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ABSTRACT
A simple analytical model including both diurnal thermal forcing over sloping terrain (the ‘‘Holton’’ mechanism) and diurnally varying boundary layer friction (the ‘‘Blackadar’’ mechanism) is developed to account for
the observed amplitude and phase of the low-level jet (LLJ) over the Great Plains and to understand better the
role of each mechanism. The present model indicates that, for the pure Holton mechanism (time-independent
friction coefficient), the maximum southerly wind speed ymax occurs (depending on the assumed friction coefficient) between sunset and midnight local standard time, which is earlier than the observed after-midnight
maximum. For the pure Blackadar mechanism (time-independent thermal forcing), the present model shows
that ymax generally occurs later (closer to sunrise) than observed and has a strong latitudinal dependence. For
both mechanisms combined, the present model indicates that ymax occurs near to the observed time, which lies
between the time obtained in the pure Holton mechanism and the time obtained in the pure Blackadar
mechanism; furthermore, ymax is larger (and closer to that observed) than in each one considered individually.
The amplitude and phase of the LLJ as a function of latitude can be obtained by the combined model by allowing
for the observed latitude-dependent mean and diurnally varying thermal forcing.

1. Introduction
The warm-season nocturnal low-level jet (LLJ) over
the Great Plains of the United States (Great Plains) has
been extensively studied over the past 60 years through
observations (e.g., Bonner 1968; Whiteman et al. 1997;
Mitchell et al. 1995; Banta et al. 2002), numerical simulations (e.g., Zhong et al. 1996; Jiang et al. 2007, hereinafter J07; Parish and Oolman 2010, hereinafter P10; Rife
et al. 2010), and theoretical models (e.g., Blackadar 1957;
Holton 1967; Shapiro and Fedorovich 2009). The LLJ is a
feature of the boundary layer and is characterized by
a pronounced diurnal cycle with the maximum at night. In
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the present study, we develop a simple analytical model
that accounts for the observed amplitude and phase of the
LLJ as a function of latitude.
Two main popular theories have been proposed to
explain the occurrence of the LLJ, one centered on the
diurnal variation of boundary layer friction (Blackadar
1957) and the other focused on the diurnal heating of the
east–west sloping terrain of the Great Plains (Holton
1967).
Blackadar (1957) proposed that the supergeostrophic
LLJ frequently observed at night is a result of the inertial oscillation of the ageostrophic wind triggered
by the sudden decay of eddy viscosity after sunset. During
the daytime, turbulent vertical mixing associated with the
heated ground results in the retardation of the wind to
subgeostrophic values in the boundary layer. At sunset,
when turbulent stresses shut down because of the rapid
stabilization of the boundary layer, air parcels suddenly
accelerate horizontally. Subsequently, the Coriolis force
rotates this accelerating and frictionless ageostrophic wind
and causes an inertial oscillation with supergeostrophic
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The Holton mechanism was simplified in the studies of Bonner
and Paegle (1970) and Paegle and Rasch (1973) by accounting for
the heated slope only through the diurnal variation of the pressure
gradient. This usage is now common.

LLJ maximum and an incorrect dependence of this
timing on latitude. P10, using an idealized model, argued
that the Blackadar mechanism is mainly responsible for
the nocturnal wind maxima, and that the sloping terrain
plays a key role in the establishment of the mean flow
but plays an adverse role in the nighttime maximum
intensity of the LLJ. We note that the latter idealized
model only includes a nighttime period and does not
include the complete diurnal cycle of heating and cooling over sloping terrain.
Therefore, to reconcile some of the differing interpretations offered in the literature, it is desired to establish a simpler analytical model that spans the diurnal
cycle and includes both diurnal thermal forcing over
sloping terrain and diurnally varying eddy viscosity. Following the Bonner–Paegle approach, but representing
vertical diffusion as a linear damping and dividing a day
into only two periods with different friction coefficients,
we obtained such a simpler model and its analytical solution. This solution allows for easier access to the factors
underlying the diurnal variation of the LLJ, such as its
dependence on latitude, frictional effects, and the mean
and diurnal thermal forcing. This simple analytical model
for the diurnal cycle of the LLJ is described in section 2.
In section 3, we present solutions for three problems: the
Holton mechanism (diurnal pressure gradient, timeindependent friction coefficient), the Blackadar mechanism (time-independent pressure gradient, diurnally
varying friction coefficient), and their combination. We
also examine the sensitivity of the amplitude and phase of
the LLJ oscillation to different parameters in our model.
In section 4, we compare the results from our model to an
analysis of the LLJ from the North American Regional
Reanalysis (NARR) (Mesinger et al. 2006) and in particular discuss the meridional variation of the LLJ over
the Great Plains.

