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The entropy inequality, commonly taken as an axiom of continuum mechanics, is found to be
spontaneously violated in macroscopic granular media undergoing collisional dynamics.
The result falls within the ﬂuctuation theorem of nonequilibrium thermodynamics, which
is known to replace the Second Law for ﬁnite systems. This phenomenon amounts to the
system stochastically displaying negative increments of entropy. The focus is on granular
media in Couette ﬂows, consisting of monosized circular disks (with 10 to 104 disks of diameters 0.01 m to 1 m) with frictional-Hookean contacts simulated by molecular dynamics
accounting for micropolar effects. Overall, it is determined that the probability of negative
entropy increments diminishes with the Eulerian velocity gradient increasing, while it tends
to increase in a sigmoidal fashion with the Young modulus of disks increasing. This behavior is examined for a very wide range of known materials: from the softest polymers to the
stiffest (i.e., carbyne). The disks’ Poisson ratio is found to have a weak effect on the probability of occurrence of negative entropy increments. [DOI: 10.1115/1.4049184]
Keywords: constitutive modeling of materials, micromechanics, thermodynamics

1 Introduction
Recent works [1,2] have shown that Couette ﬂows of molecular
ﬂuids exhibit violations of the entropy inequality. In other words,
the randomly evolving entropy does sometimes have negative
increments (Fig. 1(a)), while it is a positive-valued function on
average, and its time-integral is a weakly increasing function on
average. Here, “sometimes” means randomly, while “on average”
generally means one of these three cases: (i) volume averaging;
(ii) ensemble (or statistical) averaging; and (iii) time averaging.
If the averaging is done over sufﬁciently large, respectively,
(i) volumes, (ii) ensembles, or (iii) time intervals, then the negative
increments of entropy vanish and one is back to conventional thermodynamics. The adjective “sometimes” is another way of saying
that the Second Law is spontaneously being violated—the phenomenon of these spontaneous violations has been intensively studied in
nonequilibrium thermodynamics since 1993 [3]. A word of caution:
the Second Law is commonly understood to apply to systems of
inﬁnitely many elements (e.g., atoms), but in this area, it is often
used to apply to ﬁnite systems.
The violations in question are described by the so-called ﬂuctuation theorem [4], which gives an estimate of the relative probability
of observing processes that have positive (and negative) total dissipation


P ϕt = A ± dA

 = eAt
(1)
P ϕt = −A ± dA
Here, ϕt is the dissipation function parametrized by the time t, quantifying the thermodynamic reversibility of a trajectory taken by a
thermodynamic system, and A is the value of ϕt , Fig. 1(b).
We address this question in this article: Under what circumstances do macroscopic granular ﬂows also follow the ﬂuctuation
theorem? To this end, we investigate granular media in Couette
ﬂows, consisting of monosized circular disks (with 10–104 disks
of diameters 0.01 m to 1 m) with frictional-Hookean contacts simulated by molecular dynamics accounting for micropolar effects.
A micropolar random medium model is set up to assess the
energy ﬂow and possibility of negative entropy increments. The
probability of such events is studied under several inﬂuences:
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Eulerian velocity gradient and grain elasticity. The present study
expands the very recent investigation [5], while continuing the
line of studies [6,7]. Note that a ﬂuidized granular medium was
experimentally found to display positive and negative ﬂuctuations
in the power ﬂux according to the ﬂuctuation theorem [8].
Several other systems of nonequilbrium thermodynamics are
known to formally violate the Second Law. Examples include the
formation of a critical nucleus [9] in sublimation and the negative
thermodynamic driving force for nucleation in phase transformations [10].

