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The goal of this paper is to derive closed form expressions for the energy release rate and
mode partitioning of face/core debonds in sandwich composites, which include loading in
shear. This is achieved by treating a ﬁnite length sandwich beam as having a “debonded”
section where the debonded top face and the substrate (core and bottom face) are free and a
“joined” section where a series of springs (elastic foundation) exists between the face and
the substrate. The elastic foundation analysis is comprehensive and includes the deformation of the substrate part (unlike other elastic foundation studies in the literature) and is
done for a general asymmetric sandwich construction. A J-integral approach is subsequently used to derive a closed form expression for the energy release rate. In the
context of this elastic foundation model, a mode partitioning approach based on the transverse and axial displacements at the beginning of the elastic foundation (“debond tip”) is
proposed. The results are compared with ﬁnite element results and show very good agreement. [DOI: 10.1115/1.4044364]
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Introduction
A sandwich structure is a trimaterial (two stiff metallic or composite thin face sheets separated by a thick core of low density).
In addition, it can be asymmetric (two faces not of the same material/thickness). A serious damage mode in these sandwich structures
is the face/core debonding, which may be induced by loads encountered during service combined with environmental exposure (e.g.,
thermal loads, inducing decohesion primarily due to the elastic
and/or thermal mismatch between the face sheet and the core) or
from manufacturing imperfections. These debonds can pose a
threat to the structural integrity of the component, as they can
grow and completely delaminate the face sheet. To assess the criticality of face/core debonds, the associated energy release rate
and the mode mixity are needed. Due to these complexities and
the many possibilities of sandwich construction in terms of material
choices and geometry, the energy release rate and mode mixity of a
face/core debond are currently mostly determined from ﬁnite
element analyses and speciﬁc to the design tests. This makes difﬁcult and time-consuming to conduct damage tolerance and optimization design studies, especially when it comes to fatigue debond
growth, in which the debond geometry is continuously changing.
It also makes it very difﬁcult to construct and promulgate speciﬁc
but simple rules and tests for assuring damage tolerance. Furthermore, the fact that a sandwich is a trimaterial, rather than a bimaterial, makes it improper to directly import debond bimaterial
relations, which may exist in the literature. Another issue unique
to sandwich is the very large transverse shear due to the weak
core and its effect to debond growth, which makes the mixed-mode
face/core sandwich debond problem a unique research item.
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Regarding closed form solutions, the trimaterial crack problem
without transverse shear was solved by Kardomateas et al. [1]
and Østergaard and Sørensen [2]. Previously, the bimaterial crack
problem, again without shear, had been solved by Suo and
Hutchinson [3]. Then, researchers further extended the approach
in Ref. [2] to include the shear effect. Li et al. [4] studied the
shear effect on the bimaterial crack problem by a semi-numerical
approach (ﬁnite elements used to determine quantities that enter
into direct expressions). Similar semi-numerical approaches were
used by Andrews and Massabò [5] to study the energy release
rate and mode mixity of a crack in a homogeneous solid, and
more recently, the same semi-numerical approach was used by Barbieri et al. [6] to study a sandwich specimen with symmetric face
sheets subjected to shear loading. Note that we use the expression
“semi-numerical” in the same context as the word “semi-analytical”
used in Ref. [6], i.e., to refer to an approach in which some coefﬁcients appearing in the formulation require to be determined via a
numerical (most commonly ﬁnite element) approach. Although
the approach presented in this paper is a fully closed form approach,
it employs a beam theory and, thus, it is expected to suffer from the
approximations of beam theory assumptions, unlike the aforementioned semi-analytic/semi-numerical approaches.
In the closed form approach of Refs. [1,2], the J-integral was used
to derive the energy release rate and the complex stress intensity
factor method was used to decompose the modes. These approaches
are, however, not suitable when shear is present, because in this case,
the displacement slopes enter into the J-integral expression, and the
J-integral cannot be expressed as the squared norm of a single
complex number. The limitations of treatments of Refs. [1,2]
regarding their applicability to fracture mechanics specimens are
extensively discussed in Ref. [6].
One of the approaches that could be used to analyze a face/core
debond, and include the effect of shear, is the elastic foundation
(EF) approach. In this approach, the top debonded face is considered
to rest on an elastic foundation, which is provided by the rest of the
structure, i.e., the core and the bottom face. Such elastic foundation
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Fig. 1 (a) The debonded sandwich geometry deﬁnitions and
(b) loads and coordinate system deﬁnitions

Over the region of the debond, the sandwich beam consists of
two parts: the debonded upper face sheet (referred to as the
“debonded part” of thickness ft) and the part below the debond
(“substrate part” of thickness 2c + fb, which includes the core and
the lower face sheet). We shall denote the debonded part with “d”
and the substrate part with “s.”
A characteristic of a sandwich beam with a debond is that while
for the debonded face, which is homogeneous, the neutral axis is at
mid-thickness, for the substrate part, the neutral axes is no longer at
the geometrical mid-point of the section. With respect to a reference
axis x through the middle of the core, the neutral axis of the substrate part is at a distance es




fb
es Ec (2c) + E fb fb = E fb fb
+c
(1a)
2
Moreover, while for the debonded face sheet, which is homogeneous, the bending rigidity is
(EI)d = E ft

We consider a sandwich beam of width b consisting of a top and a
bottom face sheet of thickness ft and fb, extensional Young’s
modulus (along x) Eft and Efb, respectively (assumed to be equal
in tension and compression), and a core of thickness 2c, with an
extensional Young’s modulus (along x), Ec, again assumed to be
equal in tension and compression (Fig. 1(a)). Note that since only
Young’s modulus along the axial direction appears in the Euler–
Bernoulli formulation, both faces and core can be either isotropic
or orthotropic.
121001-2 / Vol. 86, DECEMBER 2019

