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Grammar-based design is typically a gradual process; incremental design changes are performed until a problem statement has been satisﬁed. While they offer an effective means for
searching a design space, standard grammars risk being computationally costly because of
the iteration required, and the larger a given grammar the broader the search required.
This paper proposes a two-tiered design grammar that enhances the computational
design generation with generalized heuristics to provide a way to more efﬁciently search
a design space. Speciﬁcally, this two-tiered grammar captures a combination of heuristic-based strategic actions (often observed in human designers) and smaller-scale modiﬁcations (common in traditional grammars). Rules in the higher tier are abstract and
applicable across multiple design domains. Through associated guiding heuristics, these
macrorules are translated down into a sequence of domain-speciﬁc, lower-tier microrules.
This grammar is evaluated through an implementation within an agent-based simulated
annealing team algorithm in which agents iteratively select actions from either the
higher tier or the lower tier. This algorithm is used in two applications: truss generation,
which is commonly used for testing engineering design methods, and wave energy converter
design generation, which is currently a relevant research area in sustainable energy production. Comparisons are made between designs generated using only lower-tier rules
and those generated using only higher-tier rules. Further tests demonstrate the efﬁcacy
of applying a combination of both lower-tier and higher-tier rules.
[DOI: 10.1115/1.4044694]
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1 Introduction
Exploration of designs within a solution space can be a tedious
iterative task for human designers. Alternatively, computational
systems can be automated to rapidly navigate through and evaluate
problem solutions. The trade-off in automated computational
design, however, is that computational systems allow much faster
solution search but typically lack the expertise-driven search methodologies, known as heuristics, of human designers. This research
aims to reduce this trade-off by providing computational design
systems with an approach that incorporates the generalizations of
these heuristics. To accomplish this, adaptations are made to the traditional grammar-based solution search, which incrementally alters
a design based on a list of predeﬁned valid changes. Our proposed
approach divides the list of valid changes, known as a ruleset, into
two separate tiers, one that contains traditional incremental design
changes and one that contains heuristics-inspired changes.
1.1 Heuristics in Design. Through experience, human designers often adopt “rules of thumb,” which improves their performance
and efﬁcacy across the design process. These rules, referred to as
heuristics, provide shortcuts or guidance that help the designers efﬁciently search the design space. In an observational design study,
Yilmaz and Seifert [1] demonstrated that heuristic-based strategies
allow for a wide variation of solutions to a given problem. They
noticed a signiﬁcant use of design heuristics in experts during
concept generation, which enhanced creativity and was beneﬁcial
for a novel solution search. Taking advantage of heuristics permits
designers to efﬁciently locate high-quality problem solutions.
Unfortunately, it is unlikely that inexperienced designers have
fully developed their own set of personal heuristics for an efﬁcient
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design generation. Cross [2] noted that experts can process larger
quantities of information in a familiar domain than novices. He
further remarked that experts possess knowledge which helps
them recognize underlying principles in a given design problem,
while novices tend to focus on surface features. Similarly, Ahmed
et al. [3] saw that novice designers tend to search locally within a
problem’s design space, as expansive search is limited by their
lack of heuristic strategies. Due to a lack of experience-derived
strategies, this novice design method resembles a trial-and-error
approach. Novices do not fully possess the thoughtfulness and efﬁcient methodology required to make broad searches, therefore constraining design exploration. This contrasts the observed tendencies
of experts, who combine sequences of design activities together and
execute them sequentially as a heuristic strategy. These heuristicdriven sequences of actions allow for rapid problem-solving
across a wide design space area.
Inexperienced human designers can nonetheless take advantage
of generalized heuristics for concept generation. Studies have
tasked novice designers with incorporating high-level, abstract heuristics into their problem-solving process. For a given design task,
Daly and Christian [4] observed a positive correlation between
clear heuristic use and a high level of creativity in novice-produced
concepts. Concepts that omitted heuristic use were much lessdeveloped and resembled currently existing products and ideas.
That study further showed that a heuristic use in beginners
created search patterns similar to those seen in experts, as the application of these abstract design changes led designers to considerably distant solution regions of the design space. Kramer et al. [5]
expanded on this work showing that there is a potential for generalized heuristics to be applied across various applications. These
studies suggest that heuristics can have value even when utilized
by those with limited domain experience.
The early stages of design are critical in shaping the ﬁnal product
of the full design process, as later stages build upon prior stages [6,7].
For this reason, studies have analyzed strategies and tools designed
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1.2 Graph Grammars. Graph grammars enable the generation and modiﬁcation of potential solutions to engineering problems. These grammars are a tool in which physical systems are
represented as a layout of connections and nodes containing information on the parameters of a corresponding object [18–21]. Design
changes are made through the addition, removal, and manipulation
of nodes and connections using deﬁned rules, with the list of all
available rules known as a ruleset. Through a sequence of applied
rules, solutions evolve to meet the requirements of a speciﬁed
design problem.
Creation of a graph grammar involves deﬁning the vocabulary as
it applies to a design task, establishing a valid ruleset, deﬁning an
initial design and then generating designs using the available
rules [19]. The language, speciﬁcally the vocabulary and ruleset,
can be modiﬁed repeatedly to allow changes in how and where
rules are applied. Grammar rules are typically viewed through a
“left-hand side” and “right-hand side” of each rule. The left-hand
side shows the state of a design prior to a rule application,
whereas the right-hand side shows the results of the rule application.
This left-to-right transformation is implemented within the full
design by matching the applied rule to a sub-graph of the current
design. Knight [22] pointed out the dilemmas a designer may face
during the process. At some point, a clear connection has to be
made between the grammar rules created and goals that may arise
for a design problem that requires solving by said grammar. For
the grammars used in the design applications of this paper, rulesets
were created with the intention that they could replicate existing
designs in the chosen problem domains.
Prior research has applied methods and algorithms to design grammars to improve optimization capabilities [23,24]. One such strategy,
simulated annealing, incorporates a dynamic probabilistic method
for accepting new design solutions after applications of grammar
rules [25]. Early work by Schmidt and Cagan [18] using the graph
grammar-based design optimization applied a simulated annealingdriven graph grammar to the cart design using Meccano Set components. The study successfully demonstrated the use of a graph
grammar for design optimization and suggested that its implementation allows for complete search within a design space. Recent works
utilized graph grammar-based design in gearbox design synthesis
011008-2 / Vol. 20, FEBRUARY 2020

