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An improved numerical scheme for the approximate
solution of the Parabolic Wave model
Luigi Cimorelli, Luca Cozzolino, Renata Della Morte
and Domenico Pianese

ABSTRACT
In this paper, the main features and performances of a new numerical scheme, ILILPM (Improved
Locally and Instantaneously Linearized Parabolic Model) are described. ILILPM is an improved
version of the Parabolic and Backwater (PAB) and Linearized Parabolic Model (LPM) schemes,
proposed in literature for the approximate solution of the Parabolic Wave model. The algorithm
presented is able to take into account transcritical ﬂow regime and transitions from free-surface to
pressurized ﬂow in tree-like channel networks. Due to its unconditional stability, the model allows
large computational time steps, leading to very fast simulations during transients for a class of ﬂow
conditions larger than those solved by the parent schemes. The model is demonstrated by
comparing its results with experimental observations and with the results provided by the numerical
solution of the full De Saint-Venant equations.
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INTRODUCTION
The modeling of unsteady ﬂow in rivers, in open and closed

A(h,x) ¼ cross-section area; q(x,t) ¼ lateral inﬂow; v(x,t) ¼

conduits, or more generally in one-dimensional water

component along x of the inﬂow velocity; zb(x) ¼ bed

bodies, is a useful tool in numerous applications, such as

elevation; J(Q,h,x) ¼ friction slope; g ¼ gravity acceleration;

ﬂooding vulnerability evaluation, sewers and drainage sys-

I1(h,x) ¼ ﬁrst moment of the cross-section with respect to the

and

free-surface level; I2(h,x) ¼ ﬁrst moment of the cross-section

dam-break ﬂows in narrow valleys. Water ﬂow in one-

longitudinal variation with respect to the free-surface level

tems

design,

river

training,

inland

navigation,

dimensional water bodies can be described by means of

(for the deﬁnitions of I1 and I2 see Cunge et al. ). The accu-

the so-called De Saint-Venant equations, which are obtained

rate numerical solution of the De Saint-Venant equations,

under the hypothesis of gradually varying ﬂow, hydrostatic

which are hyperbolic in nature, can be accomplished in

pressure, small bed slope, negligible vertical accelerations,

reasonable time, and the increased power of computers has

and uniform velocity in the cross-section (Cunge et al. ):

paved the way to numerous applications such as the design
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of river training projects, dam-break calculation and ﬂooding
vulnerability evaluation. Together with the increase of hard(1)

ware resources, the availability of sophisticated numerical
methods allows the attainment of high-order accuracy, to
take into account special features of the equations such as

The meaning of the symbols used in Equation (1) is the fol-

ﬂow ﬁeld and riverbed discontinuities (Cozzolino et al. ;

lowing: x ¼ space independent variable; t ¼ time independent

Cimorelli et al. b), or to consider wave propagation on

variable;

h(x,t) ¼ water

depth;

Q(x,t) ¼ ﬂow

doi: 10.2166/hydro.2013.130
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discharge;

dry bed for dam-break and ﬂooding calculation (Cozzolino
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et al. ). In this context, ﬁnite volume methods, spectral

This system of equations, which is parabolic in nature,

volume (SV) methods and discontinuous Galerkin, coupled

retains many of the De Saint-Venant equations’ character-

with the upwinding of source terms (Audusse et al. )

istics (dependence on both upstream and downstream

and the use of approximate Riemann solvers for the calcu-

boundary conditions, wave propagation with attenuation

lation of numerical ﬂuxes (Toro ; Bouchut ), have

due to friction), but can be solved with less computational

gained increasing popularity (Kutija & Murray ).

effort. For these reasons, Equation (2) is preferred for chan-

Despite recent advances in free-surface ﬂow simulation,
the solution of the complete De Saint-Venant system of
equations is not feasible when very fast calculations are
needed. Generally, explicit algorithms for the marching in
time of the solution are best suited for hyperbolic systems
of nonlinear equations: these algorithms are conditionally
stable, and can lead to very short time steps, leading to a
high computational burden. The optimal design of free-surface hydraulic systems (e.g. sewer networks, rural drainage
networks, river training works) requires the hydraulic veriﬁ-

nel design optimization, real-time forecasting applications
and management problems (Litrico et al. ).
The ﬁrst and second equation of (2) can be combined
obtaining the new system of equations (Cunge et al. ):
8
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where the coefﬁcients C and D are deﬁned as follows:

cation of the design alternatives in order to evaluate the
ﬁtness of the candidate solutions and determine if they
satisfy the problem constraints (Cimorelli et al. a): the
computational time spent in solving the complete De
Saint-Venant equations is a limiting factor that may slow
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(4)

down the search of optimal or nearly optimal solutions.
The same happens when real-time ﬂood simulation is con-

The meaning of the symbols used in Equations (3) and

sidered: the numerical propagation of the ﬂood is often

(4) is the following: B(h, x) ¼ free-surface width; C(Q, h, x,

accomplished in a time that is too large, and then it is useless

t) ¼ wave celerity; D(Q, h, x, t) ¼ wave diffusivity coefﬁcient.

for realistic forecast applications.

