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Safe and energy-efﬁcient driving of connected and automated vehicles (CAVs) must be inﬂuenced by human-driven vehicles. Thus, to properly evaluate the energy impacts of CAVs in a
simulation framework, a human driver model must capture a wide range of real-world
driving behaviors corresponding to the surrounding environment. This paper formulates
longitudinal human driving as an optimal control problem with a state constraint
imposed by the vehicle in front. Deriving analytically optimal solutions by employing
optimal control theory can capture longitudinal human driving behaviors with low computational burden, and adding the state constraint can assist with describing car-following
features while anticipating behaviors of the vehicle in front. We also use on-road testing
data collected by an instrumented vehicle to validate the proposed human driver model
for stop scenarios at intersections. Results show that vehicle stopping trajectories of the proposed model are well matched with those of experimental data. [DOI: 10.1115/1.4046575]
Keywords: automotive systems, dynamics and control, human dynamics, intelligent
transportation systems, model validation, optimal controls

Introduction
Thanks to advanced vehicle technologies, vehicles can be connected with other vehicles and roadside infrastructure through communication, moreover they can be equipped with different levels of
automation (e.g., levels 1–5). These connected and automated vehicles (CAVs) can be aware of the surrounding environment continuously and predict future situations accurately; thus, they can
reduce collisions due to human errors through anticipative and
cooperative car-following and save energy further through
energy-efﬁcient driving and powertrain operation. In recent years,
this topic is rapidly growing, and many researchers have presented
energy-efﬁcient driving solutions for CAVs [1]. To evaluate the
energy impacts of CAVs systematically, we have developed a
new multi-vehicle tool, RoadRunner [2], which allows CAVs to
interact with surrounding vehicles and infrastructure on real-world
routes in a closed-loop fashion. Moreover, RoadRunner is based on
AUTONOMIE [3], which is an established tool for examining vehicle
energy consumption and performance, where powertrain models
have been validated over 10 years using chassis dynamometer
test data [4]. RoadRunner development is more timely now as it
allows researchers to perform a large-scale analysis of the energy
impacts of CAVs with high accuracy.
As a part of RoadRunner, human driver model development and
validation are critical because simpliﬁed models may not capture
detailed real-world vehicle state trajectories, moreover their unrealistic behaviors may exaggerate the energy-saving potential of
CAVs. In the trafﬁc ﬂow research area, efforts have been devoted
to developing microscopic and macroscopic trafﬁc models that
result from human driving behaviors since the 1950s. Generally,
the microscopic models describe trafﬁc ﬂow from the point of individual drivers and vehicles, whereas macroscopic models describe
the collective state in terms of spatiotemporal ﬁelds of the local
density, speed, and ﬂow [5]. A car-following component is a fundamental part of microscopic models, and this feature must be simple
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enough to compute quickly, while describing individual driving
behaviors. Several papers provide a comprehensive and excellent
survey on the car-following models [6–8]. According to these
papers, the car-following models are divided into several types:
stimulus-response models, desired measures models, safetydistance models, optimal velocity models, fuzzy logic models,
and psycho-physical models, among others. Most of the models
adjusting speed and/or distance to the vehicle in front work so
well that they capture macroscopic aspects of trafﬁc dynamics for
a certain condition by aggregating individual trajectories. Furthermore, consideration of human factors resulting from imperfect
control has led developers to improve their own models and
present other types of car-following models [9,10].
In microscopic trafﬁc simulation, there is no need to capture a
wide range of individual trajectories if the macroscopic aspects
are well captured within an acceptable level of accuracy.
However, several papers pointed out that car-following models
are not matched with experimental data even though they are calibrated [11,12]. The RoadRunner requires a simple but high-ﬁdelity
dynamic human driver model that can capture a wide range of different driving behaviors corresponding to individual driving style as
well as the surrounding environment (e.g., trafﬁc signal phase and
timing), not limited to car-following behaviors. To this end, we
assumed longitudinal human driving, and this assumption leads to
the formulation of an optimal control problem minimizing jerk
(the derivative of acceleration) energy. We derived analytical stateconstrained optimal solutions as a function of driving-related
parameters through Pontryagin’s minimum principle (PMP) [13],
thereby satisfying the simplicity to be computationally efﬁcient,
while replicating real-world human-driven vehicles including carfollowing features if necessary. Unlike existing car-following
models that update acceleration by using the relative distance and
speed, the proposed model based on the optimal solutions updates
jerk by using more driving-related parameters, which diversiﬁes
driving behaviors and guarantees the continuity in acceleration trajectory when road events occur.
The paper is organized as follows: the section on the human
driving problem introduces assumptions and formulates human
driving as an optimal control problem. In the section on analytical
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solutions, we address derivations of analytical optimal solutions and
show several case studies. In the section on validation, the proposed
model is validated through experimental data. Finally, in the last
section, the conclusions and future work resulting from this paper
are discussed.

