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02(.H\/DERUDWRU\RI+\GURG\QDPLFV'HSDUWPHQWRI(QJLQHHULQJ0HFKDQLFV6KDQJKDL-LDR7RQJ8QLYHUVLW\6KDQJKDL

&KLQD 6FKRRORI6FLHQFHDQG(QJLQHHULQJ7KH&KLQHVH8QLYHUVLW\RI+RQJ.RQJ6KHQ]KHQ&KLQD
'HSDUWPHQWRI0DWKHPDWLFVDQG6WDWLVWLFV<RUN8QLYHUVLW\7RURQWR2QWDULR0-3&DQDGD

$EVWUDFW

.H\ZRUGVHQFDSVXODWHGEXEEOHHOHFWULFILHOGVKDSHRVFLOODWLRQ

,QWURGXFWLRQ
(QFDSVXODWHGEXEEOHVDUHZLGHO\XVHGLQYDULRXVELRPHGLFDODSSOLFDWLRQV,WLVLPSRUWDQWWRXQGHUVWDQGWKHG\QDPLFV
RIHQFDSVXODWHGEXEEOHVVXEMHFWWRDSSOLHGSK\VLFDOIRUFHVDQGDNH\VHWRISDUDPHWHUVDUHWKHLUQDWXUDOIUHTXHQFLHV
7KH QDWXUDO IUHTXHQFLHV RI VKDSH PRGHV DUH FUXFLDO IRU FRQWUROOLQJ PHPEUDQH VWDELOLW\ $Q DSSURDFK FDSDEOH RI
FRQWUROOLQJ WKH VKDSH RVFLOODWLRQ DQG REWDLQLQJ WKH QDWXUDO IUHTXHQFLHV RI VKDSH PRGH GLUHFWO\ LV QHHGHG ,Q WKLV
ZRUNZHVKRZWKDWDSSO\LQJDQRVFLOODWRU\HOHFWULFILHOGRIIHUVDQRQLQYDVLYHZD\IRUHVWLPDWLQJQDWXUDOIUHTXHQFLHV
RIVKDSHPRGHVZKHQDQHQFDSVXODWHGEXEEOHXQGHUJRHVRVFLOODWLRQV
3UREOHPIRUPXODWLRQ
:H FRQVLGHU DQ HQFDSVXODWHG EXEEOH VXVSHQGHG EHWZHHQ WZR FRQGXFWLQJ SODWHV SDUDOOHO WR HDFK RWKHU $SSO\LQJ
WHPSRUDOO\FRQVWDQWRUYDU\LQJYROWDJH\LHOGVVWHDG\RURVFLOODWRU\HOHFWULFILHOG7KHIORZILHOGDQGHOHFWULFILHOGDUH
DVVXPHGWREHD[LV\PPHWULFZLWKWKHV\PPHWULFD[LVDORQJWKHGLUHFWLRQRIWKHDSSOLHGHOHFWULFILHOG]DQGWKURXJK
WKHFHQWHURIWKHEXEEOH