Starting from an analytical solution of the linearized

From the preceding considerations, it is clear that com-

convective-diffusive equation (Hayami ; Dooge ),

putationally efﬁcient systems of equations and methods of

Todini & Bossi () presented the PAB (Parabolic and

solution should be used, where possible. In well deﬁned cir-

Backwater) model. This model was further extended to

cumstances, widely used mathematical alternatives to the

take into account lateral inﬂow and perturbations propagat-

full De Saint-Venant equations are devised by simplifying

ing from downstream to upstream (Franchini & Todini ,

the original system of equations, and obtaining the Kin-

), and was successfully applied to many real world rivers

ematic Wave model (Tseng ) or the Diffusion Wave

for real-time ﬂood forecasting: Fuchun river in China,

model (Zoppou ). In particular, depending on the real

Danube river in Germany, together with Po, Arno, Tiber,

ﬂow conditions, when inertia terms (local accelerations,

Adda and Oglio rivers in Italy (Todini ). Existing ver-

momentum ﬂuxes) can be neglected with respect to other

sions of the PAB scheme are restricted to subcritical ﬂow

terms (bed slope, depth variation, friction), the full De

conditions in single open channels, while transcritical ﬂow

Saint-Venant equations can be modiﬁed, obtaining the so-

conditions, the pressurization of closed conduits, and wave

called Diffusion Wave model:

propagation through channel networks are not allowed. A
modiﬁed version of PAB, called Linearized Parabolic
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Model (LPM), was presented by Della Morte et al. (,
(2)

), to take into account also tree-like channel networks.
In this paper, an improved version of the cited schemes,
called ILILPM (Improved Locally and Instantaneously
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Linearized Parabolic Model), is presented: the proposed

means of the convolution of input discharge and impulse

numerical model exploits the good properties of the original

response. This approach is exploited in the original version

PAB scheme, namely the unconditional stability and the sat-

of the PAB scheme (Todini & Bossi ) where the one-

isfactory accuracy, but takes into account also supercritical

dimensional water body is subdivided in reaches of length

and transcritical ﬂow regimes, with the formation of hydrau-

Δx, and the ﬁrst of Equation (3) is linearized over the time

lic jumps, the pressurization of closed conduits and the

increment Δt about the water surface proﬁle in the generic

propagation of the ﬂow through branched channel networks.

space interval Δx.

The feasibility and the accuracy of the numerical scheme are

With reference to the j-th reach, let xj1 and xj ¼ xj1 þ Δx

proved by means of numerical test cases, also taken from the

be the positions of the upstream and downstream cross-

literature, which are used to deﬁne its limits and merits.

sections, respectively. If the uniform lateral inﬂow and the

The paper is organized as follows: the basic PAB scheme

input hydrograph entering the reach are discretized as a

is brieﬂy recalled, before the improvements proposed are

sequence of rectangular pulses, constant over the time step

introduced. The ILILPM scheme is then demonstrated with

Δt, the ﬂow Q( j, k) across section xj and averaged over the

numerical tests, before ﬁnal conclusions are presented.

time interval [(k  1) Δt, k Δt] is given by (Franchini &
Todini ):

BASICS OF THE PARABOLIC AND BACKWATER
SCHEME

Qð j, kÞ ¼

k
X

 j,k1 (k  i)
Q(j  1, i) U

i¼1

We observe that the ﬁrst of Equation (3) rules the propa-

þ

k
X

 j,k1 (k  i)
q(j, i) UL

(5)

i¼1

gation of the discharge Q along the channel, while the
solution of the second equation is equivalent to the calculation of a steady ﬂow water surface proﬁle with discharge

 j,k1 (k  i) is the response, averaged over
The function U

variable along the channel, under the hypothesis that the

the time interval [(k  1)Δt, k Δt], to the unit rectangular

velocity head is negligible. Given the discharge distribution

pulse entering the j-th reach during the time interval [(i  1)

along the channel at the generic time level tk, and the proper

Δt, i Δt]: the subscript ( j, k  1) clariﬁes that this response is

boundary conditions for h and Q, the solution of Equation

calculated at the cross-section xj considering the wave celer-

(3) could be advanced in time with the following steps:

ity C and diffusivity D corresponding to the backwater

(a) The water depth proﬁle is calculated using the second of

proﬁle at the end of the (k  1)-th time interval. Similarly,
 j,k1 (k  i) is the response, averaged over the time interUL