Optimal Control Problem Formulation. Let us deﬁne a
control variable u as jerk j. A cost function to minimize total jerk
energy over the predictive time interval T is

tk +T 
1 2
(1)
l = u dt
J = min
u
2
tk
where tk is a current time. Furthermore, we consider a vehicle longitudinal dynamics model as the triple-integrator model
(2)

⊤

where a system dynamics f = [v, a, u] , and a state vector
x = [s, v, a]⊤ .
To avoid collisions with the vehicle in front, the position of the
driver’s vehicle with a desired distance gap sd must be smaller
than the position of the vehicle in front sp. Thus, a state variable
inequality constraint (SVIC) h is deﬁned as
(3)

where sd = ss + vτ, τ is a desired time headway, which is the arriving time difference at the same point between successive vehicles,
and ss is the minimum safety distance gap at standstill conditions.
Note that desired speed gap and acceleration gap are vd = ss + aτ
and ad = uτ, respectively. Using assumptions made in the previous section, sp can be expressed as sp = s p.k + v p.k t + 12 a p.k t 2 ,
where sp.k = sp(tk), vp.k = vp(tk), and ap.k = ap(tk).
Boundary conditions are
s(tk ) = sk , v(tk ) = vk , a(tk ) = ak ,
s(tk + T) = sf , v(tk + T) = vf , a(tk + T) = af

L = H + ηh

(5)

(4)

where T is ﬁxed. For simplicity, without loss of generality, tk = 0
and k = 0 in the remainder of the paper.

Lu = 0, λ̇ = −Lx

(6)

where η ≥ 0, ηh = 0. Jump conditions at junction times tj with a jump
parameter π are
λ(tj− ) = λ(tj+ ) + πhx (x, tj ),

H(tj− ) = H(tj+ ) − πht (x, tj )

(7)

where π ≥ 0, πh = 0, and tj− and tj+ indicate the left-hand side and the
right-hand side of tj, respectively.

Analytical Solutions
From the optimal control problem formulated by Eqs. (1), (2),
(3), and (4), we deﬁne H and L as
1
H = u2 + λs v + λv a + λa u
2


1
L = H + η s + vτ + ss − s p.0 − v p.0 t − a p.0 t2
2

(8)

Then, an optimal control policy is derived by the optimality condition as follows: u*(t) = −λa . Co-state dynamics with jump conditions are derived as
λ̇s = −η

with λs (tj− ) = λs (tj+ ) + π

λ̇v = −λs − ητ with λv (tj− ) = λv (tj+ ) + πτ
λ̇a = −λv

(9)

with λa (tj− ) = λa (tj+ )

where h = 0 and π ≠ 0 if the SVIC is active, that is position and
speed co-states must have a discontinuity at junction times,
whereas the acceleration co-state is always continuous; otherwise,
η = 0 and π = 0.
From h = 0 and the last condition in Eq. (7), we add the constraints
1
s(tj ) + (ss + v(tj )τ) − s p.0 − v p.0 tj − a p.0 tj2 = 0
2

(10)

v(tj ) + a(tj )τ − v p.0 − a p.0 tj = 0
The SVIC here is of the second order; thus, when the SVIC
becomes tighter, a contact point occurs ﬁrst and then a boundary
interval occurs (e.g., a decrease in sp.0 gives the same conditions),
which is theoretically proven in Ref. [15]. Therefore, to retain
states on the boundary interval, the following constraint is also satisﬁed:
a(tj ) + u(tj )τ − a p.0 = 0

(11)