)LJXUH7KHFRRUGLQDWHRIWKHHQFDSVXODWHGEXEEOHLQDVSDWLDOO\XQLIRUPHOHFWULFILHOG

:HHVWDEOLVKDSRODUFRRUGLQDWHV\VWHPEDVHGDWWKHFHQWHURIWKHEXEEOHDQGFRQVLGHUDSHUWXUEDWLRQWRDVSKHULFDO
VKDSH7KHSRVLWLRQVRIWKHPDWHULDOSRLQWVDWWKHEXEEOHLQWHUIDFHDUHWKHUHE\GHWHUPLQHGE\WKHUDGLDODQG]HQLWK
GLUHFWLRQVDQGH[SDQGHGLQWHUPVRIWKH DVVRFLDWHG /HJHQGUHSRO\QRPLDOVDV
&RUUHVSRQGLQJ$XWKRU<XQTLDR/LX\XQTLDROLX#VMWXHGXFQ
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:HLQYHVWLJDWHWKHG\QDPLFVRIDQHQFDSVXODWHGEXEEOHLQHOHFWULFILHOGVWKHRUHWLFDOO\EDVHGRQWKH
OHDN\GLHOHFWULFPRGHO2QWKHEXEEOHVXUIDFHWKHDSSOLHGHOHFWULFILHOGJHQHUDWHVD0D[ZHOOVWUHVVLQ
DGGLWLRQ WR K\GURG\QDPLF WUDFWLRQ DQG PHPEUDQH PHFKDQLFDO VWUHVV 2XU PRGHO DOVR LQFOXGHV WKH
HIIHFWRILQWHUIDFLDOFKDUJHGXHWRWKHMXPSRIWKHFXUUHQWDQGWKHVWUHWFKLQJRIWKHLQWHUIDFH:HIRFXV
RQWKHD[LV\PPHWULFGHIRUPDWLRQRIWKHHQFDSVXODWHGEXEEOHLQGXFHGE\WKHHOHFWULFILHOGDQGFDUU\
RXWRXUDQDO\VLVXVLQJWKH/HJHQGUHSRO\QRPLDOV,QRXUILUVWH[DPSOHWKHHQFDSVXODWLQJPHPEUDQHLV
PRGHOOHG DV DQ LQFRPSUHVVLEOH LQWHUIDFH ZLWK EHQGLQJ ULJLGLW\ 8QGHU WKH VWHDG\ XQLIRUP HOHFWULF
ILHOGWKHHQFDSVXODWHGEXEEOHUHVXPHVDQHORQJDWHGHTXLOLEULXPVKDSHGRPLQDWHGE\WKHVHFRQGDQG
IRXUWKRUGHUVKDSHPRGHV7KHGHIRUPHGVKDSHDJUHHVZHOOZLWKH[SHULPHQWDOREVHUYDWLRQVUHSRUWHG
LQ WKH OLWHUDWXUH)RU RXU VHFRQGH[DPSOH ZH FRQVLGHUHG D EXEEOH HQFDSVXODWHG ZLWK DK\SHUHODVWLF
PHPEUDQHZLWKEHQGLQJULJLGLW\VXEMHFWWRDQRVFLOODWRU\HOHFWULFILHOG:HVKRZWKDWWKHEXEEOHFDQ
PRGXODWHLWVRVFLOODWLQJIUHTXHQF\DQGUHDFKDVWDEOHVKDSHRVFLOODWLRQDWDQDSSUHFLDEOHDPSOLWXGH
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k =0

(6)

where the coefficients Ak and Bk are determined by the boundary conditions [2,3], including the continuity of the
tangential components of the electric fields
t ⋅∇ψ ex = t ⋅∇ψ in ,
(7)
and the jump condition for the normal components of the electric displacement vectors
−ε ex n ⋅∇ψ ex + ε in n ⋅∇ψ in = q / ε 0 ,
(8)
where t and n are the unit tangential and normal vectors, respectively. ε0 is the permittivity of vacuum, εex and εin are
the relative permittivity of the liquid and gas phase, respectively. q is the interfacial charge density, satisfying the
transport equation
dq
−κ ex n ⋅∇ψ ex + κ in n ⋅∇ψ=
+ q∇ s ⋅ u .
(9)
in
dt
The stress balance at the interface includes the pressure difference, the jump of the viscous and the Maxwell
stresses, and the membrane stress (for encapsulated bubbles only) or surface tension (for gas bubbles only), in the
normal and tangential directions
− pex + n ⋅ Tex ⋅ n + n ⋅ M ex ⋅ n =− pin + n ⋅ M in ⋅ n + Fn ,
(10)
n ⋅ Tex ⋅ t + n ⋅ M ex ⋅ t = n ⋅ M in ⋅ t + Ft ,
(11)
where pex and pin are the pressure outside the inside the bubble, respectively. Tex= µ (∇u + ∇uT ) is the viscous stress
tensor at the liquid side, while the viscous stress in the bubble is neglected due to the small viscosity of gas. M (the
subscript is omitted temporarily for brevity) is the Maxwell stress
1