Equation (3).
(b) The values of C and D are evaluated considering the distribution of Q and h along the channel, and are
considered constant during the time interval Δt.
(c) The discharge Q is routed along the channel using the
ﬁrst of Equation (3), with the values of C and D calculated in point (b) above.
(d) The new discharge distribution is used as initial condition for the subsequent time level tkþ1 ¼ tk þ Δt.

val [(k  1) Δt, k Δt], to the unit uniform lateral inﬂow q( j,i)
entering the j-th reach during the time interval [(i  1) Δt,
 ðÞ and UL
 ðÞ are
i Δt]. The analytical expressions of U
(Todini & Bossi ; Franchini & Todini ):
 ðsÞ ¼ IF ððs þ 1ÞΔtÞ  2IF ðsΔtÞ þ IF ððs  1ÞΔtÞ ,
U
Δt
with

Analytical solutions of the ﬁrst of Equation (3) are available when coefﬁcients C and D are uniform, together with
the lateral inﬂow. In particular, when a suitable impulse
response is deﬁned, the discharge at the end of the generic
reach where C and D are uniform can be evaluated by
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C
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In the original PAB method, the backwater curve, about
which the ﬁrst of Equation (3) is linearized at each time step,

 ðsÞ ¼ IFLððs þ 1ÞΔtÞ  2IFLðsΔtÞ þ IFLððs  1ÞΔtÞ
UL
Δt

(8)

Standard Step Method (Henderson ):




Jxj þ Jx j1
Q2
Q2
zþhþ
¼ zþhþ
þΔx
;
2gA2 x j1
2gA2 xj
2

where (see Cimorelli () for a proof)

 


C 2
Δx
Δx  Ct
t  t2 þ 2 N  pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
IFLðtÞ ¼
2
C
2Dt




ΔxC
Δx þ Ct
2Δx 2 D
þ
t  2
þ e D N  pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C
C
2Dt
 



ΔxC
Δx  Ct
Δx þ Ct
× N  pﬃﬃﬃﬃﬃﬃﬃﬃﬃ  e D N  pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2Dt
2Dt
)
rﬃﬃﬃﬃﬃﬃ
2
ð
ΔxCt
Þ
2Δx Dt 
4Dt
þ
e
C
π

can be then evaluated solving the energy equation via the

(11)

The basic PAB scheme, as it has been described in this
section, is able to cope only with free-surface subcritical conditions, in a single channel.
(9)

In Equations (7) and (9), N ðÞ is the Normal Standard
Distribution.
The use of analytic solutions for the ﬁrst of Equation (3)
confers unconditional stability to the scheme: in this case,
very large time steps are allowed, and the only limit is the
level of accuracy desired. This is a clear advantage over

ILILPM: IMPROVED LOCALLY AND
INSTANTANEOUSLY LINEARIZED PARABOLIC
MODEL
In this section, the basic PAB method is extended in order to
consider mixed regime ﬂow and pressurization of channels
in tree-like networks.

other approaches found in the literature, where ﬁnite difference or ﬁnite volume schemes are adopted for the space

Extension to supercritical and transcritical ﬂow regime

discretization, and explicit algorithms are used for the
marching in time of the solution (Hunter et al. ; Bates

As discussed in the previous section, in existing versions of

et al. ; Prestininzi et al. ): for these algorithms, the

the PAB algorithm the water depths along the channel are

maximum time step allowed is limited by computational

evaluated solving the energy equation at the beginning of

stability considerations.

each time level, in subcritical conditions: a general

Despite the fact that the choice of calculating the depth

method to compute water surface proﬁle in mixed supercriti-

proﬁle using the second of Equation (3) is congruent with

cal-subcritical ﬂow regimes could provide a signiﬁcant

the Diffusive Wave approximation, in Todini & Bossi

improvement to the basic PAB scheme. In this work, the

() the full energy equation

water surface proﬁle in a mixed ﬂow regime is calculated



@
Q2
Jþ
h þ zb þ
¼ 0,
@x
2gA

using the algorithm described by Brunner (), where
(10)

Equation (10) is used for supercritical and subcritical computations, separately, while the conservation of discharge
Q and total momentum

is used. This choice can be motivated as follows:
Q2
þ gI1 ;
A

•

During steady ﬂow conditions, the exact solution of the

•

Inclusion of the velocity head is congruent with the pres-

are imposed through hydraulic jumps. In the following, we

ence of the momentum ﬂux in the hydraulic jump

denote with Msp the total momentum corresponding to

M¼

(12)

full de Saint-Venant equations is recovered.

equation, used when mixed ﬂow conditions appear (see

supercritical conditions, while we denote with Msb the

the following section).

total momentum corresponding to subcritical conditions.
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cross-section. The slot width Ts is given by:

summarized as follows:
(a) Given a boundary condition in a downstream control

Ts ¼

section, solve Equation (10), for each pair of cross-sections,

from

downstream

to

upstream.