Lastly, terminal state equality constraints (TSECs) from Eq. (4) are
Pontryagin’s Minimum Principle With SVIC. To handle
SVIC, we use a direct adjoining method [14] as it directly adjoins
the SVIC in the Hamiltonian and provides the optimality conditions
for the optimal solution through PMP; its optimality conditions are
independent of the order of a pure SVIC form h(x, t) ≤ 0 in which u
does not explicitly
 p p  appear,(i) where the order p is deﬁned by
=
∂/∂u
d /dt h ≠ 0, hu = 0 for i = 1, …, p − 1. When the
h(p)
u
SVIC is active, there may exist a sub-interval satisfying h(x, t) =
0 for t ∈ [t1, t2] with t1 < t2, called a boundary interval (t1 and t2
are entry time and exit time, respectively) or a point satisfying
011010-2 / Vol. 1, JANUARY 2021

s(T) − sf = 0, v(T) − vf = 0, a(T) − af = 0

(12)

where vf = af = 0 for stop scenarios.
In summary, boundary conditions determine whether and how
SVIC is active, thus analytical solutions consist of three types:
type 1 (inactive SVIC), type 2 (active SVIC at contact point), and
type 3 (active SVIC on boundary interval). We heuristically determine an appropriate solution type. If type 1 does not violate the
SVIC, then it is applied; otherwise, we check if there exists one feasible contact point for type 2. After this identiﬁcation, if type 2 is
Transactions of the ASME
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Assumptions. We assume that drivers basically prioritize
driving comfort, while avoiding any collisions with the vehicle in
front and obeying trafﬁc rules; maximizing driving comfort is considered as minimizing total jerk energy. As human drivers are able
to anticipate behaviors of the vehicle in front of them, they plan and
apply the control decision, such an anticipation is based on the
assumption that the vehicle in front travels at the constant acceleration in a predictive time interval. Furthermore, vehicle longitudinal
dynamics is simpliﬁed to the triple-integrator model by neglecting
aerodynamic drag, road grade, etc. These assumptions facilitate
derivation of analytical optimal solutions, which can be computed
quickly. Anticipation, planning, and control decision are made at
every time instant until arriving at the destination.

h(t) = s + sd − sp = s + (vτ + ss ) − sp ≤ 0

H = l + λ⊤ f ,

where λ are co-state variables and l has the same deﬁnition as in
Eq. (1). The optimality condition is

Longitudinal Human Driving Problem

ṡ = v, v̇ = a, ȧ = j = u

h(x, t1) = 0, called a contact point (t1 is contact time). Note that
the entry, exit, and contact times are called junction times.
Hamiltonian H is deﬁned ﬁrst, and then a Lagrangian multiplier η
is used to directly adjoin the SVIC to H in order to form Lagrangian L

feasible then it is applied; otherwise, type 3 is applied. The detailed
description for all types of solutions is written as follows:

must be held on [t1, t2]. After the third constraint is differentiated
one time with respect to t, we substitute λa for u using the
optimal control policy and obtain the following explicit solution:

Type 1: Inactive SVIC. When the SVIC is inactive, η = 0.
Thus, the optimal co-states are derived using Eq. (9)

λa*(t) = λ+a.1 e−(t−t1 )/τ

λ*(t)
= λs.0
s
λ*(t)
= −λs.0 t + λv.0
v

(13)

1
λa*(t) = λs.0 t2 − λv.0 t + λa.0
2

720(s0 − sf ) 360(v0 + vf ) 60(a0 − af )
+
+
T5
T4
T3
360(s0 − sf ) 192v0 + 168vf 36a0 − 24af
(14)
λv.0 =
+
+
T4
T3
T2
60(s0 − sf ) 36v0 + 24vf 9a0 − 3af
λa.0 =
+
+
T3
T2
T


Finally, we get a*(t) = − λa + a0 , v*(t) = a* + v0 , and
s*(t) = v* + s0 . Note that the above solution was also used in
Ref. [16].
λs.0 =

Type 2: Active SVIC at Contact Point. When the SVIC is
active at a contact time t1, position and speed co-states jump to different values; thus, the resulting co-state trajectories with η = 0
consist of two intervals as follows:

λs.0 t ∈ [0, t1− ]
=
λ*(t)
s
λ+s.1 t ∈ [t1+ , T]

−λs.0 t + λv.0
t ∈ [0, t1− ]
=
λ*(t)
v
(15)
+
+
−λs.1 (t − t1 ) + λv.1 t ∈ [t1+ , T]
λa*(t)=

λ+s.1
2

(t

λs.0 2
2 t
− t1 ) 2

t ∈ [0, t1− ]

− λv.0 t + λa.0
−

λ+v.1 (t

− t1 ) +

λ+a.1

t ∈ [t1+ , T]

