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The scalar ﬁltered density function (FDF) methodology is extended and employed for large
eddy simulation (LES) of turbulent ﬂows under supercritical condition. To describe real
ﬂuid behavior, the extended methodology incorporates the generalized heat and mass diffusion models along with real ﬂuid thermodynamic relations which are derived using the
cubic Peng–Robinson equation of state. These models are implemented within the stochastic
differential equations comprising the scalar FDF transport. Simulations are conducted of a
temporally developing mixing layer under supercritical condition and the results are
assessed by comparing with data generated by direct numerical simulation (DNS) of the
same layer. The consistency of the proposed FDF methodology is assessed. The LESFDF predictions are shown to agree favorably with the DNS data and exhibit several
key features pertaining to supercritical turbulent ﬂows. [DOI: 10.1115/1.4051198]
Keywords: large eddy simulation, direct numerical simulation, ﬁltered density function
methodology, supercritical and high-pressure turbulent ﬂows

1 Introduction
High-pressure (high-p) turbulent mixing and reacting ﬂows are
encountered in many systems such as diesel engines, rocket propulsion, gas turbines, as well as heat exchangers. These ﬂows are also
relevant to supercritical CO2 power cycles which have gained
much attention recently because of their higher efﬁciency, lower
capital costs, and more compact components [1–3]. In some of
these systems, pressure and temperature are large enough that the
working ﬂuid is in supercritical state wherein no phase change
occurs but the ﬂuid exhibits large variations in thermodynamic properties such as density and speciﬁc heat. Despite important applications of such ﬂows, there is still limited understanding of their
turbulent behavior integrated with high-p ﬂow physics. Modeling
and simulation of turbulent ﬂows of supercritical nature has been
the subject of relatively few investigations, e.g., Refs. [4–8]. Previous studies reveal the intricate physics associated with these ﬂows,
modeling of which requires consideration of generalized diffusion
(including multicomponent, cross and differential diffusion), real
ﬂuid thermodynamic and transport properties, and chemical kinetics
together with models describing their interactions with turbulence. It
has been shown that these are the key elements to take into account
to ensure reliable simulation of high-p ﬂows [4–7,9–13].
Large eddy simulation (LES) has proven quite effective in simulation of turbulent ﬂows. Within the past several decades, there has
been a signiﬁcant progress in application of LES in studying turbulent (reacting) ﬂows, predominantly at atmospheric and moderately
elevated pressure conditions. However, the literature pertaining to
the LES study of supercritical turbulent ﬂows has been limited;
see, e.g., Refs. [3–5,7,14,15]. A challenging issue in LES is accurate
representation of the subgrid scale (SGS) quantities. This becomes
even more difﬁcult in high-p ﬂows as the nonlinearity associated
with high-p effects gives rise to additional unclosed SGS terms;
this is even the case for the ﬁltered real ﬂuid equations of state
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alone [16]. Besides, modeling the turbulence-chemistry interactions
poses major challenges to LES of turbulent reacting ﬂows. For this
purpose, the ﬁltered density function (FDF) methodology has
evolved as one of the promising strategies [17–23] due to its capacity
to provide a closed form for the chemical reaction effects. The FDF
essentially presents the probability density function (PDF) of the
SGS variables. A rigorous means of obtaining the FDF is via its transport equation [24–28]. The simplest form of the transported FDF formulations is the scalar FDF [24,25] which considers the FDF of
scalar quantities. This form of the FDF, which is the subject of the
present study, is extended in Ref. [29] to account for differential diffusion. This is accomplished by including the molecular transport of
heat and mass as separate drift terms in the scalar stochastic differential equations (SDEs) within the FDF formulation. Another related
development in FDF modeling is the extension of the scalar FDF
to compressible ﬂows by including the pressure and viscous dissipation effects, as appear in the energy equation, in the modeled FDF
transport equation [30]. All previous FDF formulations however
involve ideal gas thermodynamic relations together with simpliﬁed
diffusion described by Fick’s law. To employ the FDF for LES of
high-p turbulent reacting ﬂows, in particular those occurring under
supercritical condition, these limitations need to be alleviated. The
present work focuses on several modeling aspects towards this objective. This includes incorporating real ﬂuid thermodynamic relations
and general description of heat and mass diffusion for binary mixtures within the FDF framework. The accuracy of the proposed methodology is assessed by performing LES of a temporally developing
mixing layer involving transport of passive scalars at supercritical
pressure. The consistency of the FDF is demonstrated and its predictions are compared with those of direct numerical simulation (DNS)
of the same ﬂow.