2 Stochastic Homogenization of a Random Granular
Medium
The granular matter evolves according to deterministic laws of
Newtonian dynamics. If we are interested in a description in
terms of just a few parameters, we need to homogenize it. What continuum description do we adopt? First, consider these two extremes:
Case 1. Number of grains N is (very) small: from a few to a few
hundred;
Case 2. Number of grains is (almost) inﬁnite: N → ∞.
In case 1, the medium’s response—e.g., the overall stress under a
prescribed Eulerian velocity gradient—displays random ﬂuctuations, which can be best described by a stochastic process. Such
ﬂuctuations are typical of mesoscale physics. In principle, albeit
with a great difﬁculty, this can be studied by physical experiments
although only computer experiments will be employed here. There
also exists a theoretical possibility of prescribing a stress state, but it
would be only doable on a computer.
Given the disorder and complexity of all the interactions, the
granular matter is taken as a random medium
BN = {BN (ω); ω ∈ Ω}

(2)

Here, B is the set of all the realizations BN(ω) parametrized by
sample events ω of the space of elementary events Ω. The parameter
N plays the role of a mesoscale δ = N 1/d in a d-dimensional
problem. We are working with planar Couette ﬂows, so d = 2.
In case 2, the ﬂuctuations tend to diminish as N increases and
they vanish as N → ∞. Determining the response as a function of
N is one of the key objectives.
Given the presence of disks’ rotations and their noncentral and
frictional interactions, the granular matter is taken as a micropolar
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medium. To carry out a scale-dependent homogenization in the vein
of Hill–Mandel condition, it will be treated as a micropolar continuum with appropriately chosen boundary conditions [11]. In the
Eulerian description, the kinematics is given through a ﬁeld with
two degrees-of-freedom and their rates [12]:
u, u̇ ≡ v
φ, φ̇ ≡ w

translation:
rotation:

(3)

In a Cartesian reference frame, in index notation, we have ui,
u̇i ≡ vi , φi , and φ̇i ≡ wi . For every BN(ω), in a continuum picture,
the ﬁelds (3) lead to a micropolar medium in which the linear
momentum, angular momentum, and energy conservation equations are as follows:
ρv̇i = τ ji , j
ρI ẇi = μ ji , j + εijk τ jk

(4)

ρu̇ = −qi ,i + τ ji vi , j + μ ji wi , j − εijk τ jk wi
Here, ρ is the mass density, I the inertia of the grain, u the internal
energy density (per unit mass), qi the heat ﬂux, dij := vi,j Eulerian
velocity gradient, τ ji the Cauchy force-stress tensor, κji := wi,j
the gradient of spin rate, and μji the couple-stress tensor; ɛijk is
the Levi-Civita symbol. Note that the last term mentioned earlier
is twice the dual vector of τ jk scalarly multiplied with the rotation.
The stress tensors are deﬁned by linear transformations from the
surface unit normal (nj) into the surface force and moment tractions
ti(n) = τ ji n j and m(i n) = μ ji n j .
Now, the Second Law may be written as an additive superposition of a reversible part (ṡ(r) ) of entropy production with an irreversible one (ṡ(i) ):
(r)

(i)

ρṡ = ρṡ + ρṡ


ρṡ(r) = − qi /θ ,i

and

(5)

ρṡ(i) ≥ 0

Next, the irreversible part is made of the thermal
ical (ρṡ(mi) ) parts:

(ρṡ(thi) )

and mechan-

ρṡ(i) = ρṡ(thi) + ρṡ(mi)
−qi (θ,i /θ) = ρṡ(thi) ≥ 0

(6)

ρϕ: = τ ji vi , j + μ ji wi , j − εijk τ jk wi = ρṡ(mi) ≥ 0
Since these relations arise from a localization procedure, all the
entropy production rates are in units of power per unit mass. The
thermal part ρṡ(thi) in Eq. (42) must be nonnegative, but its contribution to granular ﬂows under study (i.e., heating of the grains) has a
negligible effect on the dynamics of the granular medium and shall,
henceforth, be disregarded.
031010-2 / Vol. 88, MARCH 2021