[20,26], passive dynamic brachiating robots [21], and optimization
of photovoltaic arrays [27], among others. Tai and Akhtar [28]
used genetic algorithms, another optimization strategy, to synthesize
multiple solutions in a combinatorial manner inspired by evolutionary concepts. Rather than optimizing solutions solely through algorithms, Campbell et al. [29] present a method in which a designer
guides the solution interactively through intermittent queries. The
work presented in this current paper overcomes the traditional incremental nature of grammars by deﬁning abstract, heuristic-driven
meta-rules that can work in concert with traditional rulesets.
1.3 Proposed Grammar Approach. Computational agents
are particularly helpful within grammar-based design [30] for
rapidly changing and assessing new designs. A limitation of these
agents is that they often employ a low-level trial-and-error approach
to solution search which resembles that of novice human designers.
As a result, human designers must evaluate the opportunity cost
associated with establishing and executing these computational
systems rather than searching for solutions themselves. However,
imbuing these agents with a set of heuristics to guide design
changes could greatly increase the efﬁciency with which they
search. To that end, this work proposes a two-tiered approach to
the grammar-based design. The lower tier contains domain-speciﬁc
microrules, which implement singular design changes to an agent’s
current problem solution. The higher tier contains generalized
macrorules, which are translated into a sequence of heuristic-guided
and context-sensitive lower-tier rules every time they are applied.
These higher-tier rules are purposely abstract, with the intent that
they are applicable across multiple design domains. The speciﬁc
sequence of lower-tier rules derived from an individual higher-tier
rule will vary across instantiations and domains, but the guiding
heuristics ensure that a similar abstract action will be performed.
The purpose of this two-tiered approach is that macrorules apply
strategic large-scale solution modiﬁcations, while microrules
allow for the reﬁnement of solutions. A generalized visualization
of this approach can be seen in Fig. 1.
The remainder of this paper is organized as follows. In Sec. 2, the
implementation of a two-tiered grammar is described, as well as relevant algorithms used by design agents. Application of the grammarbased approach to truss and wave energy converter (WEC) design
problems is explained in Sec. 3. In Sec. 4, the results from the two
application areas are presented and analyzed. Comparisons
between designs generated using only lower-tier rules and higher-tier
rules are examined, along with an additional comparison to designs
incorporating a combination of both tiers. Section 5 concludes this
paper and details limitations and potential future work regarding twotiered grammars.

2 Methodology
2.1 Two-Tiered Grammar Rule Approach. At the core of
the proposed two-tiered grammar is the notion that higher-tier

Fig. 1 Generalized implementation of a two-tiered grammarbased approach within a design problem
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to assist with initial idea generation. Some studies focus on enhancing broad solution space search [8] and initial design selection [9,10].
Others attempt to narrow the search by making design decisions
based on previous solutions to the current problem [11]. Mulet and
Vidal [12] provide a set of general heuristic-based guidelines to
assist designers with solution concept generation. Comparatively,
Chong et al. [13] present an algorithm-powered methodology that
can be used to recommend heuristic strategies for concept exploration. Many of these methods are, however, concentrated on searching for new designs through qualitative evaluations as opposed to
an algorithmic process. For use in computational design systems,
solution search must be represented quantitatively.
Taking inspiration from the beneﬁts that heuristics provide
to human designers, this research explores the enhancement of
automated design processes through general grammar-based
heuristics-driven algorithms. A similar goal was accomplished by
the computer program EURISKO [14], which used a heuristic ruleset
to compete against human players in the science-ﬁction role-playing
game Traveller. In this competitive game, players design complex
spaceship ﬂeets to battle one another. EURISKO gradually learned
sets of strategies and heuristics to navigate the spaceship design
space, resulting in ﬂeets that greatly outperformed other computational methods, as well as human players, at the time. Later artiﬁcial
intelligence systems, such as SOAR [15] and ICARUS [16], also
incorporated heuristic methods for strategic problem-solving. Sangelkar and McAdams [17] demonstrated a data-mining approach
to extract heuristics from design repositories. These extracted heuristics can then serve designers as guidelines for future concept generation in the same design domain.

2.2 Assessing Effectiveness of Two-Tiered Grammar. In
order to observe the efﬁcacy of individual rule tiers, design repetitions (deﬁned as the full production of a problem solution from start
to ﬁnish) are conducted using solely one tier at a time. It is hypothesized that using only lower-tier grammar rules may result in slow
local improvement of the starting design. Alternatively, using only
higher-tier rules may result in infrequent but signiﬁcant jumps to
different designs within the solution space.
To observe the impact of using a combination of both tiers,
designs are generated by selecting rules from either tier. Two different rule selection methodologies are tested. The ﬁrst selects rules randomly from the full list of grammar rules. The second test
probabilistically selects a rule based on performance-dependent
weights maintained and updated to each rule during solving. Initially, every rule is given equal selection weighting. This initialization behaves identically to the random selection method but differs
over time. If the application of a rule improves the solution’s
quality, the weighting of that rule increases; if the rule worsens the
quality, the weighting decreases. This method allows for gradual
learning of which rules are effective and ineffective for improving
solutions.