2. Description of a simple analytical linear model
a. Equations of motion
We consider the one-dimensional linear equations of
motion for frictional flow on an f plane:
›u
1 ›P
2fy 52
2au,
dt
r ›x

(2.1)

›y
1 fu 5 2ay ,
dt

(2.2)

1 ›P
2
5 F 1 F^ cosvt ,
r dx

(2.3)

where (u, y) are the wind components in the (x, y)
directions, respectively; a(t) is the diurnally varying
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winds being reached after several hours. Based on
Blackadar’s conceptual model, Shapiro and Fedorovich
(2010) established an exact analytical one-dimensional
model to describe the evolution of the nocturnal lowlevel jet after sunset. Their model takes the initial (sunset) value of the winds from a steady-state Ekman layer
having a large eddy viscosity and solves for the subsequent evolution of the flow with a much smaller eddy
viscosity typical of the night. Their solution suggests that
more intense jets are related to larger reductions in eddy
viscosity. Van de Wiel et al. (2010) extended Blackadar’s
concept to consider frictional effects within the nocturnal
boundary layer and found that the oscillation of the wind
speed profile is around the nocturnal equilibrium wind
vector instead of the geostrophic wind vector. In these
theories, the interest is confined to the development stage
(after sunset) of the LLJ and the solutions do not apply
past sunrise.
The theory proposed by Holton (1967) stressed the
important role of thermal forcing in the diurnal oscillation of the boundary layer wind above sloping terrain.
Holton (1967) derived viscous momentum and diabatic
thermodynamic energy equations with time-independent
eddy viscosity and heat conductivity, respectively, for a
stably stratified sloping boundary layer and obtained diurnally periodic solutions for the wind oscillation. However, the results did not correctly predict the observed
phase of the diurnal oscillations.
Since these two well-known theories alone could not
adequately explain the observations, Bonner and Paegle
(1970) represented diurnal thermal forcing over sloping
terrain (the ‘‘Holton’’ mechanism) through a diurnally
varying geostrophic wind in combination with a diurnally
varying eddy viscosity (the ‘‘Blackadar’’ mechanism) and
obtained a better reproduction of the observed LLJ over
the Great Plains. They noted that the amplitude of the
oscillation in their solution is fairly sensitive to the timevarying geostrophic wind and viscosity, but they did not
discuss in detail the response to varying parameters for
the two mechanisms and their relationship to each other.
Paegle and Rasch (1973) further discussed the threedimensional features of diurnally varying boundary layer
flows using the combined model.
J07, using an atmospheric general circulation model
(AGCM), found that the LLJ can be generated by either
the Blackadar or the Holton1 mechanism but that either
mechanism alone produces an unrealistic timing of the
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TABLE 1. Nondimensional parameters for the linear model.
Control
parameter

t
a
b
«
^«

«5

F

,
^
jFj 1 jFj

Nondimensional amplitude of diurnal
^
^
east–west pressure gradient F/(jFj
1 jFj)

(

It is convenient to nondimensionalize variables as
0
1
v
A,
U 5 u~ 1 i~y , (~
u, ~y ) 5 (u, y)@
^
jFj 1 jFj
f
a5 ,
v

Nondimensional wind component in x direction
^
uv/(jFj 1 jFj)
Nondimensional wind component in y direction
^
yv/(jFj 1 jFj)
Nondimensional time vt
Ratio of inertial to diurnal frequency f /v
Ratio of friction coefficient to diurnal frequency a/v
Nondimensional mean east–west pressure
^
gradient F/(jFj 1 jFj)

~y

b. Nondimensional equations

a
b5 ,
v

Description

u~

U5

U1

for

np # t # (n 1 1)p

U2

for

(n 1 1)p # t # (n 1 2)p

n 5 0, 2, 4, 6, . . . .
Continuity of the velocity at sunrise and sunset requires that

t 5 vt,
«5
^

F^
^
jFj 1 jFj

.