In the third relation, Eq. (63), we have introduced the dissipation
function ϕ (per unit mass) which, in view of Eq. (53), must be nonnegative. Equation (63) is the Clausius–Duhem (CD) inequality of
interest to us, expressing the Second Law in the setting of micropolar continuum mechanics concepts.
If the size of the granular system (i.e., the number of grains N) is
small, there are random ﬂuctuations in the system—hence, the dissipation evolves as a stochastic process. But, is it always nonnegative? In other words, we ask: Does the inequality (63) always hold
for any aggregate of N particles?
To proceed, we recognize that each addend in Eq. (63) needs to be
treated as a volume average (denoted by an overbar as
f : = (1/V) f dV), leading us to write:
ρϕ: = τ ji vi , j + μ ji wi , j − εijk μ jk wi = ρṡ(mi) ≥ 0

(7)

Now, with the generally nonsymmetric velocity gradient tensor
deﬁned as dki := vi,k, we recall that, under the kinematic uniform
boundary condition,
vi (x) = dki0 xk

x ∈ ∂B

(8)

the applied velocity gradient dki0 equals the volume-averaged one
dki . Next, consider the volume average of τ ji vi , j ≡ τ ji d ji over a
domain B of volume V = |B| under this boundary condition:

1
D
τ ji vi , j : =
τ ji vi , j dV = τki dki0 − kL
(9)
V B
Dt
The tensor dki0 is found to be conjugate to the virial force-stress
tensor (negative of the pressure tensor) [13]
1
V



N
N
1
1
m(n) v(kn) v(i n) −
r (n) f (n)
V n=1
V n=1 k i
′

∂B

ti(n) xk dS = σ Vki : = −

(10)

where, N is the number of grains in the volume V, while N′ includes
periodic image (ghost) grains outside V when periodic boundary
conditions are used in the simulations in the following sections.
When periodic boundary conditions are not used, N′ = N. Next,
m (n), rk(n) , v(kn) , and fni are the mass, position, velocity, and force
vectors of grain n, respectively. The body B, which contains N
grains, is typically meant to be the hypothetical representative
volume element (RVE). In the present study, B signiﬁes, more generally, the randomly evolving statistical volume element (SVE).
Turning to the second term in Eq. (7), recall that, under the kinematic uniform boundary condition,
wi (x) = κ0ki xk , x ∈ ∂B

(11)

κ0ki

where
is the applied gradient of spin rate wi (≡ φ̇i ), equals
the volume-averaged one κki . Next, under the boundary
Transactions of the ASME

Downloaded from http://asmedigitalcollection.asme.org/appliedmechanics/article-pdf/88/3/031010/6624766/jam_88_3_031010.pdf by guest on 07 December 2022

Fig. 1 (a) Sample shear stress histories with evident negative excursions and (b) histograms
of shear stresses

condition (11), consider the volume average of μjiwi, j ≡ μjiκji:

1
D
μ ji wi , j : =
μ wi , j dV = μki κ0ki − kR + εijk τ jk wi
(12)
V B ji
Dt
Here, kR stands for the kinetic energy density of rotational motion,
while the (generally nonsymmetric) applied curvature–torsion rate
tensor κ 0ki is conjugate to the volume averaged couple-stress tensor

μki : =
m(i n) xk dS
(13)
∂B

ρϕ = τki dki0 −

D
D
kL + μki κ 0ki − kR
Dt
Dt

(14)

showing that the contribution of the dual vector of the Cauchy
force-stress tensor in Eq. (4) vanishes.
The Couette ﬂow is classiﬁed as a special case of the so-called
ﬁrst planar problem of
continuum mechanics with v =
 micropolar

(v1, v2, 0) and φ = 0, 0, φ3 . The velocity of the top plate is
0
h, h being the channel height), while the applied gradient
v1 (h) = d21
of spin is κ 0ki = 0. Then, the volume averaged dissipation function
simpliﬁes to
ρϕ = τki dki0 −

D
D
kL − kR
Dt
Dt

(15)

With reference to Eq. (6), computing the left-hand side of Eq. (15)
will give the mechanical part of the entropy production ρṡ(mi) (t). Just
like in molecular ﬂows [1,2] (where the micropolar effects were disregarded because of central interactions), we will now conduct computer experiments to obtain, as functions of time, each of the three
terms on the right-hand side of Eq. (15).