2 Governing Equations
In this section, we present the equations governing high-p compressible ﬂows with inclusion of real ﬂuid thermodynamic relations
and general heat and mass diffusion models for binary mixtures.
Following the presentation of these models, we discuss their incorporation in the FDF formulation.
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2.1 Conservation Equations. We consider general transport
variables, varying in space x = xi(i = 1, 2, 3) and time t: ﬂuid
density ρ(x, t), velocity vector u = ui(x, t) along xi direction, speciﬁc
internal energy e(x, t), pressure p(x, t), and mass fractions
Y = Yα (x, t) (α = 1, 2, . . . , Ns ), where Ns is the number of chemical
species. For convenience, we present the scalar variables in a
common form as the scalar array ϕ ≡ [ϕ1 , ϕ2 , . . . , ϕNs , ϕσ ]=
[Y1 , Y1 , . . . , YNs , e], where σ = Ns + 1. The transport variables
satisfy the compressible form of equations for conservation of
mass, momentum, energy, and species mass fractions for a binary
mixture of Newtonian ﬂuids
∂ρ ∂ρui
+
=0
∂t
∂xi

(1)

(3)

where Jiα represents the molecular mass and heat diffusion ﬂux
vectors for α = 1,…,Ns and α = σ, respectively; Sα denotes the
chemical reaction source term for α = 1,…,Ns. The present
study concerns binary mixture of two passive species; we thus set
Ns = 2 and Sα = 0 for α = 1, 2. The source term in the energy equation is Sσ = 1/ρ τij (∂ui /∂xj ) − p(∂ui /∂xi ) . For a Newtonian ﬂuid,
the viscous stress tensor τij is represented as τij = μ((∂ui/∂xj) +
(∂uj/∂xi) − (2/3)(∂uk/∂xk)δij) where μ and δij are the ﬂuid dynamic
viscosity and Kronecker delta, respectively. The viscosity is calculated using the power-law model similar to that in Ref. [8].
2.2 Equation of State and Thermodynamic Properties. The
conservation equations are closed by the cubic Peng–Robinson
(PR) equation of state
(4)

α

in which Xα denotes the mole fraction of species α. These parameters incorporate the mixing rules, Aαβ ≡ Aαβ(T ) and Bα as given by
Refs. [8,31]. Real ﬂuid thermodynamic properties are accounted for
using the departure function which describes the deviation of a real
ﬂuid from the ideal gas state: λ − λo , where λ is a thermodynamics
property per unit mole of the mixture at a general (non-ideal) ﬂuid
state with pressure p and temperature T; λo is the value of λ at the
same temperature and composition but at the ideal gas state with
pressure p°. From g = a + pv, where g and a are the Gibbs and
Helmholtz free energy per unit mole, respectively, we can write
g − go = (a − ao ) + pv − po vo

(6)

At ideal gas pressure p o, the ideal gas law po vo = Ru T holds. Therefore, the departure function g − go can be written as
g − go = (a − ao ) + pv − Ru T

(7)

For a ﬂuid mixture with ﬁxed composition and constant T, we can
write

μα dXα = −pdv
(8)
da = −sdT − pdv +
α

where s and μα are the entropy per unit mole of the mixture and the
chemical potential, respectively. Integrating this equation gives the
022308-2 / Vol. 144, FEBRUARY 2022

α

Substituting Eqs. (9) and (10) into Eq. (7), we obtain
v
g(T, p, X) = −

p(v′ , T, X)dv′ + pv − Ru T +


α

Xα (go α + Ru T lnXα )

where X ≡ Xα (x, t)(α = 1, 2,..., Ns ) and p(v′ , T, X) is obtained from
Eq. (4). The enthalpy

 per unit mole of the mixture is calculated
using h = g − T ∂g/∂T p,X and Eq. (11) as
v
h(T, p, X) = −

pdv′ + pv − Ru T + go

vo

 

v
∂
′
o
− pdv + pv − Ru T + g
−T
∂T
vo

(12)
p,X

Using ho = go − T(∂go /∂T) p,X , Eq. (12) is simpliﬁed as
v
h(T, p, X) = ho −

pdv′ + pv − Ru T
 

vo

∂
−T
−
∂T

v



′

pdv + pv − Ru T
vo

(13)
p,X

The last term on the right-hand side (RHS) can be expanded as



 o
v
v
∂
∂p ′
∂v
∂v
T
dv + pT
pdv′
=T
−po T
∂T vo
∂T
∂T
∂T p,X
o
v
p,X
p,X

where v and Ru denote the molar speciﬁc volume and universal gas
constant, respectively. The two mixture parameters are deﬁned as


Xα Xβ Aαβ , Bm =
Xα Bα
(5)
Am =
β

The Gibbs free energy go at the ideal gas pressure p o is expressed as

go =
Xα (goα + Ru T ln Xα )
(10)

(14)
Substituting Eqs. (14) and (4) into Eq. (13) results in

∂Am
o
h = h + pv − Ru T + Am − T
K1
∂T

(15)

where K1 can be calculated using the following relation [8]:
√
1
v + (1 − 2)Bm
√
K1 = √
(16)
ln
2 2Bm v + (1 + 2)Bm
Using e = h − pv, the internal energy per unit mole of the mixture is