Additional simulations are conducted to validate the difference
between lower-tier rule sequences implemented by higher-tier
rules and sequences formed by random selection. The sequence
of lower-tier rules applied when implementing a single higher-tier
rule is determined through a guiding heuristic. “Burst algorithms”
have been used in grammar-based design applications to apply a
sequence of rules in a single-design iteration [26]. Within each
rule “burst,” multiple rules are applied to the current design, and
the solution is evaluated only after the burst is complete. Comparing
the performance of higher-tier rules to lower-tier bursts will demonstrate the impact of heuristically guiding a sequence of lower-tier
rules rather than randomly selecting them. To test this lower-tier
burst method, solutions are generated by applying three random
lower-tier rules per each design iteration. Because the lower-tier
sequence length for higher-tier rules can be dependent on the
current design (in such cases where a higher-tier rule makes
changes to the entire system) and limits determined by the designer
(such as restricting how much the system can expand in one highertier rule application), determining a deﬁnite average length is not
feasible. A burst length of three is chosen as an estimate of this
sequence length.
2.3 Agent-Based Search Methodology for Two-Tiered
Grammar
2.3.1 Heterogeneous Simulated Annealing Teams. The current
study uses the heterogeneous simulated annealing teams (HSAT)
framework as an optimization algorithm for testing our two-tiered
grammar [31]. This framework has shown success in applications
similar to those planned in this study. The HSAT framework
employs a team of computational agents that engage in a locally
sensitive search and quality-informed solution sharing. These two
characteristics allow for both broad and deep solution search.
Locally sensitive search is achieved through an agent’s use of an
adaptive simulated annealing algorithm for design change acceptance. After a design change has been applied to an agent’s
current solution, the new candidate solution is evaluated, and its
results are compared with the current solution’s results. If the
design is evaluated as an improvement, then the agent adopts this
candidate as its new current solution. If the candidate is not an
improvement to the current solution, then it is probabilistically
accepted based on Eq. (1):


f (xnew ) − f (xi )
(1)
p = exp
Ti
where p is the probability that candidate solution and xnew will be
accepted as the replacement to the current solution xi. The evaluation of the objective function of a solution is designated as f (x),
and the current temperature of the agent is Ti. Once the agent has
determined whether or not to accept a new solution, the agent’s temperature is updated using the Triki temperature schedule [32]. The
Triki schedule calculates the temperature of an agent given index
i through Eq. (2):


Ti *δT
(2)
Ti+1 = Ti 1 − 2
σ f (x)
where Ti is the temperature at index i, δT is a parameter controlling
the speed of adaptation, and σ 2f (x) is the variance of candidate solutions observed since the last temperature update. In cases where
the variance of candidate solutions is zero, the variance is adjusted
to be a very small value in order to prevent a division by zero
error.
After a set number of iterations has passed, all agents collaborate
to perform quality-informed solution sharing, the second main characteristic of HSAT. The current solution for each agent is acquired
and stored within the vector F, Eq. (3):
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F = [ f (x1 ), f (x2 ), . . . , f (xN )]

(3)
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rules are abstract and heuristics guided, with potential for multidomain applicability. These higher-tier rules perform as macrorules,
executing a sequence of lower-tier rules in a speciﬁc routine.
Similar to how heuristics enable human designers to make large
but informed leaps across a solution space, employing these rules
within computational design guides agents to achieve quick,
broad search. On the other hand, lower-tier rules are speciﬁc to
the domain of a given design problem. These serve as microrules,
applying small changes to the graph design for local reﬁnement.
Together, these two rule tiers aim to explore a broad range of
designs in a solution space while also ﬁne-tuning those that
satisfy the goals of a problem task.
To apply a higher-tier rule to a design, it must ﬁrst be translated
into a sequence of lower-tier rules, as guided by the heuristic associated with the higher-tier rule. Although higher-tier rules are
intended to have utility across multiple domains, there may be
instances where some higher-tier rules are fundamentally not applicable in certain domains due to domain limitations. It is up to the
grammar designer to determine if a higher-tier rule can be translated
into a guided sequence of lower-tier rules or if it is irrelevant for the
current domain and should be omitted.
To establish a two-tiered grammar for a given design task, a set of
lower-tier rules must ﬁrst be established. This process follows the
same procedure as standard grammar creation: deﬁning the vocabulary as it applies to a design task, establishing a valid ruleset, deﬁning an initial design, and then generating a design [19]. Rules can
later be added and modiﬁed as required. This grammar creation
process speciﬁcally deﬁnes a class of design problems in which a
given state can explicitly change (i.e., transition) to a new state
based on a deﬁned set of possible modiﬁcations. We refer to this
class of problem throughout this paper as state-transition problems.
Rules developed for these types of problems, such as those established for the two design applications in this paper, should cover
all feasible transitions in the given design domain. Tools exist to
assist designers with this task, such as the grammar rule analysis
method (GRAM) [20].
In formulating a higher-tier ruleset, a list of generalizable heuristics must be recognized. The heuristics chosen should describe
macrolevel design changes that are achievable with the existing
lower-tier ruleset. In new or unfamiliar problem domains, the
optimal heuristic set may be unknown to the designer. However,
even a non-optimal heuristic set that leverages designer strategies
may still provide beneﬁt in exploring the design space over randomly applied sequences of lower-tier rules. Due to the abstract
nature of higher-tier rules, there are likely to be various sequences
of lower-tier rules that represent valid implementations of a highertier rule in a given domain.