Fnij = kn δij nij − γn meff vnij
Ftij = −kt utij − γt meff vtij

(16)

Here, kn (kt) is the elastic constant in normal (tangential) contact, γn
(γt ) is the viscoelastic damping constants in normal (tangential)
contact, δij is the overlap distance of two particles, meff = MiMj/
(Mi + Mj) is the effective mass of two particles of masses Mi and
Mj, utij is the elastic tangential displacement, nij is the unit vector
along the line connecting the centers of two particles, and vnij (vtij )
is the normal (tangential) component of the relative velocity of
two particles. When the distance r between two particles of radii
Ri and Rj is greater than their contact distance d = Ri + Rj, there is
no force between the particles.
In all the simulated cases, the disks have the same friction coefﬁcient μ = 0.1 and 2d density ρ = 200 kg/m2 , while, as will see in
Secs. 4 and 5, several other parameters are varied.
In the Hookean model (16), kt = 2/7kn and γt = 1/2γn , where γn is
set such as to 
make
e = 0.5 for the normal restitution coefﬁcient

e = exp −γn π/ 4kn /(meff − γ2n ) . So as to capture the collisions
properly, the simulations are run at the time-step dt = tcol/50, where

−1/2
tcol = π 2kn /m − γ2n /4

(17)

Due to a ﬁnite number of disks, the system behavior exhibits
random ﬂuctuations—a typical case of stochastic mesoscale
physics, with ρϕ, being a stochastic process. A homogeneous,
deterministic ﬂuid-like behavior may (but does not need to) be
expected in the limit of an inifnite number of particles. Each simulation is run under periodic boundary conditions at the entrance and
exit ends of the channel.
Our interest is in establishing to what extent ρϕ spontaneously
becomes negative, thus signifying violation of the CD inequality.
These negative entropy increments are characterized in terms of
the probability
0
pρϕ ( x)dx, x ∈ R
(18)
P(−) : =
−∞

3 Planar Couette Flows of Disks
The aforementioned theory provides guidance for what needs to
be calculated in computer simulations of Couette-type granular
ﬂows. The ﬂows are two dimensional (2d), where the granular
matter modeled by colliding circular equisized disks is sheared
between one wall at rest and another (above it) moving at a constant
velocity (Fig. 2). The granular matter’s dynamics is simulated by
the LAMMPS package “granular” allowing adoption of contact
force models that capture the major features of granular interactions.
The disks’ interactions are modeled through a Hookean contact
model, according to which the normal and tangential forces on a

with pρϕ (·) being the probability density of the volume averaged
dissipation function ρϕ. There obviously holds the relation P (−) +
∞
P (+) = 1, where P(+) = 0 pρϕ ( x)dx is the probability of no violations, i.e., the probability of no negative entropy increments.
To assess P (−), we run LAMMPS simulations in a Monte Carlo
sense. Depending on the case, we ﬁnd P (−) > 0. These results
stand in contradistinction to the conventional continuum mechanics
view, which holds that the CD inequality is always true, i.e., that
one should have P (+) = 1 and P (−) = 0.
To gain insight into the probability of violations of the CD
inequality (7) for granular systems, we distinguish several control
parameters:

Fig. 2 (a) A realization B of a simulated granular medium at area fraction = 60% and (b) a continuum
picture of spatially homogenized Couette ﬂow. In both cases, the bottom plate is stationary and the
upper one is moving at vplate → 0.
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Note that, if kR and εijk T jk wi are disregarded in Eq. (12),
one obtains the homogenization condition of Hill–Mandel type,
μ ji wi , j = μik κ0ki , which applies to smoothing of slowly deforming
inhomogeneous inelastic media of micropolar type.
On account of the results (9) and (12), the spatial average of ρϕ
becomes

particle i due to particle j are

•
•
•
•
•

Disk diameter (d = 0.01, 0.1, 1 m)
Number of disks in a given simulation (N = 10, 24, 50, 104)
Area fraction of disks
Rate effect (top plate speed)
Disk elasticity effect

where A is any positive value of the dissipation function.