(1b)

for the substrate, the ﬂexural rigidity is
(EI)s

Formulation

bft3
12




2 
2c3
fb3
fb
2
= b Ec
+ Ec (2c)es + E fb + E fb fb
+ c − es
(1c)
3
12
2

It should be noted that the formulation and approach are applicable to both beams (plane stress) and wide panels (plane strain) but
different moduli should be used for plane strain and plane stress
problems. For plane stress, Eq. (1c), with E being Young’s
modulus, is applicable. For plane strain, E in Eq. (1c) should be
replaced by E/(1 − ν 2), where ν is Poisson’s ratio.
However, the J-integral formula is somewhat different for beams
(plane stress) and wide panels (plane strain) and this is explained in
Transactions of the ASME
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models have been used from the 1970s for the study of crack propagation. Kanninen [7] used such a model for the study of the
double cantilever beam (DCB) test specimen in a homogeneous
material with the crack at mid-thickness. Williams [8] extended Kanninen’s model using the Timoshenko beam theory in a homogeneous
material, and he used a formula for the elastic foundation constant
similar to Kanninen’s [7] based on the thickness of the debonded
layer. More recently, Thouless [9] demonstrated that Kanninen’s
solution can be explained using the models in Refs. [4,5].
In a recent study, Li and Carlsson [10] analyzed the tilted sandwich debond specimen using an elastic foundation approach with a
Kanninen-type formula for the foundation modulus. Even more
recently, Saseendran et al. [11] presented an elastic foundation analysis of moment- and force-loaded single cantilever beam sandwich
fracture specimens in conjunction with ﬁnite element analysis
(FEA). In these studies, either the crack was in the middle of the
thickness in a homogeneous solid [7,8] or the substrate was
assumed rigid, i.e., only the face sheet was analyzed [10,11].
With these assumptions, the effects of the end ﬁxity at the
bonded segment was not included. Also, a closed form mode
mixity derivation was not attempted in these studies.
In these elastic foundation analyses, a key question concerns the
proper formula for the elastic foundation modulus. In this regard,
Kardomateas et al. [12] conducted a comprehensive study that
resulted in a closed form expression for both the normal and
shear spring stiffnesses. The formulas were derived based on both
the elasticity solution (as a benchmark) and the extended high-order
sandwich panel theory [13], which is the most accurate sandwich
structural theory to date. Simple approximate formulas of high
accuracy, updating the ones by Kanninen [7], were also suggested.
In this paper, we present a complete closed form solution for the
energy release rate and mode partitioning of a face/core debond,
which includes both the face and the substrate as well as the end
ﬁxity (e.g., simply supported or clamped). The mode partitioning
proposed in the context of this elastic foundation model is based
on the displacement ﬁeld. The Euler–Bernoulli theory (with a
shear correction angle) is utilized to analyze both the debonded
part and the substrate parts. Notice that the shear correction angle
is an approximate way to account for shear, which is neglected in
the formulation of the Euler–Bernoulli theory. The alternative
would be the Timoshenko beam theory, which is a beam theory
with an extra generalized coordinate (the shear deformation), but
this approach would result in far more involved relations. In fact,
the Euler–Bernoulli theory is used to derive the displacement ﬁeld
and the shear correction angle is employed later in the formulation
of the J-integral (as in Refs. [5,6]) and the deﬁnition of the mode partitioning measure. Results are presented and compared with data
from corresponding ﬁnite element analyses. It should also be noted
at this point that the Euler–Bernoulli theory with a shear correction
angle has been used in the literature to derive simple closed form
solutions for many problems, see, for example, the Engesser-type
formula for column buckling in the Timoshenko and Gere book
[14]. It is a very efﬁcient way to account for transverse shear and,
yet, take advantage of the simplicity of the Euler–Bernoulli beam
theory. The elastic foundation approach based on the Timoshenko
beam theory for both the debonded and the substrate parts is the
next step in our research and will be the topic of a separate paper.

the J-integral section. In fact, whenever differences exist between
plane stress and plane strain in the formulas presented in the following, it will be pointed out.
Figure 1(b) shows a segment of the beam containing the debond
conﬁguration, where a debond of length a and an intact part of
length l exist. Notice that in this paper, we focus on the overall behavior of a sandwich beam with an interfacial debond; thus, the
debond length can be arbitrary.
The debonded part is loaded by a shear force Vd and a moment
Md, the substrate part is loaded by a shear force Vs and a moment
Ms, and at the end, a shear force Vb and a moment Mb exist. Equilibrium of these forces and moments yields
Vb = Vd + Vs ;

Mb = Md + Ms + (Vd + Vs )(l + a)

νc12 νc21

1−

+

νc23 νc32

1 − νc12 νc21
+ νc13 νc31 − νc12 νc23 νc31 + νc21 νc32 νc13
(3d)

where we have adopted the convention 1 ≡ x, 2 ≡ y, and 3 ≡ z; E3c is
the transverse extensional modulus of the core; and the ν’s are
Poisson’s ratios of the core.
The solution to Eq. (3b) consists of a trigonometric/hyperbolic
part H(x) and a polynomial part P(x)
ws = H(x) + P(x)

(4a)

H(x) = C1 cosh λx cos λx + C2 cosh λx sin λx
+ C3 sinh λx cos λx + C4 sinh λx sin λx

(4b)

P(x) = C5 x3 + C6 x2 + C7 x + C8

(4c)

where

and

(2a)

Notice that function H(x) has the property
d 4 ws
(EI)s 4 + S(x)kn (ws − wd ) = 0
dx

(2b)

where kn is the modulus of the elastic foundation. Notice that the
governing equations (2a) and (2b) are based on the Euler–Bernoulli
theory, and shear deformation is not accounted for at this stage.
The function S(x) is a step function allowing to separate the
portion of the beam where they are linked, x > 0, and where they
are not, x < 0, i.e.,

S(x) =

1 if x > 0
0 if x < 0

(2d)

with
wd =

(EI)s d4 ws
+ ws
kn dx4

wd = H(x) 1 − 4λ4

(EI)d + (EI)s
4(EI)d (EI)s

(3a)

kn =

c
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b

(4f )

where from (3a)
β = 1 − 4λ4

(EI)s
(EI)s
=−
kn
(EI)d

(4g)