where f (xk) is the objective function of the current solution of agent
k. In a design problem with a goal of maximizing the objective function of a solution, each solution within F is compared with the worst
current solution in order to create the weight vector W, Eq. (4):
W = F − min (F)

(4)

Each individual agent probabilistically selects a solution from the
list of available solutions as a starting point for its next iteration
according to Eq. (5):


W
(5)
j = mult 
i Wi

2.3.2 HSAT Applied to Two-Tiered Grammars. A computational agent team is organized according to the HSAT framework
to apply the two-tiered grammars to the design applications in
this study. Each application has a unique objective function to evaluate a solution, and the agents are given the goal of minimizing this
value. The agent team performs a number of total iterations (individual rule applications and objective function evaluations) for
every design repetition (the complete generation of a solution
from start to ﬁnish), as per McComb et al. [31]. Each agent is instantiated with the same rule-tier selection method and solution evaluation method. At the beginning of each agent’s individual iteration,
the agent probabilistically chooses which rule tier to select using
its rule-tier weighting values. For example, if preferences are set
to 80% for lower-tier and 20% for higher-tier, the agent has an
80% chance to choose a rule from the lower-tier and a 20%
chance to choose from the higher tier. Preferences can further be
set to deﬁnitively select from one speciﬁc tier by weighting that
tier 100% and the other 0%. If desired, tier preference also can be
updated at the end of each iteration to allow for different tier weighting in the subsequent iteration.
For the applications in this work, designs generated by using a
single rule tier are ﬁrst compared. Agent teams are conﬁgured to
only select rules from a single tier for the entirety of their design
process. Once a tier is chosen, the agents stochastically apply a
rule from that tier. Additional tests examine the performance of
combined-tier selection methods, in which all rules from both
tiers are combined. The implementation of these methods is
explained further in Sec. 3. The selected rule is applied to the
design and the agent evaluates this new candidate design. If the
new design is valid (i.e., physically realizable), the agent decides
whether to reject or accept the change in accordance with the simulated annealing methodology. Across both applications, each agent
independently updates their temperature every 10 iterations using
the Triki scheduling in Eq. (2). The initial temperature and Triki
parameter chosen for each agent were based on values used previously in the HSAT algorithm [31], but scaled in magnitude to better
011008-4 / Vol. 20, FEBRUARY 2020

3 Applications
The proposed two-tiered grammar approach is applied to two
separate state-transition design problems, with both requiring conﬁguration optimization. State-transition problems can highlight
the behavioral differences between the two grammar rule tiers
regardless of the complexity of the represented design domain.
Across all complexities, lower-tier rules consistently perform
single-step, minor design changes, and higher-tier rules implement
heuristically guided sequences of those lower-tier rules. The ﬁrst
problem is the conﬁguration design of a truss for a speciﬁed loadbearing context. Problems of this type are commonly used for
testing the effectiveness of traditional grammar-based design algorithms. Second is the design of a WEC for operation in an ocean
environment. This task is not only a challenging engineering
design problem but also one of current societal relevance. Although
the lower-tier rules vary across the domains of both applications, the
same set of higher-tier rules is used to demonstrate their generalizability. The ﬁve higher-tier rules established for these applications
are as follows: H1: Increase design complexity, H2: Decrease
design complexity, H3: Change design scale, H4: Replicate
pattern, and H5: Standardize. These higher-tier grammar rules
are adapted from a small number of design heuristics identiﬁed in
an extensive list by Daly and Christian [4].
3.1 Truss Design
3.1.1 Truss Design Background. The proposed grammarbased approach is ﬁrst applied to truss generation for a load-bearing
problem. Truss design problems have been frequently used in prior
research on engineering design methods [23,24,26,33–35]. Structural design problems of this type are commonly used for verifying
new algorithms because they are well understood and can be
quickly and clearly evaluated. For this application, a truss is generated which must support an applied load with speciﬁed support
locations. Only axial stress and buckling failures are considered
in design assessment.
Transactions of the ASME
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where the “mult” function designates that the agent is selected from
an applied multinomial distribution formed by a proportional
weighting of each solution within the weight vector W.
The designer selects the collaboration frequency of agent teams
to achieve a balance between divergence and collaboration.
Higher frequencies tend to result in consistently low divergence,
while lower frequencies can allow agents to diverge substantially.
There is a trade-off between high and low frequencies, in that the
higher frequencies are likely to result in a more locally reﬁned
design, while lower frequencies are likely to span globally across
the solution space with less reﬁnement. Because this solution
sharing is performed probabilistically rather than deterministically,
agents may not necessarily select the current top solution and can
instead continue exploring alternative designs. For the design problems used in this paper, collaboration is set to occur every 10 iterations to allow agent teams to explore a common region of the
solution space as they work toward a ﬁnal design. After the collaboration, each agent continues to iterate through design solutions
until either the next collaboration period or the endpoint of the
design process. At this point, a ﬁnal design is selected by the team.