4 Rate Effects
The rate effect in a Couette ﬂow is controlled by the speed of the
top plate vplate. Here, we report what was observed as that speed
varies. The probability of negative excursions P (−) for three different size systems (N = 10, 24, 50) with the same diameter of the
disks, d = 1 m, have been go through. To investigate the effect of
0
upper plate’s speed, for each system size N simulated v plate = d21
0
h, where d21
is set in a range from 0.1 to 50 and h is the channel
height (see the Appendix, Table 1). Figure 3 shows a summary
planar graph of the output stored data. All the data that have been
archived after the system had reached the steady state. To attain
that state, the simulations have been performed for 107 dt increments with the time-step dt = tcol/50, so as to capture the collisions
properly. Simulations indicate that when the velocity of the upper
0
< 1), the granular ﬂow starts really
plate is relatively low (d21

5 Grain Elasticity Effects
Taking into account that the disk’s Young’s modulus E determines the interparticle contact stiffness, we now explore the
effect of E over the entire range of known material properties
from 0.01 GPa (rubber) to 32,100 GPa (carbyne).
Results for three different diameters of disks (d = 1 m, d = 0.1,
and d = 0.01 m), and several different system sizes N have been
archived (see the Appendix, Table 2). Figures 4–6 show graph of
P (−). In all the cases, no negative increments ρϕ have been observed
for E = 0.01 GPa, so our plots start at 0.1 GPa. We observe that,
overall, there is a sigmoidal dependence on E, with a decrease in
Young’s modulus, i.e., the softening of disks, resulting in no violations of the entropy inequality.
Finally, the investigation of grain elasticity effects is accompanied by a study of the inﬂuence of Poisson’s ratio, varying
between −1 and 0.5, on the probabilities of negative ρϕ. Overall,
Poisson’s ratio has been found to have a weak effect on P (−) over
its entire range (see the Appendix, Table 3). These results are
plotted in Figs. 7 and 8 in which the value of the probability of negative entropy increments is almost constant for the Poisson’s ratio
examined range.

6 Stochastic Thermomechanics
6.1 Random Fields. With the aforementioned results, we
return to the question asked in Sec. 2: What continuum description
do we adopt? To answer it, note that the ﬂuctuation theorem directly
involves the dissipation function ϕ. Thus, we employ the thermomechanics with internal variables (TIVs) to generalize the continuum mechanics to account for spontaneous negative entropy
increments. TIV is based on the internal (or free) energy u and
the dissipation function ϕ, which need to be taken as random

Fig. 3 Rate effects: (a) N = 10, (b) N = 24, and (c) N = 50

031010-4 / Vol. 88, MARCH 2021
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In the following sections, we will investigate the effects of the
latter three parameters. At the beginning of each simulation, the
disks are assigned random initial positions within the channel
(Fig. 2), under no-overlap condition and at the area fraction of
0.60. Since a nonequilibrium steady state is of primary relevance
in this study, each simulation is initially run for a ﬁnite transient
relaxation time tR until that state sets in. Then, we divide the total
simulation into blocks in which we determine the average values.
The nonequilibrium steady state is achieved when ﬂuctuations in
the cumulative average are no longer statistically signiﬁcant. The
system in this state is described by the asymptotic steady-state ﬂuctuation theorem


1 P ρϕ = A
=A
(19)
lim ln 
t/tR →∞ t
P ρϕ = −A

slowly, and for this reason, the simulations required to run for a relatively long time (107 dt), even if systems are very small (N = 10).
Thus, as the speed of the top plate decreases, the probability of negative entropy increments tends to increase although it does correctly
go down to zero as vplate → 0.

