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No model can be considered effective if fundamentally it is
more complicated than what it’s trying to represent. However, extreme simplification may potentially overlook important non-primary features, or even neglect the possibility to represent ambiguous or unclear observations. Therefore, achieving a balance between parsimonious and detailed
models is of utmost importance for science and engineering.
Over the past few decades, random Boolean networks
(RBNs) (Kauffman, 1969) have become popular models for
genetic regulatory networks. This popularity is associated
with the fact that RBNs are very general models. No functionality or structure is particularly assumed when constructing them. However, the Boolean idealization has been constantly criticized based on the assumption that constraining
the variables of the model to have only two possible values
(0 and 1) entails a loss of dynamical information in the analysis of real gene expression data.

Boolean and Continuous Models
To randomly generate a network of dynamically interacting agents is very convenient for modeling systems where
the underlying structure or performance is not yet explicitly
recognized. The RBN model consists of n nodes, each of
which have k randomly chosen input links, that determine
its value σi (t) at time step t from the set Σ = {0, 1} where
i = 1, . . . , n. At time t + 1 the state σi (t + 1) is completely determined by a randomly chosen Boolean function
fi : Σk → Σ from its k inputs at a previous time step, i.e.
σi (t + 1) = fi (σi1 (t), . . . , σik (t)). These functions can be
computed via a lookup table –one for each function.
There have been several critiques for both, the Boolean
idealization (Yingjun et al., 2007; Wittmann et al., 2009),
and the temporal discretization (Bagley and Glass, 1996;
Kappler et al., 2003) of RBNs. On the other hand, methods that justify the Boolean case have been proven effective,
e.g., in Shmulevich and Zhang (2002); Karlebach (2013).
Multi-state approaches (Wuensche, 1998; Solé et al.,
2000; Wittmann and Theis, 2011) emerged from the consideration that in some natural systems, the discreteness of

the actions performed at individual levels is well defined
and thus, the dynamic assumption from a discrete model is
fairly plausible; nevertheless, transitions from one state to
another may not be sufficiently sharp for being represented
by Boolean variables. Multi-valued variables that range over
multiple (not only binary) states enhance the capability of
the model to accurately portray gradual changes on the dynamic individual behavior of the system.

Random Fuzzy Networks
We extended the classical Boolean model (Kauffman, 1969;
Wuensche, 1998; Aldana et al., 2003; Gershenson, 2004) by
using concepts from fuzzy logic (Zadeh, 1965). The number
of possible states s in which a node may be, vary according
to the parameter φ ∈ [0, 1]. A random fuzzy network (RFN)
is a RBN where the initial state of each node can take values from the set Σ = {1, s − 2/s − 1, s − 3/s − 1, . . . , 0}
whereas s depends on φ. The fuzzyness of the state space
–and therefore of the net– can be controlled by ranging φ
along the interval [0, 1]. More specifically, when φ = 0, we
have the Boolean case where s = 2. Otherwise, if φ = 1,
then s → ∞ and states can take values from all rational
numbers between zero and one. We call s the base of the
net. Whichever base may be achieved choosing the right φ.
Each lookup table in a RBN can be fuzzyfied, representing it in terms of combinations of AN D, OR, and N OT
and using Zadeh’s operators (M IN , M AX, and 1 − x, respectively). In this way, depending only on the diversity of
the initial states, the same RFN can go from Boolean to continuous.
We introduce the concept of a family of attractors, to
group attractors with the same transition schema. This concept helps us to study the state space dynamics of RFNs,
regardless of its base. Specific state values are not taken
into account. A family represents in which direction the
states within an attractor change, i.e., a node state either goes
up (represented by 1) if σi (t) < σi (t + 1), down (−1) if
σi (t) > σi (t + 1) or stays (0) if σi (t) = σi (t + 1). All attractors on a particular family have the same length. Different attractors might belong to the same family. In particular,
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steady states (point attractors) are all members of the family,
e.g., (0, . . . , 0). Transitions space size (3n ) is fixed for all φ.

Preliminary Results
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Figure 1: Average numbers of attractors hatti and average
number of families hf ami found in ensembles with n = 20,
k = 1, . . . , 5 and 0 ≤ φ ≤ 1. Shaded symbols represent
hatti and empty symbols represent hf ami. Standard deviations shown only for k = 2. Note the logarithmic scales.
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The extended RFN model was implemented on Java virtual
laboratory RBNLab (Gershenson, 2005). We explore the
state space dynamics on ensembles F(n, k, φ) of fuzzy nets
with n = 10, 20, 100 and k = 1, . . . , 5. Five different φ values were chosen, giving base numbers s equals to 2, 4, 8, 16
and ∞, respectively. The number of initial states explored
was arbitrarily bounded because as we let φ → 1, the size of
the state space (sn ) increases proportionally to the base –and
it rapidly becomes intractable. We do not consider significant the results for n = 10 ensembles. On the other hand,
due to the potentially astronomical amount of system states
for n = 100 nets, results might be biased because with a
high probability one does not explore a representative part
of the state space.
As shown in figure 1, the average number of attractors
hatti found for n = 20 RFNs, increases exponentially for
s > 2. The average number of families hf ami also increases but the growth-rate seems to be linear. For hatti,
standard deviations were maximal on continuous (φ = 1)
ensembles, and for hf ami they were when k = 5. We did
not observe a significant increase on hf ami when data representation goes from Boolean to continuous. This result
suggests that in the process of discretization there is few loss
of information (families), and hence we can assert that fuzzy
networks are capable to achieve a significant degree of complexity reduction –via its φ parameter. Therefore, we conclude by saying that the use of Boolean models for coarsely
studying the discrete dynamics of real-valued observations
is further supported.
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