For the debonded part −a ≤ x ≤ 0, for which S(x) = 0, the solution
is simply a third-order polynomial
wd = Ad x3 + Bd x2 + Cd x + Dd

(5a)

w s = A s x 3 + B s x 2 + C s x + Ds

(5b)

At the end, x = l, the total shear is the sum of the shear created by
the debonded and substrate parts, i.e.,
Vb = (EI)d

(3b)

A comprehensive study on the proper value of the elastic foundation modulus was conducted by Kardomateas et al. [12] by deriving
the value from elasticity theory and the extended high-order sandwich panel theory [13]. This study showed that a very good approximation of the elastic foundation modulus is given by
cc33

(4e)

(2e)

Equation (2d) can be written in the form
d 8 ws
d4 ws
+ 4λ4 4 = 0
dx8
dx

(EI)s
+ P(x)
kn

wd = βH(x) + P(x)

Setting
λ4 = kn

(4d)

Thus, from (2e)

(2c)

For the joined part 0 ≤ x ≤ l, in which case S(x) = 1, substituting
wd from (2b) into (2a) results in
(EI)s d8 ws
(EI)s d4 ws
+ 1+
=0
8
kn dx
(EI)d dx4

d4 H(x)
= −4λ4 H(x)
dx4

(3c)

d 3 wd
dx3

= (EI)d β

+ (EI)s
x=l

3

d H
dx3

d 3 ws
dx3

x=l

+ (EI)d 6C5 + (EI)s
x=l

d3 H
dx3

(6a)
+ 6C5
x=l

where we have used (4a), (4c), and (4f).
Substituting β = −(EI)s/(EI)d from (4g), Eq. (6a) results in
6C5 =

Vb
(EI)d + (EI)s

(6b)

Similarly, at the end, x = l, the total moment is the sum of the
DECEMBER 2019, Vol. 86 / 121001-3
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d 4 wd
+ S(x)kn (wd − ws ) = 0
dx4

cc33 = E3c

(1d)

The coordinate system is set so that x = 0 is at the end of the
debond, i.e., the debond is for negative x and the intact part is for
positive x. We denote by w and u the transverse and axial displacements, respectively.
The elastic foundation load is a distributed load applied to both
the debonded part and the substrate. Thus, the governing equations
are
(EI)d

where

moments created by the debonded and substrate parts, i.e.,
Mb = (EI)d

d 2 wd
dx2

= (EI)d β

+ (EI)s
x=l

2

d H
dx2

+ (EI)s

d 2 ws
dx2

Although it may look at this point that we have more equations
than unknowns, this is not true, because of the equilibrium conditions. In fact, multiplying (10b) by −β and adding to (10a) and
using (4g) gives

x=l

+ (EI)d (6C5 l + 2C6 )
x=l

d2 H
dx2

+ (6C5 l + 2C6 )
x=l

Again, substituting β = −(EI)s/(EI)d from (4g), Eq. (7a) results in
6C5 l + 2C6 =

2C6 =

Mb − Vb l
(EI)d + (EI)s

2C6 =

(7c)

Ds = H(0)

First derivative: Cd = βH,x (0);

(8a)

Cs = H,x (0)

Second derivative: 2Bd = βH,xx (0) + 2C6 ;
2Bs = H,xx (0) + 2C6
Third derivative: 6Ad = βH,xxx (0) + 6C5 ;
6As = H,xxx (0) + 6C5

Md = (EI)d

d2 wd
dx2

x=−a

d2 ws
dx2

x=−a

Ms = (EI)s

(12a)

2C6 =

(8d)

6Ad =

or

Vs
6As =
(EI)s

x=−a

x=−a

or

or

Vd
(EI)d

or

− 6Ad a + 2Bd =

− 6As a + 2Bs =

2H,xxx (0) =

Mb − Vb l
(EI)d + (EI)s

Vs − Vd
(EI)d
+ 6C5
−1
(EI)s
(EI)s

Using (11) for C5 leads to


1
(EI)d − (EI)s
Vs − Vd + Vb
H,xxx (0) =
2(EI)s
(EI)d + (EI)s

(12d)

(13a)

(13b)

or
2λ3 (C2 − C3 ) =



1
(EI)d − (EI)s
Vs − Vd + Vb
2(EI)s
(EI)d + (EI)s

(13c)

Similarly, from (12a) and (12b), we obtain

(9b)

Ms − Md Vs − Vd
(EI)d
+
a + 6C6
−1
(EI)s
(EI)s
(EI)s

(14a)

Using (12d) for C6 leads to
Md
(EI)d

(9c)

Ms
(EI)s

(9d)

H,xx (0)
=



1
(EI)d − (EI)s
Ms − Md + (Vs − Vd )a + (Mb − Vb l)
2(EI)s
(EI)d + (EI)s
(14b)

or
2λ2 C4
(10a)

Similarly, from (9b) and (8d), we obtain
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(12c)

which is the same as (7c).
Until now, we have mostly deﬁned the coefﬁcients of the polynomial P(x) (Eq. (4c)), so next we will formulate the system for the
coefﬁcients of H(x) (Eq. (4b)). Substituting β = −(EI)s/(EI)d in
(10a) and (10b)

2H,xx (0) =

Vd
− βH,xxx (0)
6C5 = 6Ad − βH,xxx (0) =
(EI)d

Vs
− H,xxx (0)
(EI)s

Md + Ms + (Vd + Vs )a
(EI)d + (EI)s

2C6 =

(9a)

From (9a) and (8d), we obtain

6C5 = 6As − H,xxx (0) =

(12b)

Substituting Md + Ms and Vd + Vs from equilibrium (1d) gives

(8b)

(8c)

Md
Vd
+
a − βH,xx (0)
(EI)d (EI)d

Multiplying (12a) by −β, adding (12b), and considering (4g)
results in

At the loaded left end, x = −a, we apply (5a) and (5b) to obtain
the following equations that determine Ad, As, Bd, and Bs:

d 3 ws
Vs = (EI)s 3
dx

Ms
Vs
+
a − H,xx (0)
(EI)s (EI)s

and from (10a), (9c), and (8c)

function: Dd = βH(0);

d 3 wd
dx3

(11)

which is the same as Eq. (6b) since Vb = Vd + Vs from the equilibrium (1d).
Similarly, from (10b), (9d), and (8c), we obtain