Fig. 5 The probability of negative entropy increments in
Couette ﬂow for a range of Young’s modulus from 0.1 GPa to
32, 100 GPa, for d = 0.1 m

Fig. 7 The probability of negative entropy increments in
Couette ﬂow for a range of Poisson’s ratio from −1 to 0.5, for
d=1m

Fig. 8 The probability of negative entropy increments in
Couette ﬂow for a range of Poisson’s ratio from −1 to 0.5, for
d = 0.1 m

The time dependence of stochastic ﬂuctuations of the volume
average ρϕ (= ρṡ(mi) ) over the channel of Couette ﬂow has recently
been investigated in Ref. [5]. With extensive sampling of
LAMMPS-generated space-time trajectories (i.e., realizations of
this random process), the covariance could be very well approximated by either the Cauchy or Dagum models [16–18]. These trajectories have a fractal dimension D ≃ 1.7 and are antipersistent:
the Hurst exponent H < 0.5.
6.2 Axioms of Continuum Thermomechanics. As outlined
in Ref. [7], the axioms (also called principles) of thermomechanics
need to be modiﬁed so as to admit negative entropy production
events. In effect, we modify the hierarchy of axioms of continuum
(thermo)mechanics theories:
Fig. 6 The probability of negative entropy increments in
Couette ﬂow for a range of Young’s modulus from 0.1 GPa to
32, 100 GPa, for d = 0.01 m

ﬁelds [14] over the material (B) and time (T = (−∞, t]) domains:
u:D × T × Ω → R,

ρϕ:B × T × Ω → R

(20)

In view of Eq. (63), we have lumped the mass density ρ and ϕ together.
For example, in the case of spontaneous violations of the Second
Law occurring in heat conduction [15], one works with ρṡ(thi) , note
Eq. (63). When a tensorial approximation of the constitutive
response is possible, the heat conductivity becomes a tensor-valued
random ﬁeld [13].
Journal of Applied Mechanics

(1) Axiom of Causality: “The future state of the system depends
solely on the probabilities of events in the past.” That is,
quoting Evans and Searles [4]: “the probability of subsequent
events can be predicted from the probabilities of ﬁnding
initial phases and a knowledge of preceding changes in the
applied ﬁeld and environment of the system.”
(2) Fluctuation theorem is derived from the Axiom of Causality [4].
(3) Upon spatial, statistical, or time averaging, the Second
Law in a conventional deterministic form is obtained as a
special case of the ﬂuctuation theorem. At that stage, the
deterministic continuum mechanics is recovered.
(4) Axiom of Determinism—saying that the present values of the
thermokinetic process (stress, heat ﬂux, internal energy, and
entropy) depend on the whole history—is dictated by points
1, 2, and 3. The choice of the thermokinetic process depends
MARCH 2021, Vol. 88 / 031010-5
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Fig. 4 The probability of negative entropy increments in
Couette ﬂow for a range of Young’s modulus from 0.1 GPa to
32, 100 GPa, for d = 1 m

on the particular physics involved and may take the form of a
classical or generalized (e.g., micropolar as in the present
study) stochastic theory.
(5) Axiom of Local Action is to be replaced by the choice of continuum model (classical or generalized), the spatial and temporal smoothing (scale dependence). Taken alone, that axiom
makes no clear reference to the microstructure of the
medium.
(6) Axiom of Equipresence (all the constitutive quantities
depend a priori on the same variables) is dropped given
that the violation of Second Law may occur in one physical
process present in constitutive relations, not all [19].