ﬁt the speciﬁc application. Because this initial temperature and
cooling rate are not speciﬁcally optimized to match the agent’s ruletier preferences, the same values are used in all preference settings.
In accordance with the HSAT framework, agents also intermittently interact via quality-informed solution sharing. For this
study, agents collaborate after every 10 iterations, allowing agents
to attempt multiple rule applications before considering adopting
another’s design. In instances where higher-tier rules are used, collaboration between computational agents is highly important
because most higher-tier rules will lead to design divergence. By
nature of the higher-tier rules, a single rule application can greatly
alter the design into different and distant regions of a solution
space. This divergent behavior aligns with observations made by
Daly and Christian [4], in which the implementation of a single heuristic was seen to be applicable in a multitude of ways. Once an
appropriate number of iterations has passed and the objective function values of all team agents has converged, a ﬁnal collaboration
period selects a ﬁnal design solution.
For a single design, three computational agents are instantiated
and arranged according to the HSAT. These three agents model a
three-member design team in which all members work toward
solving the same state-transition design problem. The use of three
agents for this work is selected to enable the exploration of multiple
potentially divergent solutions, while not signiﬁcantly increasing
the computational time needed to produce a single ﬁnal design.
The same initial design is used across all repetitions and rule tier
preferences tested. After each agent has completed one repetition
of 500 iterations (chosen in this implementation to allot simulations
adequate time to demonstrate rule tier effectiveness), the agent team
collaborates once more and conveys its ﬁnal design. This full design
process is repeated for 100 repetitions in this work.

Lower-tier graph grammar rules for truss design domain

3.1.2 Truss Grammar Creation. The lower-tier rules of the
truss grammar are inspired by rules used in prior work [26].
These rules are capable of applying topologic, spatial, and parametric changes to a design solution. All lower-tier truss grammar rules
can be found in Fig. 2. The higher-tier ruleset is chosen as a sample
of heuristics that enable large-scale modiﬁcations typical in conﬁguration design. All higher-tier truss grammar rules are shown in
Fig. 3. For future design problems, additional rules may be added
to either rule tier if required.
3.1.3 Evaluating Truss Solutions. The goal of the truss design
task is to produce a design that can support an applied load with a
set of designated ﬁxed nodes. Computational agents accomplish this
through to the minimization of the objective function:
Q = m + 100 · max (0, ft − min ( fs ))2

(6)

where Q is the objective function value, m is the total mass, ft is
the target factor of safety for all members in the design, and
min(fs) is the lowest factor of safety for all members in the
design. In essence, this objective function is the mass of the
truss plus a penalty if the truss has a poor factor of safety. After
each rule is applied to the solution, the agent determines acceptance of the design change using its simulated annealing algorithm.

Each individual agent operates and updates its own simulated
annealing algorithm.
3.2 Wave Energy Converter Design
3.2.1 Wave Energy Background. Renewable and sustainable
energy methods have long been of great interest to the engineering
research community. Energy from ocean waves has been estimated
to possess the highest energy density and potential active power
generation time among renewable resources [36]. WECs are
devices that can be used to harvest energy from ocean waves.
Because WECs are still an emerging technology, there has been
no convergence on a standard WEC design [36], in part because
WEC effectiveness is highly dependent on location-based factors
(e.g., ocean depth, typical wave frequency). For this reason, engineers must explore multiple potential designs for a single situation.
An example of two dissimilar converter topologies can be seen in
the Pelamis device and Ocean Power Technology’s PowerBuoy
device [36,37]. The Pelamis, tested off the shores of Scotland, is
a snake-like chain of four cylinders which generates power
through the rotational motion of the cylinders about its joints. Alternatively, the PowerBuoy, also tested off the coast of Scotland, converts wave energy through the linear motion between a large
circular ﬂoating disk and a submerged buoy. Figure 4 demonstrates

Fig. 3 Higher-tier graph grammar rules for truss design domain
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Fig. 2

how these example WECs can be portrayed through the graph
grammar representation introduced in Sec. 3.2.2. Exploring these
and other WEC designs through a computational approach has
the potential to rapidly advance the performance of WECs. For
this reason, a WEC design problem is selected as a case study for
implementation of this paper’s two-tiered grammar rule approach.
It is assumed that the system is not anchored to the ocean ﬂoor
and that all ﬂoating bodies are spherical.
3.2.2 Wave Energy Converter Grammar Creation. WECs
contain one or more power take-off units (PTOs) that transform
kinetic energy from ocean waves into electrical power [37,38].
PTOs act as a joint that connects two ﬂoating bodies and generate
power through the relative motion of those bodies. Most PTOs
fall into two general classiﬁcations, depending on the mode that
is used to extract power: rotational PTOs that generate electrical
energy from the rotational motion of the bodies about the joint
and linear PTOs that generate electrical energy from the relative
translational motion between bodies [39].
Unlike the truss design application, a grammar for the wave
energy converter design was not readily available in the literature.

Fig. 5 Lower-tier graph grammar rules for wave energy converter design domain

011008-6 / Vol. 20, FEBRUARY 2020

A lower-tier grammar ruleset is ﬁrst established for the WEC
domain, derived from examination and exploration of existing
WEC device designs. These rules allow for addition, removal, relocation, and parameter adjustment of ﬂoating bodies, linear PTOs,
and rotational PTOs. This grammar is capable of recreating a
broad array of existing devices (for two examples, see Fig. 4).
The full lower-tier ruleset is shown in Fig. 5. Next, the same highertier ruleset used within the truss domain is adapted for the WEC
domain. This demonstrates the broad applicability of higher-tier
rules across multiple domains. This adapted set of higher-tier
rules, as applicable to the WEC grammar, can be found in Fig. 6.
3.2.3 Evaluation of Approach Based on the Wave Energy
Converter Design Problem. The performance of WEC designs is
assessed using a simulation that combines time- and frequencydomain methodologies [40,41]. These simulations calculate both
the power output and mass of the device. The objective function
of this design problem (Eq. (7)) aims to minimize the negative of
the device’s power density:
Q = −P/m