U1 (np) 5 U2 (np 1 2p)

(2.5)

U1 (np 1 p) 5 U2 (np 1 p) ;

(2.6)

and

With these definitions and (2.3), (2.1) and (2.2) reduce to
the single complex nondimensional equation
dU
1 (b 1 ia)U 5 (« 1 ^
« cost, 0):
dt

the solution of (2.4) is
(2.4)

The physical meaning of the above-mentioned nondimensional parameters in (2.4) is given in Table 1.
Considering the significant difference of eddy viscosity between daytime and nighttime, we set
(
np # t # (n 1 1)p
b1 for
,
b5
b2 for (n 1 1)p # t # (n 1 2)p

U1, 2 5 UForced 1 UFree ,
1, 2

where t 5 (n 1 1)p is considered to be sunset (1800 LST)
when the diurnal pressure gradient force (^
« cost) reaches
its (negative) minimum value.2

c. Analytical solutions
The periodic solutions to (2.4) are similarly divided into
daytime and nighttime intervals,

Sunset in summer is at about 2000 LST. However, 1800 LST is
reasonable for the (negative) minimum pressure gradient force.

1, 2

(2.7)

where
UForced (t) 5
1, 2

«
b1, 2 1 ia
"
#
«
^
eit
e2it
1
1
2 b1, 2 1 i(a 1 1) b1, 2 1 i(a 2 1)

n 5 0, 2, 4, 6, . . . ,

2

,

(2.8)
and
UFree (t) 5 C1 e2(b1 1ia)(t2np) ,
1, 2

C2 e2(b2 1ia)(t2np2p).
(2.9)

Applying the conditions (2.5) and (2.6), we have
UForced (np) 1 C1 5 UForced [(n 1 2)p] 1 C2 e2(b2 1ia)p
1

2

(2.10)
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frictional coefficient; P is the pressure; r is the density of
air; f is the Coriolis parameter; and v is the diurnal
frequency (52p day21). Following Haurwitz (1947) and
Schmidt (1947) in their classic studies of the sea breeze,
the frictional force (per unit mass) has been simplified to
(2au, 2ay). The pressure gradient force (per unit mass)
in the x direction is composed of a mean (F) and a diurnally varying (F^ cosvt) contribution. The diurnally
varying part of the pressure gradient is associated with
the diurnally varying east–west temperature difference
over the sloping terrain of the Great Plains; the pressure
gradient in the y direction is neglected in the present
study (as in P10). A recent paper by Pu and Dickinson
(2014) includes this effect and is briefly discussed in the
summary.
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and
UForced [(n 1 1)p] 1 C1 e2(b11ia)p
1

5 UForced [(n 1 1)p] 1 C2 .

(2.11)

2

Using (2.8) and solving for the unknown constants
gives
C1 5

(2.12)

^ 1 e2(b1 1ia)p ]
2E[1 2 e2(b1 1ia)p ] 1 E[1
,
1 2 e2(b1 1b2 12ia)p

(2.13)

and
C2 5

FIG. 1. The diurnal variations of y with different b0 values for
the Holton mechanism. The setting of the parameters is F ﬃ
25:8 3 1024 m s22 , F^ ﬃ 1:7 3 1024 m s22 , and a 5 f /v 5 1:15 (latitude 358N).

where

^«
1
1
1
E^ 5
2 b2 1 i(a 1 1) b2 1 i(a 2 1)

1
1
2
2
b1 1 i(a 1 1) b1 1 i(a 2 1)

(2.14)

and

E5«

(3.1)

(2.16)

The solution here is a combination of steady Ekman
balance (first term on the rhs) plus the time variation
forced at the diurnal frequency; that is, there are no inertial oscillations. By the definitions given above, we have

(2.17)

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
«b0
b20 1 1
1^
«
cos(t 2 f) ,
u~ 5 2
2
b0 1 a
(a2 1 b20 2 1)2 1 4b20

1

and
2(b2 1ia)(t2np2p)

U2 (t) 5 UForced (t) 1 C2 e

for

(2.15)

The solution is therefore
U1 (t) 5 UForced (t) 1 C1 e2(b11ia)(t2np)



«
«
^
eit
e2it
1
1
b0 1 ia 2 b0 1 i(a 1 1) b0 1 i(a 2 1)

np # t # (n 1 2)p .