(7b)

Thus, two of the constants in the polynomial P(x) have been
obtained in (6b) and (7c).
The remaining two constants of the polynomial, the C7 and C8,
will be found later from the conditions at the end. Notice that this
residual part of the polynomial P(x), the C7x + C8, produces no
strain (since the strain in the Euler–Bernoulli theory is associated
with the bending moment and shearing force, which in turn are
expressed in terms of the second and third derivatives of the
displacement).
At the debond tip section, x = 0, we have continuity conditions
for ws|x=0 and the derivatives up to third order, with the function
deﬁned in (4a) for x ≥ 0 and in (5b) for x ≤ 0; same for wd|x=0
deﬁned in (4f) for x ≥ 0 and in (5a) for x ≤ 0, which gives

Vd = (EI)d

Vd + Vs
Vb
=
(EI)d + (EI)s (EI)d + (EI)s

(10b)

=



1
(EI)d − (EI)s
Ms − Md + (Vs − Vd )a + (Mb − Vb l)
2(EI)s
(EI)d + (EI)s
(14c)

Next, we impose continuity of displacement and slope of the two
domains at x = 0.
Transactions of the ASME
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Mb
(EI)d + (EI)s

which using (6b) results in
2C6 =

6C5 =

(7a)

By using (4a) and (5b) for the deﬁnitions of ws in the two
domains (x ≥ 0 and x ≤ 0, respectively), we obtain
H(0) = Ds
H,x (0) = Cs

or

C 1 = Ds

(15a)

λ(C2 + C3 ) = Cs

(15b)

or

M0 = Ms − Md + (Vs − Vd )a + (Mb − Vb l)

βC1 = Dd

or

b1 = −

(15c)

V0
M0
sin λl − 2
tanh λl sin λl
4λ3 (EI)s
4λ (EI)s

b2 = −

V0
(tanh λl sin λl + cos λl)
4λ3 (EI)s

−

M0
(sin λl + tanh λl cos λl)
4λ2 (EI)s

and
or

βλ(C2 + C3 ) = Cd

(15d)

The conditions at x = l depend on the end ﬁxity of the structure.
We shall formulate the case of a clamped end in this paper, so at
x = l, we impose the condition of same displacement and slope of
the debonded and substrate parts, in which case, the condition
ws (l) = wd (l)

(16a)

H(l) = 0

(16b)

C1 =

2b1 cos λl − b2 (sin λl + tanh λl cos λl)
1 + cos2 λl(1 − tanh2 λl)

(18a)

b2 cos λl − b1 (tanh λl cos λl − sin λl)
1 + cos2 λl(1 − tanh2 λl)

(18b)

V0
+ C3
4λ (EI)s

(18c)

M0
4λ2 (EI)s

(18d)

C3 =

C2 =

which, from (4b), becomes
C1 cosh λl cos λl + C2 cosh λl sin λl + C3 sinh λl cos λl

3

C4 =
(16c)

At this point, it is important to note that the hyperbolic cos and sin
functions can quickly become very large numbers, unlike the hyperbolic tan function, and this would make the numerical solution fail,
thus we divide by cosh λl, to obtain
C1 cos λl + C2 sin λl + C3 tanh λl cos λl + C4 tanh λl sin λl = 0
(16d)

The other constants in the H(x) are given in (11) and (12c).
Regarding the displacement ﬁeld of the debond and substrate
constants, Eq. (5), these are
From (8a)
Ds = C1 ;

ws,x (l) = wd,x (l)

(16e)

As =
(16f )

(16g)
Similarly, to avoid numerical failure, we divide by cosh λl to
obtain
C1 (tanh λl cos λl − sin λl) + C2 (tanh λl sin λl + cos λl)
+ C3 (cos λl − tanh λl sin λl) + C4 (sin λl + tanh λl cos λl) = 0
(16h)
Equations (13c), (14c), (16d), and (16h) can be solved for C1, C2,
C3, and C4. Thus, Eqs. (13a)–(14c) and (16a)–(16h) determine the
unknown constants in H(x). Also, notice that Eqs. (8a)–(8d) and
(15a)–(15d) determine the constants in wd and ws (Eqs. (5a) and
(5b)).
Let us set
V0 = Vs − Vd + Vb

Journal of Applied Mechanics

(EI)d − (EI)s
(EI)d + (EI)s

(17a)

Cd = βλ(C2 + C3 )

(19b)

Vs
;
6(EI)s

Ad =

Vd
6(EI)d

(19c)

Bd =

Md + Vd a
2(EI)d

(19d)

and from (8c), (12a), and (12b)

which, from (4b), becomes
C1 (sinh λl cos λl − cosh λl sin λl) + C2 (sinh λl sin λl + cosh λl cos λl)
+ C3 (cosh λl cos λl − sinh λl sin λl)
+ C4 (cosh λl sin λl + sinh λl cos λl) = 0

(19a)

from (10a) and (10b)

leads from (4a) and (4f) to
H,x (l) = 0

Dd = βC1

from (8b)
Cs = λ(C2 + C3 );

The condition

(17d)

the C’s in the H(x) are

leads from (4a) and (4f) to

+ C4 sinh λl sin λl = 0

(17c)

Bs =

M s + Vs a
;
2(EI)s

Finally, the remaining constants C7 and C8 in the polynomial P(x)
are determined from the boundary condition at the end, x = l.
Assuming a clamped end would require
wd (l) = ws (l) = 0;

wd,x (l) = ws,x (l) = 0

(20a)

From (4a), (4g), (16b), and (16f), these conditions become
C5 l3 + C6 l2 + C7 l + C8 = 0;

3C5 l2 + 2C6 l + C7 = 0

(20b)