(7)

Fig. 6 Higher-tier graph grammar rules for wave energy converter design domain
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Fig. 4 Representation of (a) the Pelamis device (Permission to use from Dipl. Ing. Guido Grassow, granted
under Creative Commons (CC BY-SA 3.0)) and (b) Ocean Power Technology’s Powerbuoy (Permission
granted under Creative Commons (CC BY 4.0)) within the graph grammar developed for this study

That is, as the design’s power output P divided by its mass m
increases, the objective function value Q of the design is improving.
Here, mass is a proxy for cost, which has been shown to yield
similar optima as direct cost minimization [42]. The goal of the
agent team, therefore, corresponds to producing a device that generates the most power for the least possible cost.
The mass of a ﬂoating body is found by multiplying its density by
its weight. The total system mass is simply a sum of each individual
ﬂoating body mass. The total power of the system is dependent on
the power produced in all PTOs. The power of an individual PTO is
based on the motion of the bodies to which it is connected, while
PTO type determines which of two possible power equations to
use. Rotational PTOs use Eq. (8) to calculate instantaneous power
P (in W)
(8)

where κ is the angular damping coefﬁcient of the PTO (in N m s/
rad) and ω is the angular velocity of bodies A and B (in rad/s). Similarly, linear PTOs use Eq. (9) to calculate power:
P = k(|vA − vB |)2

(9)

where k is the linear damping coefﬁcient of the PTO (in N s/m) and
v is the linear velocity of bodies A and B (in m/s). These equations
provide a measure of the instantaneous power output of the WEC.
Averaging these values across PTOs and across timesteps of the
simulation yields average power production for the full system.

4 Results and Discussion
4.1 Truss Conﬁgurations. Figure 7 shows the objective function value of several variations of the agent-based algorithm on a
logarithmic scale. The variations include one using only lower-tier
rules, one using only higher-tier rules, and two variants that employ
randomized selection between the two rule tiers. Designs generated
with only higher-tier rules make swift solution improvements but
soon converge to an average objective value of approximately
150. In the context of the design problem, the higher-tier rules are
able to meet the factor of safety requirement of the truss in only a
few rule applications. Later in the design, this ruleset struggles to
reduce mass without over-sacriﬁcing strength. As these rules
apply multiple changes in a single iteration and are somewhat stochastic, reﬁnements that are aligned with desired changes in the
objective functions are unlikely.
In direct contrast, designs generated with only lower-tier rules are
signiﬁcantly slower in minimizing the objective function but are
ultimately more effective for ﬁne-tuning the system. This ruleset
steadily and carefully improves the design, preventing the solution

Fig. 7 Comparison of average objective function value for truss
design problems over agent team iterations using various rule
tier preferences (shaded regions show ±1 standard error)

Fig. 8 Comparison of average objective function value for truss
design problem over agent team iterations using burst algorithms and singularly applied rules (shaded regions show ±1
standard error)
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P = κ(|ωA − ωB |)2

from converging prematurely. While the lower tier is slow to
achieve the desired factor of safety, it can easily reduce mass afterward without over-reducing strength. Therefore, if a valid solution
is required very quickly, higher-tier rules are a better choice than
lower-tier rules. However, if a solution search time is not a
concern, then the lower-tier rules should be used. The early inefﬁciency of the lower-tier and the later limitations of the higher-tier
suggest that a combination of the two tiers may compensate for
the shortcomings of both.
For combined-tier design generation approaches, the rate of
objective function minimization in early iterations is between
designs using solely lower-tier or higher-tier rules. The access to
the higher-tier ruleset enables these designs to make the same
initial improvement leaps that designs produced with higher-tier
rules demonstrated. These leaps provide designs with an advantageous start over designs produced with lower-tier rules. Additionally, these designs do not prematurely converge like designs
produced using only higher-tier rules. They instead continue to
gradually improve the solution well into the later design iterations.
A combined-tier approach produces a lower average objective function value than designs produced with lower-tier rules, suggesting
that higher-tier rules can still be effective later in the design if
used in conjunction with the lower tier.
Due to similar initial conditions between the random and the
probabilistic selection methods, both methods perform the same
in early iterations. Over time, probabilistic selection shifts the
weighting assigned to each rule to prefer selecting those which
were helpful previously. For this design problem, probabilistic
selection demonstrates a trend of rapid solution improvement
slightly longer than random selection. After this period, however,
both methods converge to a similar value. This difference in
trends can be attributed to a shift in the effectiveness of speciﬁc
grammar rules throughout the generation process. The probabilistic
method will continue to select rules that improved the solution early
in the design process until these rules become less effective. The
likelihood of selecting these speciﬁc rules will decrease until the
method again resembles that of random selection.
By design, higher-tier rules employ a guided sequence of lowertier rules. These sequences differ greatly from those which randomly select rules, which can be modeled as lower-tier bursts. Solutions generated by applying bursts of three randomly selected
lower-tier rules initially follow the same objective function trend
as designs produced with lower-tier rules. But as seen in Fig. 8,
these bursts lose effectiveness rather quickly and the solution
improvement rate greatly decreases. As noted previously, a burst
length of three rules was chosen as the expected average of lowertier rules implemented by a single higher-tier rule. These lower-tier