Appendix
For completeness of this article, Tables 1–3 summarizes the P (−)
(probabilities of negative ρϕ ) of simulated Couette systems for the
control parameters.
Table 1 P (−) for three different sizes systems (N = 10, 24, 50)
with the same diameter of the disks, d = 1 m
0
d21

P (−)

10

0.1
1
5
10
25
50

0.45
0.33
0.16
0.076
0.011
0.00

24

0.1
1
5
10
25
50

0.45
0.14
0.01
0.00
0.00
0.00

50

0.1
1
5
10
25
50

0.1
0.00
0.00
0.00
0.00
0.00

7 Conclusions
Couette ﬂows of macroscopic granular media randomly exhibit
negative entropy increments, just like the already studied analogous
ﬂows of molecular ﬂuids. This result, tantamount to spontaneous
violations of the entropy inequality, is described by the ﬂuctuation
theorem of nonequilibrium thermodynamics, which is known to
replace the Second Law for ﬁnite systems. The phenomenon is
understood as a stochastically occurring release of energy stored
during collisional dynamics of granular matter. As the number of
disks increases, all the ﬂuctuations go down, and hence, the probability of the violations of the entropy inequality decreases, while the
conventional Clausius–Duhem inequality is recovered.
Quantitative results are obtained through a range of simulations
in the vein of molecular dynamics (discrete element type) accounting for disk rotations and force-and-torque interactions of disks. In
each simulated case, the medium consists of monosized circular
disks (with 10 up to 104 disks of diameter 0.01–1 m) with frictionalHookean contacts. The granular matter is homogenized as a micropolar medium in the sense of Hill–Mandel condition. This homogenization delivers the energy ﬂow and, hence, the entropy evolution
as function of time.
It is found that the probability of negative entropy increments
diminishes when the Eulerian velocity gradient increases.
As the Young modulus of disks increases, the probability of negative entropy increments tends to increase in a sigmoidal fashion for
a very wide range of known materials: from the softest polymers to
the stiffest (i.e., carbyne). Conversely, the disks’ Poisson ratio is
found to have a negligible effect in this study.
Assessment of two-point statistics of any random process
requires more extensive sampling of realizations than for the onepoint statistics. Such sampling has recently been carried out on
LAMMPS-generated realizations of Couette ﬂows [5]. The covariances can be approximated by the so-called Cauchy or Dagum
models. In fact, parametric studies reveal that the space-time
entropy evolutions possess fractal dimension of D ≃ 1.7 and are
antipersistent (with the Hurst exponent H < 0.5).
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Table 2 P (−) for Young’s modulus range [0.1; 32, 100] GPa
d (m)

N

E (GPa)

P (−)

1

10
10
10
10
10
10
10

32,100
1,050
50
50
10
1
0.1

0.0806
0.083
0.076
0.076
0.049
0.001
0

0.1

10
10
10
10
10
10
24
24
24
24

32,100
1,050
50
10
1
0.1
32,100
1,050
50
10

0.179
0.212
0.186
0.01
0.003
0
0.0036
0.022
0.02
0

0.01

10
10
10
10
10
10
10
24
24
24
24
24
24
50
50
50
50
50
104
104
104
104

32,100
1,050
50
10
1
0.5
0.1
32,100
1,050
50
10
5
1
32,100
1,050
50
10
5
32,100
1,050
50
10

0.239
0.245
0.24
0.135
0.018
0.005
0
0.09
0.093
0.058
0.005
0.0015
0
0.0105
0.0132
0.012
0.001
0
0.00135
0.0015
0.0011
0
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N

Table 3 P (−) for Poisson’s ratio range [0.1; 0.5]
N

ν

P (−)

1

10
10
10
10
10

0.1
0.2
0.3
0.4
0.5

0.079
0.08
0.076
0.082
0.084

0.1

10
10
10
10
10
24
24
24
24
24

0.1
0.2
0.3
0.4
0.5
0.1
0.2
0.3
0.4
0.5

0.181
0.181
0.186
0.185
0.189
0.0189
0.0182
0.019
0.0203
0.0205
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