1
1
2
.
b2 1 ia b1 1 ia

U(t) 5

(3.2)

2

with the definitions (2.8), (2.12), and (2.13).

where f 5 tan21 [(2a2 1 b20 1 1)/b0 (a2 1 b20 1 1)]
and

3. Discussion of the analytical solution

«a
«a
^
~y 5 2 2
2 qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ sin(t 1 c) ,
b0 1 a2
2
2
(a 1 b 2 1)2 1 4b2

The analytical solution of the present simple model is
used to discuss three problems: the Holton mechanism
(diurnal pressure gradient, time-independent friction coefficient), the Blackadar mechanism (time-independent
pressure gradient, diurnally varying friction coefficient),
and their combination.

a. Problem 1: The Holton mechanism
Since Holton (1967) described the nature of the LLJ
as a response to the diurnal heating and cooling of
sloping terrain with constant viscosity in time, we set
b1 5 b2 5 b0 in (2.16) and (2.17) for this problem. The
solutions (2.16) and (2.17) reduce to

0

0

(3.3)
where c 5 tan21 [(a2 1 b20 2 1)/2b0 ].
Based on the time-mean geostrophic wind y g ; 7 m s21
and the amplitude of the diurnally varying geostrophic
wind ^y g ; 2 m s21 at a latitude of approximately 358N
(Fig. 3b of P10), we estimate F ﬃ 27 m s21 3
(8:3 3 1025 s21 ) ﬃ 25:8 3 1024 m s22 and similarly F^ ﬃ
« 5 2/ 9) to obtain dimensional
1:7 3 1024 m s22 (« 5 27/ 9, ^
velocities and consider the case a 5 f /v 5 1:15. Figure 1
shows the diurnal variations of y with different friction
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^ 1 e2(b2 1ia)p ]
E[1 2 e2(b2 1ia)p ] 1 E[1
1 2 e2(b1 1b2 12ia)p
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b. Problem 2: The Blackadar mechanism
Blackadar (1957) proposed that nocturnal supergeostrophic winds are due to an inertial oscillation induced by the reduction in eddy viscosity at sunset without
considering the diurnal thermal effect. To represent this
mechanism, we set ^
« 5 0 in (2.16) and (2.17) for the
Blackadar problem. The solutions (2.16) and (2.17)
reduce to
"


1
1
1
1
2
U1 (t) 5 «
b1 1 ia
b2 1 ia b1 1 ia
#
1 2 e2(b2 1ia)p 2(b 1ia)(t2np)
for
e 1
3
1 2 e2(b1 1b2 12ia)p

FIG. 2. The diurnal variations of y at different latitudes for the
Blackadar mechanism. The setting of the parameters is F ﬃ
25:8 3 1024 m s22 , b1 5 1:6, and b2 5 0:2. The thick black curve for
408N shows the approximation (3.7) for the nighttime.

and frictional damping as a result of the transitions from
daytime to nighttime Ekman solutions.
Based on the magnitude of the vertical diffusion coefficient (K ’ 1 m2 s21 at nighttime and K ’ 120 m2 s21
during the daytime from Fig. 7 of J07), we set b1 5
a/v 5 (K›2 /›z2 )/v 5 (K/d2 )/v 5 [(120 m2 s21 )/(1 km)2 ]/
(7:26 3 1025 s21 ) ’ 1:6 and b2 5 [(1 m2 s21 )/(0:25 km)2 ]/
(7:26 3 1025 s21 ) ’ 0:2, where the boundary layer height
scale d is 1 km during the daytime and 0.25 km at night.
For b1;O(1), the ratio [12e2(b11ia)p]/[12e2(b11b212ia)p]’1
and therefore (3.5) can be simplified to
"
#
b2
0
1D sin(at 1 u)
(3.6)
u~2 ﬃ « 2
b2 1 a2
and

np # t # (n 1 1)p

(3.4)

and
"