While

performing subcritical computation, the total momentum Msb is evaluated for each cross-section by
Equation (12). If no subcritical solution is available,
then critical depth is assumed at the upstream section.
(b) Given a boundary condition in an upstream control section, Msp is evaluated ﬁrst. At this point, two cases are

gAf
c2

(13)

where Af is the full cross-sectional area and c is the sound
celerity in water. The slot width calculated with Equation
(13) is such that the increment in storage area is negligible
when the water surface enters the slot, and the accuracy of
the algorithm is not affected adversely. The elevation of
the water in the Preissmann Slot is representative of the
piezometric line elevation.

possible:
b1. Msp at the upstream control section is greater than
the total momentum Msb evaluated during the

Extension from single channel to networks

subcritical water surface proﬁle computation,
and then a supercritical proﬁle computation is

The discharge immediately downstream of a network junc-

carried out. While computing the supercritical

tion is computed as the sum of the discharges from the

surface proﬁle, the total momentum Msp for

channel ends upstream. In order to relate the water depths

each cross-section is compared with the total

upstream to the water depth downstream, the network junc-

momentum Msb computed during step a. If a

tions are modeled by the following energy balance equation:

cross-section with Msp < Msb is met then a hydraulic jump is

assumed between current and

downstream cross-sections. Therefore supercriti-



Q2
zþhþ
2gA2





Q2
¼ zþhþ
2gA2
up,i




þΔHi Vup,i , Vdw

dw

(14)

cal computation is stopped and the algorithm
continues from step c.
b2. Msp at the upstream control section is less than the

where the subscript (up,i) refers to the end cross-section

total momentum Msb evaluated during the subcriti-

of i-th channel upstream of the junction, and dw refers

cal water surface proﬁle computation, and then

to the end cross-section of the channel downstream.

the algorithm restarts from step c.

The last term at the right-hand side of Equation (13)

(c) Go to the ﬁrst section where critical depth was located
in step a and assume it as a new boundary condition
for the supercritical proﬁle computation. Then continue

represents the local head loss for the i-th channel
upstream of the junction, and is calculated with the
following formula:

from step b.
The procedure depicted collocates the hydraulic jump
between two computational cross-sections.


ΔHi Vup,i , Vdw ¼

8
>
>
>
< Vup,i  Vdw ;
>
>
>
: Vup,i < Vdw ;


η


Vup,i  Vdw
2g

Vup,i
η
2g

2

2

,

(15)

Extension to pressurized channel
where η ¼ 0:1 ÷ 0:3 is a head loss coefﬁcient.
In this paper, a ﬁctitious Preissmann Slot (Preissmann ;

When a junction is met during subcritical proﬁle compu-

Cunge & Wegner ) is introduced to extend the applica-

tations (point a of the water surface proﬁle procedure), the

bility of the model to surcharged conditions in closed

water depth at each cross-section upstream of the junction

conduits. The Preissmann Slot consists of a narrow, friction-

is computed separately solving Equation (14), and the corre-

less slot of indeﬁnite length placed on the top of the

sponding total momentum Msb is evaluated.
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Irrigation channel test-case

computation (point b.1 of the water surface proﬁle prois

The ﬁrst numerical test refers to the simulation of an irriga-

compared with the subcritical total momentum Msb in

tion channel, where the ﬂow discharge is regulated by

each of the upstream cross-sections. If Msp > Msb in one of

means of a gate upstream. The channel, described in

the upstream cross-sections, then the ﬂow through the junc-

Wignyosukarto () and Todini (), is L ¼ 4,500 m

tion is supercritical: in this case, the water depth

long, and has a longitudinal slope i ¼ 0.0002 m/m. The

immediately downstream of the junction is calculated

cross-section of the canal is trapezoidal, with bottom

using Equation (14), where the ﬂow characteristics corre-

width b ¼ 2.7 m, and its sides’ inclination make an angle

sponding to the upstream cross-section with the greatest

α ¼ arctanð2=3Þ with the horizontal plane. For this channel,

Msp value are used.

a number of experiments have been run, and the results are

cedure),

the

total

supercritical

momentum

Msp

available: in the case examined here, the sudden opening of
the upstream gate causes the formation of a steep front wave
which superposes the pre-existing steady state ﬂow, and