+
+
+
−
−
where λ+s.1 = λ*(t
s 1 ) = λ*(t
s 1 ) − π, λv.1 = λ*(t
v 1 ) = λ*(t
v 1 ) − πτ, and
+
−
λ+a.1 = λ*(t
)
=
λ
*(t
)
from
the
jump
conditions
in
Eq.
(9). In the
a 1
a 1
same way as in type 1, the state dynamics are integrated; but
here, two interior-point constraints at t1 from Eq. (10) must be additionally satisﬁed. For this reason, we obtain a system of ﬁve nonlinear equations with ﬁve unknown variables (λs.0 , λv.0 , λa.0 , π, and t1)
as follows:

1
s*(t1 ) + ss + v*(t1 )τ − s p.0 − v p.0 t1 − a p.0 t12 = 0
2
v*(t1 ) + a*(t1 )τ − v p.0 − a p.0 t1 = 0
TSECs in Eq. (12)

(16)

By solving the ﬁrst four equations, we derive four variables (λs.0 ,
λv.0 , λa.0 , π) as a function of t1, and then substitute them into the
last equation to obtain one-ninth order of polynomial with one variable of t1. From such a polynomial, we can compute a feasible t1
satisfying a condition of 0 ≤ t1 ≤ T.
Type 3: Active SVIC on Boundary Interval. When the SVIC
is active on the boundary interval [t1, t2], there are two jumps in
position and speed co-states with jump parameters π1 and π2 at t1
and t2, respectively. The η is no longer zero and dominates
co-state dynamics as the three constraints in Eqs. (10) and (11)
ASME Letters in Dynamic Systems and Control

λa*(t1+ )

(17)

λa*(t1− ).

=
=
Using the above formula and the
where
co-state dynamics in Eq. (9), we obtain the explicit solutions of
other co-states as well:
= λ+s.1 e(t−t1 )/τ + cλ+a.1 (e−(t−t1 )/τ − e(t−t1 )/τ )
λ*(t)
s
1
λ*(t)
= λ+a.1 e−(t−t1 )/τ
v
τ

(18)

+ (1/τ3 )λa*(t), where c = 1/2τ2 and
with η*(t) = −(1/τ)λ*(t)
s
+
+
−
λ+s.1 = λ*(t
s 1 ) − π1 . As λ*(t
v 1 ) = (1/τ)λa.1 , the jump parameter π1
from Eq. (9) is obtained as π1 = (1/τ)λ−v.1 − (1/τ2 )λ+a.1 . Based on
the above boundary interval control, we summarize
⎧
⎫
t ∈ [0, t1− ] ⎪
λs.0
⎪
⎨
⎬
= 1st Eq. (18) t ∈ [t1+ , t2− ]
λ*(t)
s
⎪
⎪
⎩
⎭
λ+s.2
t ∈ [t2+ , T]
⎧
⎫
t ∈ [0, t1− ] ⎪
⎪
⎨ −λs.0 t + λv.0
⎬
2nd Eq. (18)
t ∈ [t1+ , t2− ]
=
λ*(t)
(19)
v
⎪
⎪
⎩ +
⎭
−λs.2 (t − t2 ) + λ+v.2 t ∈ [t2+ , T]
⎧
⎫
1
2
t ∈ [0, t1− ] ⎪
⎪
2 λs.0 t − λv.0 t + λa.0
⎨
⎬
Eq. (17)
t ∈ [t1+ , t2− ]
λa*(t) =
⎪
⎪
⎩1 +
⎭
+
+
2
t ∈ [t2+ , T]
2 λs.2 (t − t2 ) − λv.2 (t − t2 ) + λa.2
+
+
−
−
−
where λ+s.2 = λ*(t
s 2 ) − π2 , λv.2 = λ*(t
v 2 ) − π2 τ, and λa.2 = λa*(t2 ).
Similarly, we obtain a system of six nonlinear equations with six
unknown variables (λs.0 , λv.0 , λa.0 , π2, t1, and t2):

1
s*(t1 ) + ss + v*(t1 )τ − s p.0 − v p.0 t1 − a p.0 t12 = 0
2
v*(t1 ) + a*(t1 )τ − v p.0 − a p.0 t1 = 0
a*(t1 ) + u*(t1 )τ − a p.0 = 0
TSECs in Eq. (12)

(20)

After replacing four variables (λs.0 , λv.0 , λa.0 , and π2) in the last two
equations, we can compute the remaining variables t1 and t2 satisfying a condition of 0 ≤ t1 ≤ t2 ≤ T.