Substituting (6b) and (7c) for C5 and C6 gives
Mb l
Vb l2
+
(EI)d + (EI)s 2[(EI)d + (EI)s ]

(20c)

M b l2
Vb l3
−
2[(EI)d + (EI)s ] 6[(EI)d + (EI)s ]

(20d)

C7 = −

C8 =

Notice that different end conditions at x = l would lead to a different solution. For example, a simply supported end at x = l would
require zero displacement and moment at x = l.
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βH,x (0) = Cd

(17b)

Then, in terms of

Similarly, using (4f) and (5a) for the deﬁnitions of wd in the two
domains (x ≥ 0 and x ≤ 0, respectively), we obtain
βH(0) = Dd

(EI)d − (EI)s
(EI)d + (EI)s

J-Integral

1
W = σ xx ϵxx + σ zz ϵzz + τxz γ xz ;
2
∂ui
= −σ xx ϵxx − τxz w,x
Ti
∂x

where

1
(c − es + fb )5 − (c − es )5
5


2
2
− (c − es + fb ) (c − es + fb )3 − (c − es )3
3

q1 = fb (c − es + fb )4 +

(22e)

and

1
(c + es )5 + (c − es )5
5


2
− (c + es )2 (c + es )3 + (c − es )3
3

(21b)

(22a)

For the substrate part which consists of the core and the bottom
face
2c + fb 2c
fb
=
+
Gc G fb
Gs

(22d)

q2 = 2c(c + es )4 +

We assume that the shear load creates a shear stress τxz and a
shear strain γxz = κτxz/Geq, where Geq is the equivalent shear
modulus of the section and κ is the shear correction factor, which
takes into account the nonuniform distribution of shear stresses
due to the sandwich construction throughout the entire cross
section.
The equivalent shear modulus for the section should be derived
by assuming that the constituent sections are “springs in parallel,”
as was shown in Ref. [15]. For the debonded part, which is homogeneous, the equivalent shear modulus is
Gd = G ft



E 2fb
Gs b2 (2c + fb ) Ec2
q2 −
q1
κs =
Gc
G fb
4(EI)2s

(22f )

Now, returning to the J-integral, Eq. (21a), we note that on the
vertical sides of the J-integral path
σ xx = Ei

Mi s
;
(EI)eq

τxz =

−Vi
;
A

i = d, s, b

(23a)

where Ei refers to the point in question, i.e., Ei = Ec if it is in the
core, Ei = Eft if in the top face, etc. Also, (EI)eq is the equivalent
bending rigidity of the section, for example, for the substrate part,
(EI)eq = (EI)s, for the base part, (EI)eq = (EI)b, etc.
Thus, on the BA segment (top face-left side), on which dz = −ds
(Fig. 3)
dJ =

1
σ xx ϵxx − σ zz ϵzz − τxz γ xz + τxz w,x ds
2

(23b)

(22b)

Regarding the shear correction factor, for a homogeneous
section, κ = 6/5. Thus, for the debonded part
κd =

6
5

(22c)

For a general asymmetric sandwich section, the shear correction
factor was derived in Ref. [16] from energy considerations. This

Fig. 2 J-integral path
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Fig. 3 Finite element mesh: (a) mesh at the region near the
crack tip and (b) detail of the crack tip mesh
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The J-integral is deﬁned by

∂ui
ds
(21a)
J = Wdz − Ti
∂x
Γ
ϵ
where W = 0 σ ij dϵij is the strain energy density, and Ti and ui are
the components of the traction vector and the displacement
vector, respectively. We will choose the integration path Γ =
BAA′ FED′ DCB, as in Fig. 2, that follows the outer boundary of
the structure.
It should be mentioned that the J-integral had already been
applied in Refs. [5,6] for the purpose of obtaining the energy
release rate, and we follow a similar approach in this paper by
directly applying our derived displacement ﬁeld in the J-integral
formula in order to obtain a closed form expression for the
energy release rate.
On the horizontal segments of the path, T = 0 and dz = 0, so J = 0.
We thus only have paths BA, A′ F, ED′ , and D′ C that contribute to
J. Note that ds becomes dz or −dz on these vertical paths.
On the vertical sides

formula was proven to be very effective in accounting for transverse
shear in a related buckling study [17]. For a symmetric sandwich
section, a simpler shear correction factor formula can be found in
Ref. [17]. However, notice that the substrate part is an asymmetric
sandwich section. For the substrate part, which consists only of the
core and the bottom face, the general asymmetric section formula in
Ref. [16] becomes

From a plane stress assumption, σzz = 0, and ϵxx = σxx/E, thus
dJ =

1 2
κ 2
σ −
τ + τxz w,x ds
2E xx 2Geq xz

(24)

The only dependence of JBA on the displacements is the dwd/dx at
x = −a, which is the rotation of the beam at its end. For every part of
the path, wi will only appear as a ﬁrst order derivative evaluated at a
boundary.
Similarly, for JA′ F (substrate part-left side)

 
1
M 2 s2 κ s Vs2
Vs dws
−
ds
Ei s 2 −
JA′ F =
As dx x=−a
(EI)s Gs A2s
A′ F 2
 

c−es
c−es +fb
Ms2
2
2
E fb
s ds + Ec
s ds
=
2(EI)2s
c−es
−es −c
c−es +fb
1 κs Vs2
dws
−
+ Vs
ds
(25a)
As 2Gs As
dx x=−a −es −c
which results in (for plane stress assumption)

Ms2
f2
E fb fb (c − es )(c − es + fb ) + b
JA′ F =
2
3
2(EI)s


c2
κs Vs2
Vs
−
− ws,x (−a)
+Ec 2c e2s +
3
2Gs b2 (2c + fb ) b

The shear modulus for the “original” sandwich beam is again
derived following Ref. [15]

bb = −eb + c;

ft
2

cb = −eb + c +

(26d)
fb
2

(26e)

