliabilities with respect to their ability to predict

earlier, it is possible that they actually diminish as the pipe

future conditions. As a result, higher weights could be

ages, causing an effective acceleration in pipe deterioration

assigned to condition ratings that are closer (in time) to the

(faster ‘flow’ of membership from one condition state to the

present (e.g., see Yager (2004) for fusing evidences of

next). More research and more data would be required to

different credibility using Dempster-Shafer rule of combi-

investigate these premises.

nation). As previously discussed, weights could also be

There are two principal interpretations of probability,

assigned on the basis of relative credibility of the inspection

objective and subjective. According to the objective

techniques used.

interpretation, probability is the relative frequency of

In the proposed model, each condition rating adds

occurrence of an event. The subjective (Bayesian) interpret-

seven degrees of freedom (corresponding to seven condition

ation is that probability is the degree of belief that an event

states) to the regression process. The deterioration base rate

will occur. Subjective probabilists (also called Bayesians)

parameter (do) always reduces the degrees of freedom by

maintain that probabilistic methods are also useful for

one. Assuming that a typical observed condition rating

problems where there are only a few observations and

yields a fuzzy set with support for two or three condition

probability is based on one’s experience or intuition. With

states (meaning that there are two or three membership

these two definitions, probabilistic methods can model

values that are different than zero), the threshold par-

uncertainties of a stochastic nature as well as of a subjective

ameters (Gi) will typically reduce the number of degrees of

nature, either when the available information is based on

freedom by at least two. It follows that the maximum

judgment or when it is based on measurements. Bayesian

degrees of freedom for regression based on a single observed

interpretation of probability is criticized for the additive
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axiom it has to abide and for the requirement that

ratings is minimized. The model can be used to predict

probabilities of all elementary events should be precisely

future deterioration rate of the asset, subject to some

expressed (Chen 2000).

judgment-based assumptions. The model was partially

Shackle (1961) first proposed the theory in which a

validated using available data, however, a more rigorous

decision process was modeled in term of “possibility”.

validation would be beneficial, with data that have more

He stated that possibility of an event is equal to one minus a

historical depth as well as consistent inspection techniques.

person’s degree of surprise if the event occurs. He stated that

More research is required to investigate the assignment of

possibility should be used instead of probability when

weights to historical condition ratings. More research is also

the conditions under which we have to make a decision

required to investigate the behaviour of threshold par-

under uncertainty cannot be reproduced. Zadeh (1978)

ameters as the asset ages and deteriorates.

later formulated the contemporary possibility theory as an
extension of fuzzy set theory, in which a possibility
distribution is numerically equal to the membership
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SUMMARY

water transmission mains”.

The scarcity of data about the deterioration rates of buried
infrastructure assets, coupled with the imprecise and often
subjective nature of assessment of pipe condition merits the
usage of fuzzy techniques to model the deterioration of
these assets. The deterioration process is modelled as a
fuzzy

rule-based

non-homogeneous

Markov

process

applied at each time step in two stages. In the first stage,
the deterioration rate at the specific time step is inferred
from the asset age and condition state using fuzzy rule-base
algorithm. In the second stage, the condition rating of the
asset in the next time step is calculated from the present
condition rating and the deterioration rate. Essentially the
deterioration process progresses as the asset gradually
transits from higher memberships in good condition states
to higher membership in worse states. Memberships thus
‘flow’ from higher to lower condition states. The process is
formulated to imitate the reality in which a given asset at a
given time cannot have significant membership values to
more than two or three contiguous condition states.
The model is trained by using non-linear regression
procedure where the sum of squared deviations between
observed and predicted membership values of condition
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