Simulation Studies. This section considers typical stop scenarios in the presence of the vehicle in front. We assume that the
vehicle in front decelerates at the constant value and its initial setup
is ap.0 = −0.5 m/s2, vp.0 = 10 m/s, and s p.0 = [60, 50, 40]⊤ m. For
host vehicle, its initial setup is a0 = −0.2 m/s2, v0 = 20 m/s, s0 =
0 m, af = 0 m/s2, vf = 0 m/s, sf = 100 m, T = 10 s, τ = 1.2 s, and
ss = 2 m.
In Fig. 1, the vehicle in front does not affect the driving behavior of
the host vehicle. All co-state trajectories of type 1 are continuous, and
the resulting optimal control policy enables the host vehicle to
decelerate its speed for a stop in a way that minimizes total jerk
energy. However, as initial distance gap decreases (i.e., sp.0
decreases), the desired position trajectory (s + sd) of the host
vehicle starts surpassing the position trajectory of the vehicle in
front (sp) and then an actual rear-collision event occurs unless stateconstrained solutions are used. As shown in Fig. 2, both position and
speed co-states of type 2 are discontinuous at the contact time, which
allows the desired position and speed of the host vehicle to match
with the position and speed of the vehicle in front, respectively. On
the other hand, the acceleration co-state is always continuous,
which leads to a continuous optimal control policy. Lastly, in
Fig. 3, type 3 builds up the boundary interval, jumps in the position,
JANUARY 2021, Vol. 1 / 011010-3
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where λs.0 = λ*(0),
λv.0 = λ*(0),
and λa.0 = λa*(0), while superscript *
s
v
indicates optimal. Using the optimal control policy, it is possible to
integrate the state dynamics in Eq. (2). Then, we obtain a system
of three linear equations with three unknown variables (λs.0 , λv.0 ,
and λa.0 ). By enforcing the TSECs in Eq. (12), a solution to this
system is

λ+a.1

Fig. 4 Various trajectories of the braking regime from experimental dataset

State and co-state trajectories of type 1

NCCP =
Fig. 2 State and co-state trajectories of type 2. Black dotted line
represents the contact point.

max [Rxy (τ)]
× 100
max [Rxx (τ), Ryy (τ)]

T

(xi − yi )2 /T

NRMSE =

Fig. 3 State and co-state trajectories of type 3. Two black dotted
lines represent entry and exit time, respectively.

and speed co-states occur at both entry and exit times, whereas the
acceleration co-state is continuous. Notably, co-state dynamics on
the boundary interval are inﬂuenced by η, which are different from
that on other intervals, so that desired states of the host vehicle
behave in exactly the same way as the vehicle in front.

Validation With Experimental Data
Experimental data were collected from an instrumented vehicle
driven by a human driver and equipped with a dash video
camera, global positioning system tracker, and a radar and then processed to make the data usable for validation. On-road testing was
011010-4 / Vol. 1, JANUARY 2021

i=0

(ymax − ymin )

(21)

× 100

T
where Rxy (τ) = limT→∞ 0 x(t) ◦ y(t − τ)dt, and x and y represent
speed signals of the model and data, respectively, while ymax and
ymin are maximum and minimum values, respectively. Note that
the NCCP value larger than 90% indicates that the two speed
signals are highly correlated. Moreover, we also compared the proposed model with the intelligent driver model (IDM), well-known
car-following model, with prescribed parameters, where the comfortable acceleration and deceleration are set to 1 and 1.5 m/s2,
the minimum spacing, the desired time headway, and desired
speed are set to ss, τ, and v0, and the exponent is set to 4.
In Fig. 5, for the proposed model and IDM, all NCCP values are
larger than 90% and all NRMSE values are less than 10% (except
for IDM in the case number 28). The proposed model outperforms
IDM as the average value of both measures is 98.6% versus 95.4%
in NCCP, and 2.33% versus 5.39% in NRMSE. Figure 6 shows two
speciﬁc cases including car-following situations to see how the host
vehicle adjusts its driving behaviors, where values of a pair (NCCP,
NRMSE) are (97.8%, 4.68%) versus (91.5%, 9.94%) for case
number 18 (left) and (99.9%, 1.58%) versus (98.6%, 2.41%) for
case number 22 (right). In case number 18, the surrounding
vehicle changes its lane at about 10 s and drives in front of the
equipped vehicle, which causes a discontinuity in trajectories (red
line). Note that the relative position is set to 250 m and relative
speed is set to zero if the radar sensor detects nothing in the same
lane. If there are no vehicles in front, IDM maintains constant
speed from 0 s to 3 s, but it starts braking, which jumps the negative
value from zero acceleration, because of considering a red trafﬁc
light as a standing object. At about 10 s, IDM is too close to the
cut-in vehicle, thus it must have the maximum braking rate,
Transactions of the ASME
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Fig. 1