Fig. 9 Proportionality of individual rules accepted into design
across truss design process (by random selection from both
rule tiers). Iterations are lumped into 100-iteration chunks.
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the course of the design process, rules within the topological
group tend to become less prominent, with the exception of LT4:
Remove free member, which actually increases in use. The heavy
objective function penalty given to solutions which do not meet
the factor of safety requirement likely leads to complex, overstrengthened early designs. From this point, agents search for
which members to remove without sacriﬁcing strength. The full
set of parametric rules for the truss grammar rules LT7: Change
member width, HT3: Change design scale, and HT5: Standardize,
are all among the most accepted rules in the later design iterations.
This suggests that rules focused on reﬁnement, whether lower or
higher tier, are generally more effective for late-design improvement than those which alter topology or spatial organization. The
exception to this is the previously mentioned LT4: Remove free
member. With the ability to change rule selection methods throughout the design process, there is potential for agents to identify effective times to use each rule group.
4.2 Wave Energy Converter Conﬁguration. Solution
improvement trends examined in the WEC design problem generally match those seen in the truss design problem. Figure 10
shows that higher-tier solutions demonstrate a prompt minimization in objective function value but converge to approximately
−450 W/kg by the 100th iteration. After convergence, higher-tier
rules cannot perform the small-scale changes that the design
requires for further improvement. Alternatively, lower-tier solutions
do not reach the same quality until almost the 200th iteration. These
designs continue to improve to almost −700 W/kg at the end of 500
iterations. For quick valid solution generation, higher-tier rules are
effective, but for longer-term design improvement, lower-tier rules
allow for more effective reﬁnement.
For designs produced with both rule tiers, solution improvement
initially follows the same trend as designs produced with higher-tier
rules. However, both combined-tier selection methods signiﬁcantly
surpass the higher-tier convergence point, reaching between −900
and −1000 W/kg by the end of 500 design iterations. The exceptional performance of these designs is likely due to the manner in
which the two tiers complement one another. Early in the solution,
higher-tier rules can make consistently large leaps toward improved
designs. While these rules would plateau on their own, the lowertier rules make small-scale adjustments that allow the higher tier
to continue assisting the design. As the designs produced with
lower-tier rules do not appear to have yet converged to a ﬁnal
design, many more design iterations would likely be necessary to
reach the same objective function value as designs produced with
both rule tiers.
Lower-tier burst designs show behavior similar to the use of singularly applied lower-tier rules, as seen in Fig. 11. This is unlike the

Fig. 10 Comparison of average objective function value for
WEC design problems over agent team iterations using various
rule tier preferences (shaded regions show ±1 standard error)
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burst designs gradually minimize the objective function, but ultimately do not reach even the same convergence value as designs
produced with higher-tier rules at the end of 500 iterations.
Since each burst applies an expected average length of the lowertier rule sequence stemming from a higher-tier rule, the value of the
higher-tier rules must not be merely in the application of lower-tier
rules. Rather, the correct rules are applied in the correct order. This
enables an effective heuristic-guided search, and the importance of
proper sequencing has been demonstrated in other work involving
truss design [43,44]. Across each rule application, the heuristics
associated with each higher-tier rule remain constant, and thus so
does the general sequences of implemented lower-tier rules.
Random lower-tier bursts produce rule sequences that are very
diverse and consequently unlikely to resemble any higher-tier
rule. Further, by performing multiple unguided changes in a singledesign iteration, there is a chance that some changes can counteract
the improvements of another change. In comparison, higher-tier
rules are less likely to behave in this manner, as the multiple
changes are intended to complement one another through the
guiding heuristic.
Figure 9 displays which individual rules were accepted in different stages of the design generation. Stages are divided into groups
of 100-iteration chunks, with each chunk showing the proportion
of all accepted rules in that stage. The likelihood of accepting speciﬁc individual rules from either tier shifts as agents evolve a
design. Certain rules become more beneﬁcial for improving the
solution in later design iterations, while others become ineffective.
Rules HT3: Change design scale and HT5: Standardize are the only
higher-tier rules that continue to make accepted changes after the
ﬁrst hundred iterations. By this point, other higher-tier rules are
mostly unable to further improve the solution, and therefore, the
changes they make are unlikely to be accepted. Similarly, the lowertier rules LT4: Remove free member, LT6: Move free joint, and LT7:
Change member width stay prominent across all iterations. All other
lower-tier rules gradually become ineffective for solution reﬁnement. The presence of accepted rules from both rule tiers in later
iterations further supports the impression that the tiers complement
one another in preventing premature solution convergence.
Generally, for grammars deﬁning state-transition design problems, most rules can be categorized into three universal groups:
topological, spatial, and parametric. Topological rules alter the
total number of components within a design. Spatial rules reorganize and reposition components. Parametric rules adjust design
values within the components themselves. Every rule from both
tiers can be classiﬁed into one of these groups. Rules from all
three categories show signs of use in early design stages. Over

trend observed in the truss design problem, in which the burst
designs were far less reﬁned than singularly applied designs. For
this speciﬁc design problem, quality improvement may be less sensitive to design change sequences. Whereas the objective function
of the truss problem applied large penalties for not satisfying a
minimum strength requirement, WEC design quality is not severely
impacted if a single evaluation metric becomes inferior. The lowertier burst WEC designs ultimately surpass the convergence point of
designs produced with higher-tier rules. Again, lower-tier bursts are
unpredictable and cannot reliably be used to replace the purpose of
heuristically driven higher-tier rules
Individual rule acceptance across the full WEC design process,
shown in Fig. 12, shows a common pattern with that of truss
design: individual rule acceptance shifts as the design is improved
and is linked to the rule’s categorization. Although unlike the
truss design, only rules focused on parametric changes were effective for late-design reﬁnement. The parametric-based rules LT8:
Change joint coefﬁcients, HT3: Change design scale, and HT5:
Standardize account for almost 60% of accepted rules in the ﬁrst
hundred iterations but increase to 80% in subsequent iterations.
The spatial rule LT7: Relocate body with joint accounts for nearly
all of the remaining 20% in the later iterations. These rule category
trends strengthen the idea that allowing agents to select rules from
speciﬁc groups depending on the progression point of the problem
solution may improve their search efﬁciency. The optimal rule
groups for a given progression point can vary across design problems, as observed with the difference in late-design reﬁnement