1
1
1
U2 (t) 5 «
2
2
b2 1 ia
b2 1 ia b1 1 ia
1 2 e2(b1 1ia)p 2(b 1ia)[t2(n11)p]
e 2
3
1 2 e2(b1 1b2 12ia)p

#
for

(n 1 1)p # t # (n 1 2)p .
(3.5)
The solution here is composed of the steady Ekman
solution (first terms on the rhs) plus the inertial oscillation

"

#
a
0
~y 2 ﬃ « 2 2
1D cos(at 1 u) ,
b2 1 a2

(3.7)

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
0
where D 5 (b1 2 b2 )e2b2 t / (b21 1 a2 )(b22 1 a2 ), u 5
tan21 [(a2 2 b1 b2 )/a(b1 1 b2 )], and t 0 5 t 2 (n 1 1)p.
Inspection of (3.6) and (3.7) reveals several important
features of the solution. First, the amplitude of the inertial
oscillation D is proportional to the day–night difference in
friction coefficients (b1 2 b2 ) and inversely proportional
to the latitude parameter a. Second, the period of the
oscillation is inversely proportional to a. Figure 2 shows
y(t; a) from (3.4) and (3.5); inspection of the solution in the
sunset-to-sunrise interval shows that the solution is characterized by an inertial oscillation of decreasing period
and amplitude with increasing latitude as expected from
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coefficients b0 from the analytical solution [(3.3)].
Inspection of the phase function c(a, b0 ) in (3.3) indicates that the maximum y (y max ) occurs at sunset for
either very small or very large friction coefficients; however, at intermediate values of b0 , it can be shown that
canﬃ be found by
y max occurs much later. The latest time
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
setting ›c/›b0 5 0, which gives b0 5 a2 2 1 ’ 0:6 for the
case illustrated in Fig. 1. Hence, the latest time for the jetspeed maximum (;2300 LST) is earlier than the observed maximum (;0100 LST; P10; J07). This result of
our simple model is consistent with the statement in
Holton (1967) that the phase of the observed oscillation
lags the phase of that from his model by 2 or 3 h. The
present 1D model derives from original studies of the sea
breeze by Haurwitz (1947) and Schmidt (1947). In those
studies the along-coast flow is found to be at its maximum
(in midlatitudes) when the imposed diurnally varying
cross-coast pressure gradient force is at its (negative)
minimum (at sunset); friction was found to postpone the
maximum until after sunset, consistent with the present
results.
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FIG. 4. The diurnal variations of y with different b2 values at 358N
for the Blackadar mechanism. The setting of the parameters is F ﬃ
25:8 3 1024 m s22 , a 5 f /v 5 1:15 (latitude 358N), and b1 5 1:6.

(3.7). The approximated 408N curve (3.7) in Fig. 2 (thick
black line) shows that the approximation leading to (3.7)
is excellent. The approximation (3.7) is similarly good at
the other latitudes (not shown).
Figure 3 shows that the timing and amplitude of y max is
sensitive to the daytime friction coefficient b1 (for fixed
b2 ), whereas Fig. 4 shows that it is primarily the amplitude of y max that is sensitive to nighttime friction coefficient b2 . Considering the limiting case over the Great Plains
in which b2  b1 ; a ; O(1), (3.7) further reduces to
2
3

change in friction coefficient between day and night gives
different daytime and nighttime Ekman solutions; the
difference between these Ekman solutions, embodied in
(2.15), sets the ageostrophic wind at sunset.
To illustrate the latter point, Fig. 3 shows that from
approximately noon to sunset, the solution is nearly steady
for a large b1 , as can be seen by the exponential-decay term
that multiplies the oscillatory part of the daytime solution
[(3.4)]. This interval of a nearly steady solution is consistent with the study by Shapiro and Fedorovich (2010) in
which the initial velocities for the nighttime solution are
taken from assumed steady-state daytime values.

b1
0
«6
7
y(t 0 ) ’ 2 41 2 qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e2b2 t cos(at 0 1 u)5;
a
2
2
b 1a
u 5 tan21

 
a
.
b1

c. Problem 3: Combination of the Holton
and Blackadar mechanisms

1

(3.8)