E2fi 2 2
Ec
f c + E fi fi ci b2i + b4i
Ec i i
4

(26f )

then, the shear correction formula for the base part is given from
κb =

b2 (fb + 2c + ft )Gb
af + ac
(EI)2eq

(26g)

where
af =

ac =

 E 2fi
2
1
a4i fi − a2i a3i − b3i + a5i − b5i
3
5
4G
i
i=t,b

(26h)



Ec  Ec 5
b2
1 3
b − e3b + di c
bi − e5b − Ec i + E fi fi ci
3 i
Gc i=t,b 20
2
(26i)

Then, the corresponding contributions to the J-integral are similar
to the ones in (24) but with Mb and Vb in place of Md and Vd, respectively, and the slope at x = l instead of the one at x = −a.
Moreover, on EC, dz = ds and τxz = −Vb/A, so in keeping with the
path (Fig. 2), we obtain
1
−σ xx ϵxx + τxz γ xz − τxz w,x ds
2

For plane stress, it becomes

M 2 s2
κb Vb2
Vb dwb
ds
−Ei b 2 +
+
JEC =
2
Ab dx x=l
2G
A
2(EI)
b b
CE
b
 
eb +c
eb −c
Mb2
2
E
s
ds
+
E
s2 ds
=−
fb
c
2(EI)2b
eb −c−fb
eb −c


eb +c+ft
1 κ b Vb2
dwb
2
+ E ft
s ds +
+ Vb
A
2G
A
dx
b
b b
eb +c

(27a)

eb +c+ft
ds
x=l

eb −c−fb

(27b)
which results in

Mb2
f2
E fb fb (eb − c)(eb − c − fb ) + b
JEC = −
2
3
2(EI)b



c2
f2
+ Ec 2c e2b +
+ E ft ft (eb + c)(eb + c + ft ) + t
3
3
+

2Gb

κb Vb2
Vb
+ wb,x (l)
b
t + 2c + fb )

b2 (f

(27c)

The displacement terms are
wd,x (−a) = 3Ad a2 − 2Bd a + Cd ;
wd,x (l) = βH,x (l) + 3C5 l2 + 2C6 l

(28a)

(26c)

Regarding the shear correction factor for the “base part,” this is
again taken from the Huang and Kardomateas [16] formula for a
Journal of Applied Mechanics

di =

(25b)

and its ﬂexural rigidity will be


2
ft3
ft
2c3
(EI)b = b E ft + E ft ft
+ c + eb + Ec
+ Ec (2c)e2b
12
2
3

2 
fb3
fb
+ E fb + E fb fb
(26b)
+ c − eb
12
2

ct = eb + c +

and

dJ =

Similar relations to Eq. (25) for the J-integral had been obtained
for a crack in a homogeneous solid [5] or symmetric sandwich [6].
Although the elastic foundation model assumes that we have two
beams connected by “distributed springs,” the resulting end
moment and shear on the debonded and substrate beams, calculated
from the second and third derivatives of the displacement ﬁeld (4a),
(4b), and (4f), would involve terms of coshλl and sinhλl; such terms
would become very large and fail the numerical calculation. Alternatively, we can assume at x = l a single beam (the actual structure),
which is under the moment Mb and shear Vb. This “base” beam
will have its neutral axis at a distance eb from the mid-core line
(Fig. 1(a)), which is given by






fb
ft
+ c − E ft ft
+ c (26a)
eb E ft ft + Ec (2c) + E fb fb = E fb fb
2
2

ft + 2c + fb
ft
2c
fb
=
+
+
Gb
G ft Gc G fb

ab = −eb + c + fb ;

bt = eb + c;

ws,x (−a) = 3As a2 − 2Bs a + Cs ;
ws,x (l) = H,x (l) + 3C5 l2 + 2C6 l

(28b)
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1 12Md2 κd Vd2
−
− 2Vd b wd,x (−a)
2b2 E ft ft3 Gd ft

at = eb + c + ft ;

(23c)

Notice that for a plane strain assumption, ϵzz = 0, we would have
σzz = νxzσxx, therefore, ϵxx = (σxx − νzxσzz)/E = (1 − νzxνxz)σxx/E, and
the ﬁrst term in (23c) should be multiplied by (1 − νzxνxz).
Therefore, again for a plane stress assumption

 ft /2 
1
M 2 s2 κd Vd2
Vd dwd
−
ds
JBA =
E ft d 2 −
Ad dx x=−a
(EI)d Gd A2d
−ft /2 2
=

general asymmetric sandwich section. If we set

Using (19b), (19c), and (19d) results in
wd,x (−a) = −

Mode Partitioning

a[Md + Vd (a/2)]
+ βλ(C2 + C3 )
(EI)d

(28c)

a[Ms + Vs (a/2)]
+ λ( C 2 + C 3 )
(EI)s

(28d)

ws,x (−a) = −
Notice that

wb,x (l) = wd,x (l) = ws,x (l)

(28e)

and from (16f), H,x(l ) = 0, and using (11) and (12d)
(28f )

Since a clamped end condition was imposed at x = l, it can be
proved by using (11), (12d), and (20c) that wb,x(l ) = 0.
Finally, a closed form expression is obtained for the J-integral, J = JBA + JA′ F + JEC, by the use of (24), (27c), and (28a)–
(28f) as
J=

6Md2
Ms2 as
Mb2 ab
κd Vd2
κs Vs2
+
−
−
−
2
2
E ft b2 ft3 2(EI)s 2(EI)b 2Gd b2 ft 2Gs b2 (2c + fb )
+