∂Am
e = e o + Am − T
(17)
K1
∂T
where eo is molar internal energy at the ideal gas state. This equation can be used to calculate molar speciﬁc heat at constant volume
as

∂e
∂2 Am
cv ≡
=cov − T
K1
(18)
∂T v,X
∂T 2
where cov is the corresponding ideal gas molar speciﬁc heat. To
obtain the molar speciﬁc heat at constant pressure cp from
Eq. (18), we ﬁrst consider the following thermodynamic relations:


∂s
∂s
dT +
dv
(19)
ds =
∂T v,X
∂v T,X
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∂ρϕα ∂ρui ϕα
∂J α
= − i + ρSα
+
∂t
∂xi
∂xi

Ru T
Am
−
v − Bm v2 + 2Bm v − B2m

(9)

vo

(11)
(2)

α

v
a − ao = − pdv′

vo

∂ρui ∂ρui uj
∂p ∂τij
=−
+
+
∂xi ∂xj
∂t
∂xj

p=

departure function a − ao as



∂v
dv =
∂T



∂v
dT +
∂p
p,X

dp

(20)

T,X

Combining these two equations yields




∂s
∂s
∂s
∂v
=
+
(21)
∂T p,X
∂T v,X
∂v T,X ∂T p,X




Using cp ≡ T ∂s/∂T p,X , cv ≡ T ∂s/∂T v,X , and Eq. (21), we obtain


∂s
∂v
cp − cv = T
(22)
∂v T,X ∂T p,X

cp − cv = −T

(∂p/∂T)2v,X

(23)

(∂p/∂v)T,X

Using this equation along
with

 Eq. (18), the molar speciﬁc heat at
constant pressure cp = ∂h/∂T p,X can be obtained as
cp = cop − T

(∂p/∂T)2v,X
∂ 2 Am
− Ru − T
K1
(∂p/∂v)T,X
∂T 2

(24)

cop

where is the corresponding ideal gas molar speciﬁc heat. In this
equation, (∂p/∂T)v,X and (∂p/∂v)T,X are calculated using Eq. (4).

 √
The speed of sound as is calculated as as ≡ ∂p/∂ρ s = 1/ρκs ,
where κs is the isentropic compressibility expressed as [8]:
κs = κT − vTα2v /cp . The expansivity αv and the isothermal compressibility κT in this equation are obtained from
1 (∂p/∂T)v,X
1
1
, κT = −
(25)
v (∂p/∂v)T,X
v (∂p/∂v)T,X
 s
Xα Mα is
The compression factor is Z = pM/ρRu T where M = Nα=1
the mixture molecular weight and Mα denotes the molecular
weight for species α.
αv = −

2.3 Heat and Mass Transport. The heat and mass diffusion
ﬂuxes for binary mixtures of real ﬂuids are expressed as linear combinations of terms corresponding to gradients of temperature, chemical species concentrations, and pressure as discussed in Refs.
[8,32]. The heat diffusion is described as the Irwing–Kirkwood
form of the heat ﬂux


 
∂T
M
′
σ
+ αIK Ru T Ns
Ji 1
(26)
Ji = − λIK
∂xi
M
η
η=1
The mass diffusion ﬂux for methane is expressed as




Ns

ρD ∂T
′
1
1
Yη
Ji = − Ji + αBK
T ∂xi
η=1

(27)


Ji 1 = ρD αD

∂Y1
+
∂xi

Ns

Yη
Ru T
η=1

 N

s

η=1

M

Mη



  
 
 
 
∂ ρ ϕα L ∂ ρ 〈ui 〉L ϕα L
∂J α (〈θ〉) ∂ ρ τL (ui , ϕα )
=− i
−
+
∂xi
∂xi
∂t
∂xi
  
∂  α 
α
−
J (θ) − Ji (〈θ〉) + ρ 〈Sα 〉L
∂xi i

V1 V2 ∂p
−
M1 M2 ∂xi

(28)

In these equations, indices α = 1, 2 refer to methane and carbon
dioxide, respectively. D is the binary diffusion coefﬁcient, αD is
the mass diffusion factor, and λIK is the thermal conductivity. The
coefﬁcients αIK and αBK are the thermal diffusion factors corresponding to the Irwing–Kirkwood and Bearman–Kirkwood forms of the
heat ﬂux, respectively, and Vα = ∂v/∂Xα denotes the partial molar
volume. These parameters are calculated as discussed in Ref. [8].
Journal of Energy Resources Technology

(31)