Equation (3.8) indicates that the maximum amplitude of
the southerly flow and its latest time occur for the largest
b1 , consistent with Fig. 3. It also shows that the amplitude
of the nighttime peak wind is exponentially damped by b2
without changing its timing, consistent with Fig. 4.
The original Blackadar model (and its descendants)
considers an initial-value problem, with the initial (sunset) ageostrophic velocity given, the geostrophic velocity
fixed in time, and no frictional effects. The frictional effects are assumed to have taken place in the daytime and
acted to produce a large ageostrophic imbalance that,
upon the reduction of the frictional effects at sunset, is free
to evolve. In diurnally periodic solutions, such as those
presented here, the ageostrophic velocity at sunset is part
of the solution; the geostrophic velocity and friction coefficients (b1 , b2 ) are given. In the present Blackadar case
(b1 . b2 ), the geostrophic wind is constant; however, the

In this problem, we consider both the Blackadar and
Holton mechanisms together [(2.16) and (2.17)]. Figure 5
shows that ymax occurs around 0100 LST, which is between the time obtained in the pure Holton mechanism
(;2200 LST) and the time obtained in the pure Blackadar mechanism (;0300 LST); furthermore, the magnitude of y max is larger in the combined case (and closer
to observed values; see below) than in either one individually. With diurnally varying viscosity and diurnal
thermal forcing, both the phase and magnitude of the
LLJ are more similar to the LLJ from previous studies
(e.g., J07; P10) or NARR data (Fig. 7) than with either
mechanism in isolation.

4. Latitudinal variation of the LLJ
The long-term (1979–2001) summertime (June–
August) NARR with high spatial (32-km horizontal grid,
45 layers) and temporal (3 hourly) resolution (Mesinger
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FIG. 3. The diurnal variations of y with different b1 values at 358N
for the Blackadar mechanism. The setting of the parameters is F ﬃ
25:8 3 1024 m s22 , a 5 f /v 5 1:15 (latitude 358N), and b2 5 0:2.
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et al. 2006) is used to analyze the climatological characteristics of the LLJ, including the latitudinal variation of
its diurnal phase and amplitude. This dataset has been
used in other similar studies (Pu and Dickinson 2014; J07)
and has a longer period of record than any other analysis
(e.g., the Rapid Update Cycle analysis). J07 found that

925 hPa was a good level for the NARR LLJ maximum
(see Figs. 1b and 4a of J07). As shown in Fig. 6, a strong
southerly wind at 925 hPa is located over the Great
Plains. In the present study, we focus on the region 308–
408N, 958–1008W, shown by the box in Fig. 6. Figure 7
shows the latitudinal variation of the diurnal phase and
amplitude for the meridional wind y in the analysis box.
The southerly jet maximum y max occurs around 0200
LST from 308N to 408N and its maximum amplitude is
located at about 348N, which is also consistent with the
AGCM from the study of J07.
Next, we use our simple model to account for this
observed amplitude and phase of the LLJ as a function
of latitude.
First, we consider simple situations in which F and F^ are
constant with latitude (F ﬃ 25:8 3 1024 m s22 and F^ ﬃ
1:7 3 1024 m s22 ). For the Blackadar solution, the time
phase of the ymax (solid blue line in Fig. 8) exhibits a significant latitudinal shift; y max occurs earlier at higher latitudes [because of the shorter inertial period (2p/f ) as
mentioned in section 3b]. Figure 9 (solid blue line) shows
that y max decreases with latitude. These features are
generally consistent with Fig. 8c in J07. For the Holton
solution, there is a weak temporal shift with a latitude of
approximately 1 h in the time of ymax (solid black line in
Fig. 8) compared to a corresponding approximately 2.5-h
shift for the Blackadar solution, whereas the magnitude of