2Gb

κb Vb2
Md Vd a Ms Vs a
M b Vb l
+
+
+
b(EI)d b(EI)s b[(EI)d + (EI)s ]
t + 2c + fb )

b2 (f

wd0 = lim wd (x) = Dd = βH(0) = βC1

(30a)

ft
ft
ft
ft
lim wd,x (x) = Cd = βH,x (0) = βλ(C2 + C3 )
2 x0
2
2
2

(30b)

x0

Vd2
V 2 a2
Vb2 l2
+
+ s
−
(EI)d (EI)s 2b 2b[(EI)d + (EI)s ]

ud0 =

λ
Vb
− (C2 + C3 ) βVd + Vs + C7
b
b
(29a)

and the corresponding ones for the substrate part in the limit are
ws0 = lim ws (x) = Ds = H(0) = C1

where
as = E fb fb (c − es )(c − es + fb ) +



fb2
c2
+ Ec 2c e2s +
3
3

x0

(29b)

us0 = −(es + c) lim ws,x (x) = −(es + c)Cs = −(es + c)H,x (0)
x0

= −(es + c)λ(C2 + C3 )

and
ab = E fb fb (eb − c)(eb − c − fb ) +

fb2
3

+ E ft ft (eb + c)(eb + c + ft ) +



c2
2
+ Ec 2c eb +
3

ft2
3

(29c)

and C2 and C3 are given in (18b) and (18c); moreover, C7
depends on the end conditions and is given in (20c) for the
case of a clamped end. Notice that the structure of Eq. (29a)
is similar to the one in Ref. [6]; however, Eq. (29a) gives the
energy release rate in a fully closed form manner.
Also, notice that in the J-integral approach presented, the shear is
introduced through a shear correction factor although the Euler–
Bernoulli theory does not include shear. Solving for the displacement in beam problems with the Euler–Bernoulli theory, which
gives simple closed form expressions, and subsequently accounting
for shear using a shear correction factor, is routinely used in structural mechanics (see, for example, Ref. [14]). Since any beam
theory is an approximation of the 3D elasticity, it is expected that
this would present limitations. Nonetheless, the numerical results
which will be presented subsequently justify the adequacy of this
simple approach.

ψ EF = tan−1

(30d)

We can also account for the effect of transverse shear in an
approximate way by including the shear strain γ = κV/(GeqA) in
the slope. Notice that according to Fig. 1(a), a positive shear
would create a clockwise slope. Thus, the axial displacements at
the face/core interface due to the shear, to be added to the ud0 and
us0, respectively, are
udγ = −

ft κd Vd
;
2 (Gd bft )

usγ = (es + c)

κ s Vs
[Gs b(2c + fb )]

(30e)

A mode partitioning phase angle, ψEF, based on the elastic foundation approach, may now be deﬁned from the relative crack ﬂank
opening and shearing displacements, δw and δu, respectively, at the
tip; it is deﬁned so that ψEF = 0 if only transverse (opening) displacement occurs at the beginning of the springs, x = 0 (pure mode I)
and ψEF = 900 if only axial (shearing) displacement occurs at x =
0 (pure mode II)
 
δu
(ud0 + udγ ) − (us0 + usγ )
= tan−1
(31a)
ψ EF = tan−1
wd0 − ws0
δw
or

[βft + 2(es + c)]λ(C2 + C3 ) − ((2(es + c)κs Vs )/(Gs b(2c + fb ))) − (κ d Vd /Gd b)
2 β − 1 C1
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(30c)

(31b)
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wb,x (l) = 3C5 l2 + 2C6 l + C7

The complex stress intensity factor approach was used by Suo
and Hutchinson [3] and Kardomateas et al. [1] to obtain the mode
mixity. But the approach followed in these papers, where the
complex stress intensity factor is expressed in terms of a single
load-independent parameter (the ω parameter, which is determined
numerically), cannot be applied here [18]. It is possible, though, to
express the complex stress intensity factor in terms of several
parameters (to be determined numerically) through a superposition
scheme [4–6].
We emphasize again that our goal in this paper is to provide a
closed form solution. Thus, an alternative approach for determining the mode partitioning is pursued, which makes use of the displacements. A new measure of mode partitioning will be
introduced herein, which is based on the physical meaning of
the springs in the elastic foundation approach. Notice that displacements as an alternative approach to determine mode mixity
have been used in bimaterial fracture mechanics by Berggreen
et al. [19]. However, the latter is based on the fracture mechanics
singular ﬁeld and thus it is conceptually different than our
measure of mode partitioning, which is based on the elastic foundation model.
According to the Euler–Bernoulli beam theory, the displacements
of the debonded part (notice that the positive slope is the counterclockwise) in the limit are

It should be noted that in the elastic foundation model, a crack
does not exist, instead we have beams connected by elastic
springs. Therefore, this mode partitioning is not the same as the
mode mixity in a bimaterial crack, which is based on the stress
intensity factors from a fracture mechanics approach. As already
mentioned, an alternative deﬁnition of the mode mixity based on
displacements can also be deﬁned in fracture mechanics [19] and
it is also based on the ratio of the axial versus tranverse displacements near the tip of the crack.

Rate of Energy Release by the Springs

ψ SG = tan

−1

ksh = b

Gs
c

(32b)

Therefore, a differential shear spring length da would store
energy ksh [(ud0 + udγ) − (us0 + usγ)]2 da/2, thus the corresponding
rate of energy release by the shear springs is
2
1 
GSII = ksh (ud0 + udγ ) − (us0 + usγ )
2


1
ft
(es + c)κs Vs κd Vd 2
= ksh (es + c) + β λ(C2 + C3 ) −
−
2
2
Gs b(2c + fb ) 2Gd b
(32c)
Accordingly, we can deﬁne another measure of mode partitioning, based on the energies released by the springs, ψSG, as



GSII
Gs [2(es + c) + βft ]λ(C2 + C3 ) − ((2(es + c)κs Vs )/(Gs b(2c + fb ))) − (κ d Vd /Gd b)
−1
= tan
2(β − 1)C1
GSI
cc33

Results and Discussion
Results are produced for a symmetric sandwich conﬁguration
with faces made of isotropic aluminum with Young’s modulus
Ef = 70 GPa and Poisson’s ratio νf = 0.3. The core material is isotropic aluminum foam with Young’s modulus Ec = 7 GPa and Poisson’s ratio νc = 0.32. We chose isotropic faces and core because
we shall compare our results with the commercial ﬁnite element
code ABAQUS, and this code can only calculate the stress intensity
factors, KI,II, for an interfacial crack when the two materials are
both isotropic and linearly elastic.
In all cases, the faces had a thickness of ft = fb = 2 mm and the
core had a thickness of 2c = 20 mm. The total length of the beam
was L = 500 mm. A debond of length a = 200 existed between the
top face and the core.
For comparison purpose, results from the ABAQUS FEA were
produced using isoparametric eight-node biquadratic plane stress
elements (CPS8R) to model the sandwich beam. The singular elements were used near the crack tip to include the stress singularity
(Fig. 3).
ABAQUS [20] offers the evaluation of the J-integral and stress
intensity factors via its contour integral evaluation. It uses the interaction integral method [21] to calculate the stress intensity factors
KI and KII. The mode mixity from the FEA analysis is further calculated from
 