NUMERICAL TESTS

ﬁnally new steady state conditions are attained. The initial

In this section, the numerical model is demonstrated by

discharge Q ¼ 2.95 m3/s. At time t ¼ 0, the discharge is

comparing its results with experimental observations and

increased instantaneously in the upstream cross-section

with the results provided by the numerical solution of

from Q ¼ 2.95 m3/s to Q ¼ 6.6 m3/s, and then kept constant

the full De Saint-Venant system of equations. These tests

for the entire duration of the experiment. The downstream

show its capability to tackle conditions such as pressuriz-

boundary condition is the critical state condition, and the

ation of closed conduits and transcritical ﬂow conditions

roughness coefﬁcient attributed to the canal for the calcu-

in channel networks. Many other challenging tests have

lation of the slope friction with the Manning equation is

been carried out, such as the unsteady ﬂow simulation

nM ¼ 0.016 s/m1/3 (Todini ).

conditions correspond to the steady state ﬂow with uniform

of a network where all the conduits are pressurized, like

In Figure 1, left panel, the experimental results at dis-

the water distribution networks: these tests are not

tance x ¼ 475 m from the upstream gate (white circles) are

reported here for sake of brevity. In all the numerical

compared with the results supplied by ILILPM with Δx ¼

tests, the slope friction J is evaluated using the Manning

5 m and Δt ¼ 300 s for the same position (continuous black

equation, while g ¼ 9.81 m2/s is used for the gravity

line). The results show that there is overall good correspon-

acceleration.

dence

Figure 1

|

between

numerical

and

experimental

Irrigation channel test-case. Comparison of experimental and numerical results at abscissas x ¼ 475 m (left panel) and x ¼ 1,545 m (right panel).
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especially at the end of the experiment, when a new station-

respectively, is composed by two reaches of equal length:

ary condition is established. On the contrary, at the

the upstream reach has longitudinal slope So1 ¼ 0.005 m/m,

beginning of the experiment, immediately after the upstream

while the downstream reach has slope So2 ¼ 0.0005 m/m.

gate maneuver, there is some discrepancy due to the fact that

The Manning equation is used for the slope friction

the inertia terms are not negligible: the sudden maneuver

evaluation, and the roughness coefﬁcient nM ¼ 0.014 s/m1/3

causes the formation of a steep front wave which moves

is assumed. A free fall boundary condition is imposed at

downstream, and which is dissipated gradually by ﬂow resist-

the downstream end of the channel. Two runs are per-

ances. This is conﬁrmed by the fact that in the ﬁrst part of the

formed, using two different upstream boundary conditions.

experiment, the experimental water depth is greater than the

In the ﬁrst run (Run 1), the initial conditions at t ¼ 0 s

water depth supplied by the numerical model. The same

coincide with the steady state conditions corresponding to

observations can be made considering the results at abscissa

the discharge Q ¼ 30 m3/s and upstream water depth h ¼

x ¼ 1,545 m (Figure 1, right panel): also in this case the exper-

0.50 m: a stationary hydraulic jump is located at about x ¼

imental data are better reproduced at the end of the

945.75 m from the channel inlet. Starting from t ¼ 0, the

experiment, while there is some discrepancy at the beginning.

upstream discharge decreases from Q ¼ 30 m3/s to Q ¼

The inﬂuence of the time discretization is greater

20 m3/s in 1,000 s, then increases to Q ¼ 50 m3/s in

immediately after the gate maneuver, when the time deriva-

1,500 s, decreasing again to Q ¼ 20 m3/s in 1,500 s. Simi-

tives and the inertia terms are hardly negligible, while it is

larly, the upstream water depth decreases from h ¼ 0.5 m

modest at the end of the experiment, and this is conﬁrmed

to 0.388 m, then increases to h ¼ 0.771 m, ﬁnally decreasing

repeating the same numerical experiment with Δt ¼ 600 s.

again to 0.388 m. For t > 0, the upstream conditions are

The same numerical test was performed by Todini &

plotted in Figure 2 (Run 1). Corresponding to the boundary

Bossi () and Todini () using the original version of

conditions, the hydraulic jump ﬁrst moves upstream, then is

PAB: the results obtained here show that the proposed

pushed downstream by the raising discharge, and ﬁnally

numerical model behaves no worse than the original PAB

moves again upstream.
The results obtained by ILILPM using Δx ¼ 2 m and

scheme.