performed on speciﬁc sub-urban route near Argonne, and the conditions at that time are light trafﬁc, mostly sunny day, dry road condition, normal driving style, etc.
In this paper, we considered a braking regime only for stop scenarios near the intersections, including situations with and without
the vehicle in front. From the experimental data, the parameters
required by the human driver model (i.e., boundary conditions)
were obtained: braking distance (sf − s0), braking time (T), and
vehicle states at the timing to start braking (a0 and v0). As a result
of how drivers respond to surrounding environment (e.g., trafﬁc
signal phase and timing), we could have various stopping trajectories as shown in Fig. 4. For car-following parameters, ss = 2 m and
τ = min (1, s p.0 − ss − s0 /v0 ) s. Note that τ could be optimally
researched in a way to minimize the error between the model and
data.
To validate the model, we used two measures: (1) normalized
cross correlation power (NCCP) [17] and (2) normalized
root-mean-squared error (NRMSE) [11]. The NCCP and NRMSE
are deﬁned as

solutions depending on driving behavior of the vehicle in front
(e.g., a ﬁnal position with the desired distance gap cannot be
larger than the anticipated ﬁnal position of the vehicle in front if
there is no lane-change) [18]. Both cases adjust boundary conditions; however, case number 18 must use the state-constrained solutions, whereas case number 22 does not.

Conclusions and Future Work

Fig. 6 Comparison of state trajectories between models and
data in case numbers 18 (left) and 22 (right). PV is the preceding
vehicle, and the simple model is the model using only type 1
solution that cannot describe the car-following feature.

Fig. 7 Solution type, ﬁnal position, and ﬁnal time trajectories in
case number 18

which is set by 4 m/s2, leading to the large discrepancy in trajectories compared to the testing data.
However, the proposed model can set different braking times
(e.g., 37 s and 23 s in case numbers 18 and 22, respectively) and
its trajectory is quite close to that of the experimental data, while
describing the car-following feature without a discontinuity in
acceleration trajectory when road event occurs (e.g., trafﬁc signal
state switches to red, the vehicle in front appears), as shown in
Fig. 6. Note that the simple model uses only type 1 solution,
thereby unrealistically overtaking the vehicle in front in the same
lane. As shown in Fig. 7, the boundary conditions must be adjusted
to ensure that they are feasible to compute analytical optimal
ASME Letters in Dynamic Systems and Control

In this paper, we present a new approach for human driver modeling using an optimal control theory. The human driver is modeled
based on analytical optimal solutions that maximize driving comfort
for given boundary conditions, while considering the state constraint imposed by the vehicle in front. The proposed model is
not only computationally efﬁcient but also captures various stopping trajectories including car-following to keep the desired distance gap because its inputs (boundary conditions) directly
represent one aspect of the driving behavior (e.g., braking time indicates braking level), respectively. Using experimental data, the proposed model is validated and also compared with IDM. Results
show that the average values of NCCP and NRMSE for 54
braking-to-stop cases are about 98.6% and 2.33%, respectively,
which indicates that the stopping behavior of the proposed model
is highly correlated with that of the experimental data. The proposed
model improves accuracy over IDM without a discontinuity which
is seen in IDM when the road event occurs.
In future work, we would like to expand driving regimes (e.g.,
accelerating and cruising), rather than only focusing on braking,
and we also consider road characteristics (such as curvature) to
capture the speed reduction. We also would like to investigate if
the proposed model can capture macroscopic aspects under high
trafﬁc conditions. Furthermore, another future research direction
is to develop a model of perception and decision that can provide
the timing and duration of each driving regime.
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Fig. 5 NCCP and NRMSE of the proposed model (blue bar) and IDM (magenta bar) for 54 braking-to-stop cases. Vertical cyan lines
represent for car-following situations.
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predictive time interval
minimum safety distance gap at standstill conditions
contact time if i = 1 or entry and exit times if i = 1, 2
position, speed, acceleration, and jerk
position, speed, and acceleration of the vehicle in front
desired distance, speed, and acceleration gaps
ﬁnal position, ﬁnal speed, and ﬁnal acceleration
control input variable (:= jerk)
Hamiltonian and Lagrangian
Lagrange multiplier to directly adjoin the state
constraint
λs , λv , λs = position, speed, and acceleration co-state variables
π = jump parameter in co-state variables
τ = desired time headway
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