KII
(33)
ψ FEA = tan−1
KI
It should be noticed that although ABAQUS has the option to calculate the energy release rates of modes I and II, GI and GII, respectively, through the virtual crack closure technique, the values
were widely varying depending on the mesh size at the crack tip.
Same oscillation of values has been observed at other studies of
interfacial cracks [22]. Thus, the energy release rate components,
GI and GII, cannot be used directly to estimate a related
energy-release-rate-based mode mixity from ABAQUS.
Table 1 shows the energy release rate values from the closed form
expression (29) from the present elastic foundation analysis, JEF in
Journal of Applied Mechanics

(32d)

comparison with the one computed from the ﬁnite element analysis,
and JFEA for a range of loading combinations. We have used the
subscript EF to denote results from our elastic foundation approach
and FEA to denote results from the ﬁnite element code ABAQUS. It
can be seen that there is a very good agreement. In addition, Table 1
shows the values of the normal spring energy release rate, GSI, and
the sum of the normal and shear spring energy release rate, GSI +
GSII. It can be seen that the GSI is very close to the J-integral in
all cases except when the substrate is heavily loaded (ﬁfth and
seventh cases in Table 1), in which cases the shear spring energy
release rate is needed to approach the J-integral values. In particular, case 7 in which the only load is a shear force applied to the substrate (which includes the weak core) shows that the energy
released by the shear springs is signiﬁcant in this case. In case 5,
in which a large shear is applied to the substrate (in addition to
loading the debonded part), the JFEA is noticeably larger than the
JEF, and this can also be attributed to the signiﬁcant shear
loading of the core, which can be accounted for by the energy
released by the shear springs. Notice that our elastic foundation
analysis uses a simple shear correction angle to account for the
shear contribution of the core but this is expected to be inadequate
in cases of large shear loading of the core (high-order shear analyses could be needed in such cases as has been demonstrated in
Ref. [13]).
Table 1 Energy release rates
Vd
(N)

Vs
(N)

Md
(N
Ms
mm) (N mm)

0.5
−0.5 100
1.0
−1.0 50
1.0
−1.0 100
10.0 −1.0 100
1.0 −10.0 100
0.5
0.0
0
0.0
−0.5
0
0.0
0.0 100

−100
−50
100
−100
−100
0
0
0

JEF
(N/mm)

GSI
(N/mm)

(GSI +
GSII)
(N/mm)

JFEA
(N/mm)

0.4381
0.6920
0.9880
48.66
0.8944
0.1103
3.0 × 10−4
0.1070

0.4381
0.6920
0.9871
48.80
1.034
0.1107
1.4 × 10−4
0.1068

0.4701
0.7417
1.058
52.40
1.093
0.1189
3.5 × 10−4
0.1148

0.4356
0.6859
0.9804
48.33
1.1165
0.1097
2.7 × 10−4
0.1070
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It is also very interesting to determine the energy released by the
springs when the crack grows and compare with the energy release
rate, as determined by the J-integral. Since a crack growth by da
means, in the context of the elastic foundation model, the “breaking” of a differential spring length da, we can determine the
energy stored in this differential spring element, which would be
released by the differential crack propagation da. This is kn [wd(0)
− ws(0)]2 da/2, thus the corresponding rate of energy release by
the normal springs is
1
1
(32a)
GSI = kn [wd (0) − ws (0)]2 = kn (β − 1)2 C12
2
2

Between the face and the core, in addition to the normal springs,
there are shear spring with the following simple relation providing a
very good estimate of the shear spring stiffnesses [12]

Table 2 Mode partitioning measures
Vd
(N)

Vs (N)

Md
(N mm)

Ms
(N mm)

ψSG
(deg)

ψEF
(deg)

ψFEA
(deg)

0.5
1.0
1.0
10.0
1.0
0.5
0.0
0.0

−0.5
−1.0
−1.0
−1.0
−10.0
0.0
−0.5
0.0

100
50
100
100
100
0
0
100

−100
−50
100
−100
−100
0
0
0

15.1
15.0
15.1
15.2
13.4
15.2
51.1
15.3

−26.7
−26.5
−26.6
−26.8
−23.8
−26.9
66.5
−27.0

−28.5
−28.4
−30.3
−30.8
−12.5
−31.2
56.9
−31.5
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Conclusions
Closed form expressions for the energy release rate and mode
partitioning of face/core debonds in shear loaded sandwich composites are derived. An elastic foundation approach is pursued along
with the Euler–Bernoulli theory for the four different parts of the
structure (free and joined debonded and substrate parts) with a
simple shear correction angle added. Unlike other studies in the literature, this analysis is comprehensive and includes the deformation
of the substrate part, which consists of both the core and the bottom
face, and, furthermore, the analysis is done for a general asymmetric
sandwich construction. The J-integral is used to derive a closed
form expression for the energy release rate. It is shown that the
energy release rate is very close to the differential energy stored
in the springs at the beginning of the elastic foundation, i.e., the
energy released by the “broken” differential spring element as the
debond propagates. In addition, the J-integral shows excellent
agreement with the corresponding values from a ﬁnite element analysis where the debond is considered an interface crack. The transverse and axial displacements at the beginning of the elastic
foundation (“debond tip”) are used to deﬁne a mode partitioning
measure in the context of this elastic foundation approach. A comparison with ﬁnite element results shows that this mode partitioning
measure values are close to the traditional mode mixity values of the
corresponding interfacial cracks.
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