Fig. 12 Proportionality of individual rules accepted into design
across WEC design process (by random selection from both rule
tiers). Iterations are lumped into 100-iteration chunks.

5 Conclusions
This work presents a heuristic-inspired, two-tiered grammar
approach to computational design. Teams of computational agents
iteratively apply graph grammar rules from one of two rule tiers.
The domain-speciﬁc lower tier is composed of microrules that
apply single-step transformations to an agent’s current design.
The higher tier consists of generalizable macrorules that apply a
sequence of heuristically guided lower-tier rules. This proposed
methodology is applied to state-transition design problems for
trusses and wave energy converters, with conﬁguration optimization as the goal for each. Although these speciﬁc problems are
designed at a conceptual level, the effectiveness of the two-tiered
grammar approach is expected to be similar across varied and
more complex state-transition design problems. Regardless of
problem complexity, lower-tier rules consistently perform minor,
single-step design changes and higher-tier rules implement heuristically guided sequences of those lower-tier rules. Problem completion is achieved through the HSAT optimization framework. As the
baseline, HSAT implementation functions with only a typical,
lower-tier grammar ruleset, the HSAT implementation that utilizes
the two-tiered grammar facilitates a direct comparison between the
performance of single-tiered and two-tiered grammar-based
approaches. Alternative optimization methods could also be used
to make this same comparison of grammar-based approaches, and
this should be a subject of future work.
By constructing solutions using only one rule tier, it is observed
that designs produced with higher-tier rules can make initial design
improvements more effectively than designs produced with lowertier rules. Over a longer timeframe, however, higher-tier rules reach
a premature convergence point, and lower-tier rules can ultimately
produce a better solution. These higher-tier rules are guided by
abstract heuristic strategies and thus require less solution evaluations to search the initial design space more broadly. Applying
bursts of unguided lower-tier rules in each design iteration exhibits
similar behavior to singular lower-tier rules early in the process,
indicating that unguided lower-tier sequences are unlikely to
improve an early solution as rapidly as a guided sequence. In
both design applications, the combined use of both rule tiers leverages the initial quick improvements possible with higher-tier rules
as well as later optimization afforded by lower-tier rules. At the
very least, higher-tier rules could be beneﬁcial for boosting the
early performance of traditional algorithms that primarily employ
lower-tier rules. This set of heuristically inspired actions begins to
empower computational design agents with the beneﬁts that
human designers derive from heuristics. These general macrorules
are fundamentally designed to guide a sequence of actions in a
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Fig. 11 Comparison of average objective function value for
WEC design problem over agent team iterations using burst
algorithms and singularly applied rules (shaded regions show
±1 standard error)

between truss and WEC designs. Therefore, any prescriptive rule
group selection approaches pursued in the future must be sensitive
to the characteristics of the problem being solved.
A limitation of this study is in the development of the grammar
rules themselves. The inclusion of any new rule in a grammar
ruleset has an unpredictable impact, even when that ruleset is
used by experienced designers rather than computational algorithms. Grammar creators need to design rules carefully, as a
poorly designed grammar can be inefﬁcient and nonproductive.
Further, if a grammar is established with a limited, problem-speciﬁc
target in mind, the grammar may not ﬁt the needs of other problems
within its domain. Tools exist to aid the creation of fully developed
grammars such as the GRAM [20]. GRAM provides feedback to
grammar developers as a guide for considering new, omitting
unnecessary, and altering inefﬁcient rules. Additional methods,
such as that presented by Orsborn et al. [30], attempt to automatically derive grammar rules by statistically analyzing valid
designs, reducing the need to rely on a designer’s personal experience in the given domain. Using similar tools may help ensure more
reﬁned development of both the lower- and higher-tier rulesets
within a design domain.
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similar style across multiple domains. As the capabilities of computational design systems are enhanced through methods such as those
explored in this work, the beneﬁts of setting up and implementing
such a system may begin to outweigh the costs of doing so.
Future work may proceed along a variety of potential avenues.
For instance, selection algorithms can be enhanced through
deeper analysis on when to apply speciﬁc rules and rule categories.
By imbuing agents with more intelligent algorithms, they may be
able to assess opportune times to make speciﬁc design changes.
An additional route for expanding upon this work would be
further development in choosing which generalizable heuristics
are applicable for a given design problem. An oversaturation of
unnecessary rules has the potential to reduce the chance of selecting
rules that are beneﬁcial to design improvement, requiring more
exploration of the available ruleset before exploitation can take
place. Permitting the agent to select its own higher-tier ruleset as
part of its augmented iterative rule selection process may lower
the risk of oversaturation while allowing the rules to maintain
broad applicability. Lastly, the results of this work can be further
conﬁrmed through the application of the presented grammar
approach with additional conﬁguration design problems or
extended to other types of state-transition problems. In doing so,
differences in domain characteristics (e.g., problem type, grammar
rule set size) can be explored.