=
M εε 0  EE − | E |2 I  .
(12)
2


The membrane stress is calculated by [4,5]
F = Fn e n + Ft et = −(P ⋅∇) ⋅ ( τ + Qn) ,
(13)
where P is the tangential projection operator. τ is the in-plane stress. Q is the transverse shear tension, associated
with the bending moment as
Q
= [(P ⋅∇) ⋅ m] ⋅ P .
(14)
We adopt the neo-Hookean law to connect the in-plane stress and strain, the Love law to connect the bending
moment and curvature. Expanding (10) and (11) in terms of the Legendre polynomials, we obtain the dynamic
equations for radial oscillation, translation and shape oscillation. The derived equation is referred to [6].
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We assume that the flow field inside the bubble is negligible and consider only the flow field outside the bubble
by the incompressible Navier-Stokes equations:
∂u
+ ρ [(u − we z ) ⋅∇]u = −∇p + µ∇ ⋅ (∇u + ∇u T ) ,
(2)
∇ ⋅u =0 , ρ
∂t
where u and p are the velocity and pressure, respectively, and w is the translation velocity, ρ and μ are the liquid
density and viscosity, respectively. The velocity and pressure are decomposed into potential part (with subscript p)
and viscous pressure correction (with subscript v) [1]
u=
u p + uv ,
p=
p p + pv .
(3)
We assume that there is no free charge in the bulk, and it only exists on the bubble interface. According to
Gauss’s law and Faraday’s law without induction, the external and internal electric fields Eex and Ein are irrotational
and solenoidal. Therefore, the electric fields can be expressed by the electric potentials as
Eex = −∇ψ ex ,
Ein = −∇ψ in ,
(4)
and the electric potentials ψex and ψin satisfy the Laplace equations:
∇ 2ψ ex =
0.
0 , ∇ 2ψ in =
(5)
Due to the spatially uniform distribution of electric field as r→ ∞ and the requirement of regularity at r = 0, the
solutions to the Laplace equations have the forms of
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Results