The unclosed SGS terms in these equations include the
second-order correlations corresponding to SGS stress τL(ui, uj)
in Eq. (30) and the SGS scalar ﬂuxes of heat and mass
τL (ui , ϕα ) in Eq. (31). The dynamic SGS model [33] is used to
close these terms. Besides the second-order SGS moments, in
Eq. (31), the source terms due to chemical reaction and that in
the energy equation also appear as unclosed; these terms are
accounted for using the FDF as explained in the next section.
Aside from the aforementioned unclosed SGS effects, additional
SGS terms appear in high-p ﬂows, shown in square brackets in
Eqs. (30) and (31), due to the nonlinear nature of the real ﬂuid
equation of state and generalized diffusion expressions. These
high-p SGS terms are neglected similar to several other LES
studies [15,34,35]. Among these terms, however, the dominant
effects have been subject to SGS modeling in a few investigations
[4,5,7]. These are the SGS pressure [〈p(θ)〉 −p(〈θ〉)]
 in Eq. (30)
and the SGS heat and mass diffusion ﬂuxes [ Jiα (θ) − Jiα (〈θ〉)] in
Eq. (31). For discussions regarding the importance of these
terms, we refer to Refs. [4,5,7,9,10,19,36].

2.5 The Filtered Density Function Transport Equation.
The FDF formulation considered in this study is that of the scalar
ﬁltered mass density function [25]


FL ψ, x; t =



(29)

 
 
 
∂ ρ 〈ui 〉L ∂ ρ 〈ui 〉L uj L
∂p(〈θ〉) ∂τij (〈θ〉)
=−
+
+
∂xi
∂xj
∂t
∂xj
 

 ∂ 


∂ ρ τL (ui , u j ) ∂  
−
−
p(θ) − p(〈θ〉) +
τij (θ) − τij (〈θ〉)
∂xi
∂xj
∂xj
(30)



where
′

 
 
∂ ρ ∂ ρ 〈ui 〉L
+
=0
∂t
∂xi

+∞
−∞



ρ(x′ , t)ζ ψ, ϕ(x′ , t) G(x′ − x)dx′

(32)

where ψ is the sample space variable vector corresponding to the
scalar array ϕ. This equation deﬁnes the FDF as the mass-averaged


spatially
 ﬁltered value
 of ﬁne-grained density ζ ψ, ϕ(x, t) ≡
σ
α=1 δ ψ α − ϕα (x, t) where δ denotes the Dirac delta function.
Using the scalar FDF, the ﬁltered
value
of
Q(x, t)
 +∞

 any
 function

can be obtained as ρQ(x, t) = −∞ Q|ψ FL ψ, x; t dψ, where
denotes the conditional ﬁltered quantities [24,25]. As detailed in
Ref. [25], by taking the time derivative of the ﬁne-grained density
function, we obtain the exact scalar FDF transport equation
FEBRUARY 2022, Vol. 144 / 022308-3
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This
equation
using
relation


 can be further simpliﬁed

 Maxwell’s


∂s/∂v T,X = ∂p/∂T v,X and dp = ∂p/∂T v,X dT + ∂p/∂v T,X dv.
We thus have

2.4 Large Eddy Simulation Equations. In LES, we consider
+∞
the spatial ﬁltering operation [22] 〈Q(x, t)〉 = −∞ Q(x′ , t)G(x′ −
′
x)dx , where G denotes the ﬁlter function of characteristic
width Δ, and 〈Q(x, t)〉 represents the ﬁltered value of the transport
variable Q(x, t). In reacting ﬂows, it is convenient to consider Favre
ﬁltered quantities as 〈Q(x, t)〉L = 〈ρ Q〉/〈ρ〉. Applying the ﬁltering
operation to conservation equations, Eqs. (1)–(3), results in
Eqs. (29)–(31) which are the transport equations for the ﬁltered variables. For convenience in these equations we deﬁne θ ≡ [ρ, u, ϕ]
and 〈θ〉 ≡ [〈ρ〉, 〈u〉L, 〈ϕ〉L]. The second-order SGS correlations are
deﬁned as τL(a, b) ≡ 〈a b〉L − 〈a〉L〈b〉L.


 


σ
σ


 
∂FL ∂ ui |ψ FL
∂
1 ∂Jiα
∂ 
|ψ FL −
=
Sα |ψ FL
+
∂xi
∂ψ
ρ
∂ψ
∂t
∂x
i
α
α
α=1
α=1
(33)




 
  
σ

∂ FL / ρ
∂FL ∂ 〈ui 〉L FL ] ∂
∂
1 ∂ Jα
  i FL
+
=
γt
+
∂xi
∂xi
∂xi
∂ψ α ρ ∂xi
∂t
α=1
+

σ


   