FIG. 6. Horizontal distribution of the averaged 925-hPa wind vectors and the meridional wind
speed (shaded; m s21) from NARR during the summer (June–August) during 1979–2011. The
blue rectangular box indicates the LLJ analysis box.
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FIG. 5. Comparison of the diurnal variations of y among the
Holton mechanism (green), the Blackadar mechanism (blue), and
their combination (red). The setting of the parameters is F ﬃ
25:8 3 1024 m s22 , F^ ﬃ 1:7 3 1024 m s22 , a 5 f /v 5 1:15 (latitude
358N), b0 5 0:9, b1 5 1:6, and b2 5 0:2.
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y max (solid black line in Fig. 9) does not change with latitude. Note, however, that ymax decreases with latitude in
the modeling of J07 (their Fig. 8b). In the combined solution (solid red line in Figs. 8 and 9), the time of ymax still
exhibits a latitudinal shift and the magnitude decreases
with latitude, which is not consistent with the NARR data
(Fig. 7) and the results from J07.
To correctly reproduce the phase and qualitative
changes of amplitude of the LLJ as a function of latitude, next we take into account the variation of F and F^
with latitude. Figure 10 shows the latitudinal variation of
the daily-mean pressure gradient force (g›Zg /›x, where
Zg is geopotential height) and the difference between
the maximum and minimum pressure gradient forces in
a day [(g›Zg /›x)max 2 (g›Zg /›x)min ] at the 925-hPa level
averaged along the x axis of the blue box in Fig. 6 from
the NARR data. As shown in Fig. 10, the NARR data
during the summer season suggest that F increases with
latitude from 308 to 378N and slightly decreases from 378
to 408N, whereas F^ decreases with latitude from 308 to
408N. According to these variations, we let F and F^ vary
with latitude in our model and obtain modified results in
the Holton, Blackadar, and combined problems. For the
Holton solution, y max (dashed black line in Fig. 9) is
essentially constant from 308 to 348N and then decreases
^ which is
from 348 to 408N because of decreasing F,
consistent with Fig. 8b of J07.
For the Holton or the Blackadar solutions considered
individually, the latitudinal dependence of the time of
y max (dashed black and blue lines in Fig. 8) is independent
^ because each soof the latitudinal variation of F and F,
lution has a distinct frequency (diurnal in Holton, Coriolis

FIG. 8. Latitudinal variations of the time of ymax (averaged along
the x direction of the blue box in Fig. 6) for the Blackadar mechanism (blue), the Holton mechanism (black), and their combination
(red). Solid and dashed lines indicate constant and latitudinally
varying F, respectively. Note that black and blue dashed lines are
covered by the black and blue solid lines, respectively.

in Blackadar). However, in combination, the latitudinal
dependence of the time of y max (dashed red line in Fig. 8)
changes and in fact is weaker (the maximum occurs at
around 0200 LST) and y max (dashed red line in Fig. 9)
peaks near 348N in the combined solution because of the
coexistence of both diurnal and inertial time variations in
(2.16) and (2.17). The features of the combined solution,

FIG. 9. Latitudinal variations of ymax (averaged along the x direction of the blue box in Fig. 6) for the Blackadar mechanism
(blue), the Holton mechanism (black), and their combination (red).
Solid and dashed lines indicate constant and latitudinally varying F,
respectively.
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FIG. 7. Latitudinal variation of the diurnal variation of y at the
925-hPa level (shaded; m s21) (averaged along the x direction of the
blue box in Fig. 6).
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given by the dashed red lines in Figs. 8 and 9, are consistent with the NARR data (Fig. 7) and the results from J07.
^ for the winter
The corresponding values of (F, F)
season (December–February) are shown in Fig. 10 to be
much weaker than the summer values; therefore, the
present model, which has the weaker dimensional veloc^
is consistent with the
ities (u, y) 5 (~
u, ~y )[(jFj 1 jFj)/v],
observation that the southerly LLJ is most pronounced
during the summer season (Whiteman et al. 1997; Mitchell
et al. 1995; Song et al. 2005).
The present simple model suggests that the LLJ over
the Great Plains has a diurnal variation with a maximum
(y ’ 10 m s21 ) around 0100 LST and is the result of the
combination of the Holton mechanism (y ’ 5 m s21 ,
2200 LST) and the Blackadar mechanism (y ’ 8 m s21 ,
0300 LST). The Blackadar mechanism results in the latitudinal shift of the time of y max , but the combined
mechanism with varying F and F^ counteracts the degree
of shift. The Blackadar mechanism also leads to a larger
amplitude of the LLJ at lower latitudes, but varying F and
F^ with latitude as observed gives a maximum amplitude
near 348N. Therefore, the observed amplitude and phase
of the LLJ as a function of latitude can be reproduced in
our simple model in which both Blackadar and Holton
mechanisms are introduced with latitudinally varying F
^
and F.