(a)
(b)
Figure 2. (a) Time evolutions of shape modes for k = 2, 3 and 4 for an encapsulated bubble. (b) Comparison of the
stable shape with the experimental observation by Kummrow & Helfrich[7]. The bar represents 20 μm.
For a general membrane with hyperelasticity and bending rigidity, we add the hyperelastic stress to the above
bubble by setting elastic modulus Gs = 0.15 N m−1. The deformation of the bubble is much smaller than the bubble
whose membrane only has bending rigidity (Fig. 3(a)). It is not easy to obtain the characteristic parameters such as
elastic modulus, natural frequency, etc. using steady electric field. Even we increase the electric field, e.g. applying
E0 = 106 Vm−1, the deformation at the stable state is an order of magnitude smaller than the bubble only with
bending rigidity (Fig. 3(b)).
The results above suggest that the effect of a steady electric field on encapsulated bubble dynamics is small. To
explore the effect of a temporally oscillatory electric field, we apply E0 = Easin(2πfet), where Ea is the amplitude of
the oscillatory electric field and fe is the oscillatory frequency. Since the second order shape mode has a quadratic
relation with the electric field[6], if we set the electric frequency equal to half of the natural frequency, the shape
oscillation is resonant and thus the amplitude of the shape mode is enlarged. The natural frequency of shape modes
for the encapsulated bubble is calculated to be f2 = 45.2 kHz[4]. Accordingly, we set fe = 22.6 kHz and find that the
second order shape mode oscillates continuously with an amplitude twofold larger than the stable magnitude under a
steady electric field (Fig. 4).
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To validate our model about the coupling of electric field and the dynamics of an encapsulated bubble, we focus on
the effects of electric stress and membrane stress on the bubble shape. Due to the lack of experimental results for an
encapsulated bubble, we compare with the results by Kummrow& Helfrich [7] which are for a vesicle. The vesicle is
coated with lipid bilayer and only bears bending rigidity. Accordingly, we modify our membrane model to exlclude
hyperelastic stress and only consider the bending moments. The in-plane strain is prescribed to be 1, implying the
membrane is tensionless. For this case, the compressibility of gas plays little role. Therefore, the results of a vesicle
and an encapsulated bubble can be compared, although the inside of a vesicle is not gas and the compositions of
encapsulating membranes are different. According to Kummrow & Helfrich[7], we choose a bubble with initial
radius R0 = 23 μm and bending modulus Gb = 2.47×10−20 Nm, and apply a steady electric field E0 = 104 Vm−1. The
external fluid is assumed to be water, with density ρ = 1000 kg m−3, viscosity μ = 0.001 kg(m s)−1, relative
permittivities εex = 81 and conductivities κex = 5×10−4 S m−1. The internal fluid is considered as gas, with relative
permittivities εin = 1 and conductivities κin = 3×10−15 S m−1. The ambient pressure is set as p∞ = 105 Pa. Figure 2(a)
suggests the second and fourth order shape modes develop under the electric field and become stable to be a new
shape within 0.2 s. This time scale is close to Kummrow and Helfrich’s result. Plotting the shape at the stable state
based on the magnitudes of different shape modes and comparing with Kummrow and Helfrich’s observation, we
find that the shapes agree well with each other (Fig. 2(b)).
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Figure 4. Time evolutions of shape modes under an oscillatory electric field.
To obtain the natural frequency of shape mode for an encapsulated bubble, we can modulate the electric
frequency to induce resonance. As an example, we take a gas bubble whose natural frequency of shape mode is
calculated to be 42.7 kHz and assign Fn in (10) as the surface tension and Ft in (11) to be zero for a shear-free
condition. Sweeping the electric frequency and recording the maximal amplitude of the second order shape mode
after the transient state, we find that the maximum of amplitude appears at around 21 kHz (Fig. 5(a)), which is half
of its natural frequency. In the same way, we find that the maximum for the encapsulated bubble is at around 20 kHz
(Fig. 5(b)), a little smaller than half of the natural frequency we calculated (22.6 kHz). The smaller value is
attributed to the significant effect of viscosity for an encapsulated bubble, which makes the resonant frequency
smaller than the natural frequency without considering the effect of viscosity. Nevertheless, frequency modulation
of an oscillatory electric field is a feasible way to estimate the natural frequencies of shape modes. In addition, the
maximum a2 at resonance is more than twice of the stable a2 under steady electric field, making it easier to detect
bubble deformation.

(a)
(b)
Figure 5. The maximal amplitudes of the second order shape mode under various electric frequencies for a gas
bubble (a) and an encapsulated bubble (b).
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(a)
(b)
Figure 3. Time evolutions of shape modes under a steady electric field with E0 = 104 Vm−1 (a) and E0 = 106 Vm−1 (b).
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In this paper, we have proposed a leaky dielectric model for investigating the dynamics of an encapsulated bubble in
an electric field. The applied electric field is spatially uniform and temporally constant or oscillatory. Outside the
bubble, we solve a potential flow field with a viscous pressure correction. The electric field and flow field are
coupled through force balance on the bubble surface, including electric, hydrodynamic traction and membrane
stresses. Our results for a bubble coated by a membrane with bending rigidity show that it undergoes elongated
deformation subject to a steady electric field, whose shape agrees well with the observation by Kummrow &
Helfrich[7] with the same parameters. For a membrane both with elasticity and bending rigidity, our results show that
the deformation of an encapsulated bubble are not as visible under a steady applied electric field. By modulating the
frequency of an oscillatory electric field, on the other hand, we can induce shape mode resonance. Since the
deformation is significant, natural frequencies of the shape model can be estimated directly with less error.