∂ 
Cϕ ω ψ α − ϕα L − Sα |ψ FL
∂ψ α
α=1

(34)

where γt = 〈ρ〉νt/Sct is the SGS diffusion coefﬁcient with νt and Sct
denoting the SGS kinematic viscosity and Schmidt number, respectively. The former is determined by the SGS model mentioned
in Sec. 2.4 and the latter is set to Sct = 1 for all scalars following
the previous study [25]. The parameter ω is the turbulent mixing frequency within the SGS modeled as ω = (γ + γt)/(〈ρ〉Δ2) [24,25]
where γ denotes the molecular diffusion coefﬁcient calculated as γ
= μ/Sc, i.e., similar diffusivity is considered for all scalars within
the SGS; the Schmidt number is expressed as Sc = μ/ρDαD [8].
The model constant Cϕ is set to Cϕ = 1 following the previous
work [25]. In this equation, the ﬁrst term on the RHS represents
the turbulent diffusion of the FDF in the physical space. In the original scalar FDF formulation [24,25], this term also includes the
molecular diffusion with the same diffusivity for all scalars. In
order to employ the generalized diffusion models, the molecular
transport is eliminated from this term and added as the second term
on the RHS. This formulation is proposed in Ref. [29] along with
Fickian diffusion to introduce the differential diffusion effect into
the FDF framework. In this study, a similar approach is taken
together with the generalized forms of heat and mass diffusion,
described in Sec. 2.3, which allows more realistic representation of
molecular transport in real ﬂuids.
Moments of Eq. (34) provide the transport equations implied by
the modeled FDF formulation. Comparing these transport equations
with the exact ones, derived by directly ﬁltering the conservation
equations (Eqs. (1)–(3)), reveals the implied closure by the FDF.
This is demonstrated here for the ﬁrst two moments. We take the
ﬁrst scalar moments of Eq. (34) resulting in


 

  
 
 

 
 
∂ ρ ϕα L ∂ ρ 〈ui 〉L ϕα L
∂ ϕα L
∂ Jα
∂
=− i +
γt
+ ρ 〈S α 〉L
+
∂xi
∂xi
∂t
∂xi
∂xi
(35)
This equation is identical to Eq. (31) with the SGS heat and scalar
ﬂuxes represented by a gradient diffusion model. The ﬁltered
chemical reaction source term results from the FDF and thus
appears in a closed form. The source term in the energy equation
includes the pressure dilatation and viscous dissipation terms as
described in Sec. 2.1. For the second moment, we consider the
second-order SGS covariance τL (ϕα , ϕβ ) between any two
scalars governed by the following exact equation derived using
022308-4 / Vol. 144, FEBRUARY 2022

 

+ ρ τL (ϕα , Sβ ) + τL (ϕβ , Sα )

(36)

where the third-order correlation is τL (a, b, c) = 〈a b c〉L − 〈a〉LτL
(b, c) − 〈b〉LτL (a, c) − 〈c〉LτL (a, b) − 〈a〉L〈b〉L〈c〉L. A similar transport equation results from the FDF by taking the second moment
of Eq. (34) as
 
 
∂ ρ τL (ϕα , ϕβ ) ∂ ρ 〈ui 〉L τL (ϕα , ϕβ )
+
∂t
∂xi
   

∂ ϕα L ∂ ϕβ L
∂τL (ϕα , ϕβ )
∂
+ 2γ t
=
γt
∂xi
∂xi
∂xi
∂xi
 
 

− 2Cϕ ω ρ τL (ϕα , ϕβ ) + ρ τL (ϕα , Sβ ) + τL (ϕβ , Sα ) (37)
This equation is similar to Eq. (36) with the third-order correlation
and the SGS heat and mass ﬂuxes (the ﬁrst three terms on the RHS
of Eq. (36)) modeled using the gradient diffusion closure. This
results in the ﬁrst two terms on the RHS of Eq. (37). The correlations involving molecular heat and mass diffusion in Eq. (36) (the
terms in the square brackets) contain both molecular transport and
scalar dissipation effects. The latter is modeled by the third term
on the RHS of Eq. (37). However, there are no terms corresponding to the former in Eq. (37), as also indicated in Ref. [29]. The
correlations involving source terms on the last two terms are
obtained from the FDF. This comparison shows the implied
closure by the FDF and that the transport equations implied by
the FDF are consistent with those of the original LES.
2.6 Monte Carlo Solution of the Filtered Density Function.
To solve the FDF transport equation, a system of SDEs representing
the FDF is considered [24,25]. These SDEs are solved by a
Lagrangian Monte Carlo (MC) method in which the MC particles
undergo motion in physical space due to ﬁltered velocity and
SGS diffusion. The thermochemical state of particles is changed
due to SGS mixing, molecular diffusion, as well as source terms,
including the chemical reaction effects. These are described by
the following system of SDEs:


"
1 ∂γ
γ
(38)
dx+i = 〈ui 〉L +   t dt + 2  tdWi
ρ ∂xi
ρ
 

  
1 ∂ Jα
dϕ+α = −Cϕ ω ϕ+α − ϕα L dt −   i dt + Sα dt
ρ ∂xi

(39)

where α = 1,…, σ. Variables x+i and ϕ+α denote the stochastic processes for Lagrangian position and scalars, respectively. The term
Wi denotes the Wiener process. Compared to the original scalar
FDF formulation [24,25], the molecular diffusion coefﬁcient is
removed from Eq. (38) and instead the resolved molecular transport
is included in Eq. (39) as a drift term to incorporate the generalized
diffusion models. A similar approach is used in Refs. [29,39] along
with Fickian diffusion. The source term in the internal energy SDE
includes the ﬁltered form of pressure dilatation and viscous dissipation effects in a similar way as in Ref. [30]. The Fokker–Planck
equation corresponding to this set of SDEs is identical to the
modeled FDF transport equation (Eq. (34)). Therefore, the joint
Transactions of the ASME
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In this equation, the chemical reaction source term (the last term on
the RHS for α = 1,…, Ns) appears in a closed form but all other conditional ﬁltered quantities are unclosed. The source term in the
energy equation Sσ is included in a similar fashion as in
Ref. [30]. As proposed in Ref. [25], the second term on the left-hand
side is modeled using a gradient diffusion model. The ﬁrst term on
the RHS corresponds to heat and mass diffusion which is divided
into resolved and SGS parts. The former is accounted for explicitly
while the latter is modeled using the linear mean-square estimation
SGS mixing model [37,38]. Employing these models, the modeled
FDF transport equation is expressed as

the ﬁltering operation:
 
 
∂ ρ τL (ϕα , ϕβ ) ∂ ρ 〈ui 〉L τL (ϕα , ϕβ )
+
=
∂t
∂xi

 
  
 
∂ ϕβ L
∂ ϕα L
∂ ρ τL (ui , ϕα , ϕβ )  
− ρ τL (ϕα , ui )
+ τL (ϕβ , ui )
−
∂xi
∂xi
∂xi


⎡
⎤

 
β


β
α
  ∂ Ji
  ∂ Jiα
∂J
i
⎦ − ϕβ ∂Ji − ϕβ
− ϕα L
− ⎣ ϕα
L ∂x
∂xi
∂xi
∂xi
i

scalar PDF resulting from the SDEs corresponds to the FDF at the
level of one-point, one-time statistics [25,28].

3 Numerical Solution Procedure

4 Flow Conﬁguration and Speciﬁcations
Simulations are conducted of a three-dimensional (3D) temporal
mixing layer, involving transport of passive scalars. The ﬂow conﬁguration consists of two parallel streams on top and bottom
ﬂowing in opposite directions, carrying carbon dioxide and
methane, respectively. The unﬁltered streamwise velocity, temperature, and mixture fraction ﬁelds are initialized using hyperbolic
tangent proﬁles with freestream conditions: u = 104.5 m s−1 and
T = 1000 K on the top and u = −42.8 m s−1 and T = 300 K on the
bottom. Pressure values of up to 150 atm are considered. The
streams are in the supercritical state when their temperature and
pressure are above the critical values (304.1 K and 72.8 atm for
carbon dioxide and 190.6 K and 45.4 atm for methane). The
initial pressure is uniform and the initial density and internal
energy ﬁelds are determined using real ﬂuid thermodynamic relations. The initial ﬁltered quantities are obtained from the unﬁltered
ones by applying the LES ﬁltering operation as explained below.
Variables are nondimensionalized using reference values. The reference length Lo is set to the initial vorticity thickness of 0.00686 m
[8]. The reference velocity is deﬁned as the velocity difference
across the layer, Uo = 147.3 m s−1. Time is nondimensionalized
using Lo/Uo. The reference temperature (650 K) and density
(98.3 kg m−3) are deﬁned as the average of top and bottom
stream values. The Reynolds number based on reference values is
Re = 200.
The computational domain is a cubic box, 0 ≤ x ≤ L, −(L/2) ≤ y ≤
L/2, 0 ≤ z ≤ L where the coordinates x, y, and z denote the nondimensional streamwise, the cross-stream, and the spanwise directions, respectively. The nondimensional length L is speciﬁed as
L = Nrλu/Lo, in which Nr is the desired number of successive
vortex pairings and λu is the wavelength of the most unstable
mode corresponding to the mean streamwise velocity proﬁle
imposed at the initial time [8,43]. LES is performed on 33 × 33 ×
Journal of Energy Resources Technology