5. Summary
The inertial-oscillation theory proposed by Blackadar
(1957) and diurnal heating over the sloping terrain

proposed by Holton (1967) are the two main theories for
the LLJ over the Great Plains. To understand more
precisely the role of each mechanism in the diurnally
varying LLJ and its dependence on latitude, boundary
layer friction, and the mean and diurnal pressure gradients, a simple analytical one-dimensional linear model is
developed including both diurnal thermal forcing over
sloping terrain and a diurnally varying friction coefficient.
Considering the significant difference of boundary
layer friction between daytime and nighttime, the periodic solutions are similarly divided into daytime and
nighttime intervals with conditions on the continuity of
the velocity at the transitions: U1 (t) is the daytime solution with large friction coefficient b1 and U2 (t) is the
nighttime solution with small friction coefficient b2 .
With the analytical solutions of the present model, three
problems are discussed.
1) The Holton mechanism (diurnal thermal forcing,
time-independent friction coefficient): with increasing friction the jet speed maximum y max decreases
and shifts in time to between 1800 and 2300 LST,
which is earlier than the observed maximum.
2) The Blackadar mechanism (constant thermal forcing, diurnally varying friction coefficient): y max occurs earlier at high latitudes than at low latitudes
because of the shorter inertial period. The magnitude
and timing of y max are sensitive to the daytime friction
coefficient, whereas primarily its magnitude is sensitive to the nighttime friction coefficient.
3) The combined mechanisms (diurnal thermal forcing,
diurnally varying friction coefficient): y max occurs
(;0100 LST) between the time obtained in the pure
Holton mechanism (;2200 LST) and the time obtained in the pure Blackadar mechanism (;0300 LST);
furthermore, its magnitude is larger than in either
one individually and closer to the observed values.
The amplitude and phase of the LLJ as a function of
latitude can be reproduced in the present model with
^ The maximum diurnal
latitudinally varying F and F.
amplitude of the LLJ occurs around 348N and is mainly
due to the variation of F and F^ with latitude. The
Blackadar mechanism leads to the latitudinal shift of the
time of y max , but the combination of the two mechanisms with varying F and F^ counteracts the degree of
shift.
Blackadar (1957) suggested in his paper that the height
of the maximum LLJ winds would be expected to rise
overnight toward sunrise as the height of the nocturnal
inversion rises. A 2-yr study (Mitchell et al. 1995) using
wind profiler observations confirmed this (about 100–
200-m height variations of the jet location). As our model
is 1D, it cannot have this effect.
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FIG. 10. Latitudinal variations of the mean pressure gradient force
(blue; m s22) and the difference between the maximum and minimum pressure gradient forces in a day (green; m s22) from the
NARR data (averaged along the x direction of the blue box in Fig. 6)
during the summer (solid) and winter (dashed) seasons.
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This simple analytical model is applied to explain
the LLJ over the Great Plains in this study. In the
future, features of LLJs over other regions of the
world will be studied with this model. Du et al.
(2012), using a wind profiler radar, found that the
low-level jet in Shanghai (near the eastern coast of
China) exhibits pronounced diurnal variations in the
boundary layer. It is noted that the diurnal thermal
contrast of coastal regions is similar to sloping terrain, so it will be interesting to study coastal jets with
the present model. Furthermore, Pu and Dickinson
(2014), using a two-dimensional (x–y), one-layer
linear model, showed that diurnal oscillation of the
LLJ over the Great Plains contributes to the diurnal
phasing of the vertical motions (and thus to precipitation). Du et al. (2014), in an analysis using the Weather
Research and Forecasting (WRF) Model to simulate the
warm-season climatology of the LLJ in China, also suggested that the eastward propagation of precipitation east
of the Tibetan Plateau (TP) is closely related to the diurnal variation of the LLJs. It will be of interest to see
whether the simplified models proposed here and in Pu
and Dickinson (2014) can describe the LLJ and its relation to the diurnal precipitation features in other geographical contexts.
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