Δt ¼ 100 s are compared at time t ¼ 1,500 s with those proMoving hydraulic jump test-case

vided by a second order SV model derived by that
described in Cozzolino et al. (), which solves the com-

The second test aims at evaluating the ability of the pro-

plete De Saint-Venant equations for rectangular cross-

posed model to deal with situations of mixed ﬂow, in

section channels (see Figure 3).

which a hydraulic jump occurs. A rectangular channel,

From the inspection of Figure 3, it is clear that ILILPM

whose length and width are L ¼ 2,000 m and b ¼ 10 m,

results agree very well with those supplied by the SV model,

Figure 2

|

Moving hydraulic jump test-case. Upstream boundary conditions for Run 1 and Run 2.
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h ¼ 1.50 m, ﬁnally decreasing to 0.25 m again. For t > 0,
the upstream conditions are plotted in Figure 2 (Run 2).
The results obtained by ILILPM are compared again
with those provided by the SV model. In particular, in
Figure 5 the water surface proﬁles supplied by the two
models are represented at times t ¼ 1,500 (left panel) and
t ¼ 3,000 s (right panel), close to the hydraulic jump.
In the case of Run 2, the discrepancy between the position of the hydraulic jump increases, together with a
greater discrepancy in the evaluation of the discontinuity
Figure 3

|

Moving hydraulic jump test-case. Run 1: free-surface elevation at time t ¼
1,500 s.

strength, especially during the raising part of the ﬂooding
(t ¼ 1,500 s). In Figure 6, the whole channel is represented
at time t ¼ 1,500 s for Run 2: it is apparent that the De

far from the discontinuity, both in supercritical and subcriti-

Saint-Venant equations develop a wave moving downstream

cal conditions. A close-up of the water surface proﬁles

whose front steepens, due to the sudden increase of the dis-

supplied by the two models in the region of the hydraulic

charge upstream; this effect is not reproduced by the

jump is represented in Figure 4 at times t ¼ 1,500 (left

Parabolic Wave model, solved with ILILPM.

panel) and t ¼ 3,000 s (right panel), showing a small discre-

Actually, also when starting from smooth initial con-

pancy regarding the position of the hydraulic jump. In

ditions, the De Saint-Venant equations have solutions that

particular, ILILPM seems to slightly anticipate the position

may exhibit special features such as moving discontinuities,

of the hydraulic jump, both during the movement towards

whose celerity and strength are related by means of the Ran-

downstream (raising discharge) and during the movement

kine-Hugoniot

towards upstream (receding discharge).

mechanism is incorporated in the SV model. On the contrary,

In the second run (Run 2), the initial conditions

condition

(LeVeque

),

and

this

ILILPM is based on the ability to perform, at each time level,

coincide with those of the preceding case. Upstream bound-

a water surface proﬁle in mixed ﬂow conditions: of course,

ary conditions are chosen in order to have a more steepened

the position of the hydraulic jump obtained in this way is rig-

hydrograph: starting from t ¼ 0, the upstream discharge

orous only in the case of stationary conditions. This explains

decreases from Q ¼ 30 m3/s to Q ¼ 5 m3/s in 1,000 s, then

why the discrepancy between the hydraulic jump positions

increases to Q ¼ 90 m3/s in 1,000 s, decreasing again to

supplied by ILILPM and SV model increases when the

Q ¼ 5 m3/s in 2,000 s. Similarly, the upstream water depth

input hydrograph steepens: in these conditions, the ﬂow

decreases from h ¼ 0.5 m to 0.25 m, then increases to

rapidly changing upstream promotes oscillation of the

Figure 4

|

Moving hydraulic jump test-case. Run 1: free-surface elevation at times t ¼ 1,500 s (left panel) and t ¼ 3,000 s (right panel), close-up at the hydraulic jump.
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Moving hydraulic jump test-case. Run 2: free-surface elevation at times t ¼ 1,500 s (left panel) and t ¼ 3,000 s (right panel), close-up at the hydraulic jump.

and the strength of such discontinuities if these are moving
slowly: this ability is lost in the case of fast transients.
The maximum water depth attained during the unsteady
ﬂow phenomenon constitutes important design information,
in order to evaluate ﬂooding vulnerability in open channels
or the possibility of pressurization in closed conduits. In
Figure 7, a comparison is made between the time-graphs
of the water depth supplied by SV and ILILPM models at
locations around and inside the region where the hydraulic
jump develops.
In the left panel of Figure 7, the results for Run 1 are
Figure 6

|

Moving hydraulic jump test-case. Run 2: free-surface elevation at times t ¼
1,500 s in the downstream part of the channel.