5 Results
The temporal mixing layer case considered exhibits two successive vortex pairings and 3D ﬂow structures [47,48] as illustrated in
Fig. 1. This ﬁgure displays the iso-surfaces of CO2 mass fraction at
150 atm predicted by DNS at the nondimensional time of t = 50. By
this time, the ﬂow has gone through vortex pairings and as a result,
large-scale spanwise rollers have formed along with secondary ﬂow
structures in streamwise planes, as shown in Fig. 1.
Fluids under supercritical state exhibit large variations in thermodynamic properties with small changes in temperature and pressure.
This is shown in Fig. 2 for CO2. In the absence of phase change,
large variation in density occurs when temperature and pressure
exceed their critical values. Heat capacity also shows a large peak
near the critical point. In this ﬁgure, predictions obtained using
the PR equation of state show good agreement with data from the
National Institute of Standards and Technology (NIST) [49] at 60
and 100 atm. For comparison, ideal gas equation of state results
are also shown. As expected, signiﬁcant deviation from ideal gas
behavior exist, especially near the critical point. It is notable that
this is even the case for 60 atm which is still at subcritical state, suggesting that the ideal gas assumption may be unsuitable for ﬂow

Fig. 1 Instantaneous iso-surfaces of CO2 mass fraction ﬁeld at
150 atm obtained from DNS predictions at t = 50
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Numerical implementation of the FDF consists of a hybrid ﬁnite
difference (FD)/MC method as considered in previous work [24–28].
The MC part involves solution of the SDEs, Eqs. (38) and (39),
using a Lagrangian MC method. In this method, the FDF is represented by an ensemble of Np number of particles, which carry information pertaining to the FDF variables: position x(n)
i (t) and scalars
ϕ(n)
α (t), where n = 1,…, Np. These particles are evolved in time by
integrating the set of SDEs discretized using the Euler–Maruyamma
discretization [40]. The MC particles are distributed randomly and
experience free movement within the ﬂow ﬁeld in a Lagrangian
fashion. The statistical information, e.g., ﬁltered quantities, at any
point is obtained by considering an ensemble of particles residing
within an ensemble domain centered around the point. To obtain
reliable statistics with minimal numerical diffusion, it is desired to
minimize the size of the ensemble domain and maximize the
number of MC particles causing convergence of statistics to the corresponding ﬁltered quantities [24,27]. The FD part involves FD
solution of Eqs. (29)–(31) on equally spaced Cartesian grid points
using a compact parameter numerical scheme [41,42]. The transfer
of information from FD grid points to MC particles is done by interpolation. To reduce the computational cost, non-uniform weights
for the particles are considered [25,27,28]. The sum of weights
within the ensemble domain corresponds to ﬁltered ﬂuid density
at any instant, and the Favre ﬁltered values are constructed from
the weighted average values [25,27,28]. To ensure reliable statistics, distribution of MC particles throughout the ﬂow ﬁeld is monitored instantaneously to ensure their uniform distribution at all
times. Message passing interface library is used to parallelize
both FD and MC solvers in all three coordinate directions.

33 grid points in x, y, and z directions, respectively, and the
results are compared with those of DNS of the same layer with
the grid resolution of 193 × 193 × 193. The LES ﬁlter size is twice
as large as the grid spacing in each direction. The ensemble
domain size for calculation of ﬁltered quantities from the MC
solver is equal to the ﬁlter size. The ensemble averaging is performed instantaneously using approximately 64 MC particles at
each grid point. As per results of previous work [24–27], this
number is sufﬁcient to provide reliable statistics here. The total
number of MC particles within the domain is approximately 0.6
million at all times. The treatment of MC particles at the boundaries
include periodic movements in x and z directions as well as mirrorreﬂections in y direction to represent the zero-gradient boundary
condition for scalar variables. For comparison, the DNS data are ﬁltered via a top-hat ﬁlter. The FD boundary conditions include periodic condition in the streamwise and spanwise directions as well as
the Navier–Stokes characteristic boundary condition [44] on top
and bottom boundaries in the cross-stream direction. The formation
of large-scale ﬂow structures are expedited using eigenfunctionbased initial 3D perturbations [43,45,46] with a random phase
shift between the 3D modes. The Reynolds-averaged statistics are
constructed from the instantaneous data by spatial averaging over
the homogeneous directions (x and z). In the presentation below,
the Reynolds-averaged ﬁltered and Favre ﬁltered variables are
denoted as 〈 〉 and 〈 〉L , respectively.

Fig. 5 Instantaneous density (kg m−3) ﬁeld at 150 atm obtained
from DNS at t = 50 on (a) x–y plane at z = 0.625 L and (b) y–z plane
at x = 0.755 L