reported at locations x ¼ 900 m, x ¼ 960 m and x ¼ 1,020.
From the inspection of the ﬁgure, it is apparent that at

discontinuity position, and this movement is not captured by

location x ¼ 900 m, where the ﬂow remains supercritical

the ILILPM model. Finally, from results of Run 1, it seems

during the entire simulation, the results supplied by SV

clear that when discontinuities are present in the ﬂow ﬁeld,

and ILILPM are very close. The comparison of the results

ILILPM is able to approximate satisfactorily the position

at location x ¼ 1,020 m, where the ﬂow remains subcritical

Figure 7

|

Moving hydraulic jump test-case. Run 1: time-graphs of the water depth at locations x ¼ 900 m, x ¼ 960 m and x ¼ 1,020 m (left panel). Run 2: time-graphs of the water depth at
locations x ¼ 900 m, x ¼ 950 m and x ¼ 1,000 m (right panel).
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during the simulation, is less satisfactory: nonetheless, the

solution of the full De Saint-Venant system, including

value of the peak water depth is almost the same for the

when discontinuities such as hydraulic jumps are present

two models. At location x ¼ 960 m, the ﬂow passes from sub-

in the ﬂow ﬁeld, if attention of the modeler is paid to impor-

critical to supercritical, and vice versa, following the moving

tant design parameters such as the peak water level. As

hydraulic jump: surprisingly, also in this case the correspon-

expected, less satisfactory results are obtained with refer-

dence of the peak water level is very good, while the

ence to the arrival time of discontinuities.

correspondence of the time arrival and the strength of the
hydraulic jump is not unsatisfactory.

Pressurization of a channel test-case

In the right panel of Figure 7, the results of Run 2 are
plotted. At the location x ¼ 950 m, where the ﬂow reverts

The purpose of the third test is to evaluate the effectiveness

from subcritical to supercritical and vice versa, an overall

of the model to cope with situations where a transition from

correspondence of the results supplied by the two models

free-surface ﬂow to pressurized ﬂow occurs. For this test, a

is observed, especially with reference to the peak water

closed conduit consisting of three consecutive reaches is

depth. The correspondence between the results supplied

considered: each channel is L ¼ 500 m long, with circular

by the two models at location x ¼ 900 m and x ¼ 1,000 m

cross-section, diameter D ¼ 1.00 m and Manning roughness

is much less satisfactory: actually, ILILPM exaggerates the

coefﬁcient nM ¼ 0.00125 s/m1/3. The three reaches have

celerity of hydraulic jump movement towards upstream

bed slope So1 ¼ 0.040 m/m, So2 ¼ 0.001 m/m and So3 ¼

and downstream, respectively. Nonetheless, the correspon-

0.030 m/m, respectively, from upstream to downstream,

dence of the peak water depths supplied by the two

and the bottom elevation at the upstream end of the conduit

models is satisfactory at x ¼ 1,000 m.

is zb ¼ 100 m. The initial conditions coincide with the steady

The superior envelopes of water depths proﬁles supplied

state corresponding to the discharge Q ¼ 0.010 m3/s: start-

by SV and ILILPM models are plotted in Figure 8 for both

ing from these initial conditions, upstream discharge

Runs 1 and 2, respectively. Despite the fact that the instan-

increases linearly in 3,600 s to Q ¼ 2.00 m3/s, and then

taneous water depths calculated with the two models can

decreases again to Q ¼ 0.010 m3/s in 3,600 s and critical

be very different, from inspection of Figure 8 we can

depth was assumed as the upstream boundary condition.

deduce that the maximum water depths are very similar:

During the numerical experiment, the downstream bound-

this is conﬁrmed by the fact that the average error between

ary condition is constant: in particular, the water depth at

the envelope water depths supplied by ILILPM and SV is

the downstream end of the conduit is taken equal to h ¼

1.6% for Run 1, and 1.2% for Run 2.

0.500 m.

The results of the numerical test support the conclusion

The sudden discharge increase causes the pressurization

that ILILPM is a viable and efﬁcient alternative to the

of the second reach, due to its small longitudinal slope. In

Figure 8

|

Moving hydraulic jump test-case. Superior envelopes of the water depths for Run 1 (left panel) and Run 2 (right panel).
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Pressurization of a channel test-case. Reach 2: piezometric line (left panel) and discharge (right panel).

Figure 9, the results obtained by ILILPM with Δx ¼ 10 m

In Figure 10, the same comparison is made for a cross-

and Δt ¼ 60 s for a cross-section at distance x ¼ 750 m from

section at a distance of x ¼ 1,250 m from the upstream end

the upstream end of the channel are compared with those

of the channel, in the third reach, where again free-surface

provided by HEC-RAS 4.1, which solves the full De Saint-

ﬂow is present, due to the increased bed slope. It is clear,

Venant system and employs the Preissmann slot to take

also for this section, that ILILPM supplies results very simi-

into account pressurization.

lar to those supplied by HEC-RAS: the pressurization in the

It is apparent that the ILILPM model, despite the fact

second reach does not affect adversely the ﬂow simulation

that is based on the parabolic wave simpliﬁcation, is able

in the end reach, considering both the water depth and dis-

to reproduce reasonably the pressurization results obtained

charge evaluation.

with HEC-RAS. The starting time and the duration of the
pressurization condition supplied by the ILILPM model

Zhang (2005) network test-case

coincide with those supplied by HEC-RAS (Figure 9, left
panel), while the pressure peak supplied by ILILPM is

This test-case was presented ﬁrst by Zhang (), and refers

slightly greater: this discrepancy is attributed to the low

to a very simple network, consisting of three rectangular

accuracy attained by HEC-RAS during pressurized ﬂow cal-

channels, forming a Y. The three channels have longitudinal

culations, due to stability issues. In Figure 9, right panel, the

slope So ¼ 0.0002 m/m, length L ¼ 5,000 m, and are charac-

time-discharge graph is plotted for the two models, showing

terized by a Manning roughness coefﬁcient nM ¼ 0.025 s/

how the results are fully consistent.

m1/3. The two upstream channels have width B ¼ 50 m,

Figure 10

|

Pressurization of a channel test-case. Reach 3: piezometric line (left panel) and discharge (right panel).
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while the downstream channel has width B ¼ 100 m. Initial

supplied by ILILPM. At the moment, there is no clear expla-

conditions at t ¼ 0 correspond to uniform ﬂow conditions,

nation for the discrepancy between the model by Zhang

3

with discharge ﬂow Q ¼ 50 m /s in the two channels

() on one side, and HEC-RAS and ILILPM on the

upstream, and Q ¼ 100 m3/s in the channel downstream.

other: this will be the object of future research.

Starting from t ¼ 0, a triangular hydrograph enters the two
upstream channels upstream, and the input discharge
increases in both channels from Q ¼ 50 m3/s to Q ¼

CONCLUSIONS

150 m3/s in 2,000 s, then decreases again to Q ¼ 50 m3/s in
When fast transients are considered, the full De Saint-

2,000 s.
The results supplied by ILILPM with Δx ¼ 500 m and

Venant system of equations is the ﬁrst choice for modeling

Δt ¼ 100 s for the cross-section at distance l ¼ 1,000 m from

the ﬂow in one-dimensional water bodies, and its numerical

the downstream end of the network are plotted in Figure 11.

solution should be accomplished in practical applications.

In the same ﬁgure, the ILILPM results are compared with

Conversely, when inertia terms are negligible, the Parabolic

those obtained with two models for the solution of the com-

Wave model, which is a simpliﬁcation of the De Saint-

plete De Saint-Venant equations, namely the ﬁnite

Venant system, is an attractive alternative, due to its compu-

difference model HEC-RAS and the ﬁnite element model

tational efﬁciency. In this paper, a novel numerical scheme

by Zhang (). From inspection of Figure 11, it is apparent

for the approximate solution of the Parabolic Wave model,

that signiﬁcant differences can be devised between the differ-

called ILILPM, has been presented: the proposed scheme

ent models. Apparently, ILILPM anticipates the peak

is an improvement of existing numerical models, PAB

discharge with respect to the model by Zhang (), and

(Todini & Bossi ) and LPM (Della Morte et al. ,

this causes the ﬂattening of the hydrograph: in particular,

), and allows the user to take into account pressuriz-

the peak discharge supplied by the Zhang () model is

ation of closed conduits and ﬂow discontinuities. The

greater than the peak supplied by ILILPM.

numerical scheme has been demonstrated by comparing

It seems that this effect cannot be attributed to the math-

its results with experimental observations and with the

Saint-Venant

results provided by the numerical solution of the full De

equations, solved by the ﬁnite element model by Zhang

Saint-Venant system of equations: the test-cases show that

() and the Parabolic Wave model, solved by ILILPM:

ILILPM is able to reproduce reasonably the results of slow

actually, when the ﬁnite difference model HEC-RAS,

transients in open channel networks and closed conduits,

which solves the full De Saint-Venant equations, is applied

and also in the presence of ﬂow discontinuities such as

to the same test-case, its results are quite similar to those

hydraulic jumps. While at a given instant the accuracy can

ematical

differences

between

the

De

be insufﬁcient during fast transients, ILILPM is able to capture surprisingly well the maximum value of water depths
also for these cases. The encouraging results obtained
demonstrate how ILILPM is a promising tool for the fast
simulation of drainage networks, especially in the case of
real-time ﬂood forecasting or when the optimization of
sewers and drainage networks design is faced.
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