Fig. 6 Instantaneous density gradient magnitude (kg m−4) ﬁeld
at 150 atm obtained from DNS at t = 50 on (a) x–y plane at z =
0.625 L and (b) y–z plane x = 0.755 L
Fig. 3 Effect of pressure on Reynolds-averaged ﬁltered compression factor obtained from LES at t = 50. The lines denote
LES predictions using the PR equation of state at pressures:
30 (dashed-dotted), 60 (dashed), and 150 atm (dotted)

simulations at such elevated pressures. This is also evident in LES
results in Fig. 3 which shows the ﬁltered compression factor for different pressures obtained using the PR equation of state. Compression factor values different from one indicate departure from ideal
gas behavior. While at 30 atm, its deviation from one is less than
10%, at 60 atm the difference is too large for the ideal gas law to
be sufﬁcient. As shown, by increasing the pressure, the range of
compression factor values further increases which necessitates consideration of real ﬂuid thermodynamic models.
Turbulent mixing under supercritical condition includes important features as observed in the present DNS results. The temperature ﬁeld predicted by DNS in Fig. 4 depicts rolling up of two
neighboring vortices on the x–y plane along with secondary structures on the y–z plane. As mixing of the two ﬂuids occurs, the locations where temperature is near its critical value are at the bottom of
the layer and the braid regions between the vortices. This causes signiﬁcant density variations because of the way density varies with

Fig. 4 Instantaneous temperature (K) ﬁeld at 150 atm obtained
from DNS at t = 50 on (a) x–y plane at z = 0.625 L and (b) y–z
plane at x = 0.755 L

022308-6 / Vol. 144, FEBRUARY 2022

temperature near the critical point (as viewed in Fig. 2 for CO2).
Supercritical mixing of liquid-like CH4 and CO2 creates ﬁnger-like
structures [7] which are clearly evident in Fig. 5. Sudden change in
density due to supercritical state of the ﬂuids causes local large
density gradient magnitude regions as shown in Fig. 6. Existence
of local peaks in density is one of the notable aspects of supercritical
ﬂows [7,50]. As shown on both x–y and y–z planes in Fig. 6, such
peaks occur at the bottom of the shear layer and in the braid regions
following the temperature ﬁeld. Such features are also observed in
LES results. In Fig. 7, the ﬁltered density gradient magnitude ﬁeld
obtained from LES and ﬁltered DNS data are compared at t = 50. As
shown, both magnitude and location of large density gradient
regions are predicted consistently by LES.
To ensure accuracy of both FD and MC solvers of the FDF, we
evaluate consistency of their results, as performed in previous work
[24–28]. In the scalar FDF, all scalar ﬁelds predicted by the solvers
are compared instantaneously to establish this consistency. This is
shown in Fig. 8 for the ﬁltered mass fraction of CO2 and temperature at t = 50. As shown, there is a close agreement between these
variables obtained from the FD and MC solvers. Similar agreement
is obtained for all scalars at all times, which veriﬁes the consistency
of the FDF solvers. Based on this agreement, we can also conclude

Fig. 7 Instantaneous density gradient magnitude (kg m−4) ﬁeld
at 150 atm obtained at t = 50 on z = 0.625 L plane from (a) ﬁltered
DNS and (b) LES
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Fig. 2 Comparison of ideal gas and real ﬂuid thermodynamic
properties with NIST [49] data for CO2: (a) ρ (kg m−3) and (b)
c p (J kg−1 K−1 ) versus T (K). Solid and dashed-dotted lines correspond to 100 and 60 atm pressure calculations, respectively,
using the PR equation of state; the dotted and dashed lines correspond to ideal gas results for the same pressures, respectively
(for ideal gas law, cp is only shown with the dotted line since it is
independent of pressure); (©) and (▽) represent NIST data at
100 and 60 atm, respectively.

Fig. 8 Comparison of FD and MC predictions of
Reynolds-averaged ﬁltered variables obtained from LES at 150
atm at t = 50: (a) CO2 mass fraction and (b) temperature (K).
The lines with (□) and (▽) denote FD and MC results,
respectively.

description of heat and mass diffusion for binary mixture of ﬂuids
and real ﬂuid thermodynamic relations. The modiﬁed FDF formulation allows consideration of separate molecular transport for
heat and mass fractions. The solution procedure is based on a
hybrid Eulerian, Lagrangian MC method in which a MC particle
method is used to solve the set of SDEs. It is shown that the thermodynamic state of the system is represented accurately at the MC particle level. The extended FDF is applied for LES of a temporally
developing mixing layer under supercritical condition involving
transport of passive scalars. The results are assessed against the
data generated by DNS of the same layer. The consistency of the
extended FDF formulation is demonstrated. The agreement
between the LES-FDF and DNS results is reasonable and the
LES-FDF is shown to be capable of capturing the supercritical
ﬂow features as observed in the DNS.

The authors are indebted to Dr. Mehdi Safari for useful discussions and contributions to this study. This work is supported in
part by Department of Energy under Grant No. DE-SC0017097.
This research used resources of the National Energy Research
Scientiﬁc Computing Center (NERSC), a U.S. Department of
Energy Ofﬁce of Science User Facility operated under Contract
No. DE-AC02-05CH11231.

Conﬂict of Interest
There are no conﬂicts of interest.

References

Fig. 9 Comparison of LES and DNS predictions of
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respectively.
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