570

© IWA Publishing 2015 Journal of Hydroinformatics

|

17.4

|

2015

A novel nested dynamic programming (nDP) algorithm for
multipurpose reservoir optimization
Blagoj Delipetrev, Andreja Jonoski and Dimitri P. Solomatine

ABSTRACT
Blagoj Delipetrev (corresponding author)
University Goce Delcev,
Krste Misirkov bb, Shtip 2000,
Republic of Macedonia
and
University of Information Science and Technology
‘St. Paul the Apostle’,
Partizanska bb, Ohrid 6000,
Republic of Macedonia
E-mail: blagoj.delipetrev@ugd.edu.mk

In this article we present a novel nested dynamic programming (nDP) algorithm for multipurpose
reservoir optimization with additional decision variables related to different water users. The nDP
algorithm is built from two algorithms: (1) dynamic programming (DP) and (2) nested optimization
algorithm implemented with Simplex and quadratic Knapsack methods. The novel idea is to include a
nested optimization algorithm into the DP transition that reduces the initial problem dimension and
alleviates the DP’s curse of dimensionality. The nDP can solve multi-objective optimization problems,
without signiﬁcantly increasing the algorithm complexity and the computational expenses.
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Computationally, the nDP can handle dense and irregular variable discretization; it is coded in Java as
a prototype application and has been successfully tested with eight objectives at the Knezevo
reservoir in the Republic of Macedonia. The article presents a discussion on comparison of nDP with
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other DP methods and highlights the advantages of nDP.
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INTRODUCTION
Historically, the two most widely used methods for optimal

running complex models (for example, river, a model to cal-

reservoir operation have been dynamic programming (DP)

culate water levels or ﬂows downstream). One of the

and stochastic dynamic programming (SDP). These two

possible solutions is the use of fast approximate surrogate

methods suffer from the so-called ‘dual curse’ which pre-

models (e.g., artiﬁcial neural networks replicating the behav-

vents them to be used in reasonably complex water

iour of a hydrodynamic river model (Solomatine & Torres

systems. The ﬁrst one is the ‘curse of dimensionality’ that

)) – this reduces the total running time but still for

denotes an exponential growth of the computational com-

real-life problems the use of DP can be prohibitively long.

plexity with the state–decision space dimension (Bellman

This paper addresses the problem of optimal reservoir

). The second one is the ‘curse of modelling’ that

operation concerning multiple objectives that are related to:

requires an explicit model of each component of the water

(1) reservoir releases to satisfy several downstream users

system (Bertsekas & Tsitsiklis ) to anticipate the effect

competing for water with dynamically varying demands; (2)

of each system’s transition. The literature offers various

deviations from the target minimum and maximum reservoir

strategies to overcome the curse of dimensionality such as

water levels; and (3) hydropower production that is a combi-

successive approximations, incremental DP, and differential

nation of the reservoir water level and the reservoir releases.

DP ( Jacobson & Mayne ; Bellman ; Anvari et al.

Addressing such a problem with classical DP requires

; Li et al. ). The application of various DP and

a reasonably high level of discretization of the reservoir

SDP methods in optimal reservoir operation are reviewed

storage volume, which in combination with the required

in Yeh () and for multi-reservoir systems in Labadie

releases

(). One of the additional issues arises is when assess-

downstream users leads to computationally expensive formu-

ment of the constraints and objective functions requires

lations and causes the curse of dimensionality.
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problem, if posed in the DP set-up using the Bellman
equation (Bellman )

algorithm is run to identify the optimal releases (allocations)

to

individual

users.

Because

this

second

Vt (st ) ¼ minfg(st , stþ1 , at ) þ Vtþ1 (stþ1 )g

(1)

optimization algorithm is ‘nested’ inside the classical DP
algorithm we name this method ‘nested dynamic program-

(for stages t ¼ T1, T2, …1)

ming (nDP)’. Depending on the way we formulate the
objective function related to deﬁcit in the allocation pro-

where st is the state vector representing discrete reservoir

blem in the nested optimization, two methods are

storage volume at the beginning of the period t; T is the

implemented: (1) Simplex for linear allocation problems

number of stages in the sequential decision process; Vt (st )

and (2) quadratic Knapsack method in the case of

is the state value function; at ¼ {a1t , a2t ::ant } is the actions

non-linear problems.

or

decision

variables

vector

during

the

period

The presented nDP algorithm was coded as a proto-

t; gt (st , stþ1 , at ) is the reward from period t when the current

type application in Java using Eclipse. The DP part of

state is st, the action at is executed and the resulting state is

the nDP was coded by using the example from the book

stþ1.

by Loucks & Van Beek (). The nested optimization
algorithms, Simplex and quadratic Knapsack methods

The reservoir model is based on the mass balance
equation

are developed as separate modules. The nDP algorithm
was tested at the multipurpose reservoir Knezevo of the

stþ1 ¼ st þ qt  rt  et

(2)

Zletovica hydro-system located in the Republic of Macedonia,

with

the

purpose

of

urban

water

supply,

agriculture, ensuring ecological ﬂow and generation of
The article is organized in six sections. After the Introthe

rt is the total reservoir release.
The nDP contains a nested optimization algorithm

hydropower.
duction,

where qt is the reservoir inﬂow, et are evaporation losses and

second

section

presents

the

problem,

formulation of variables, objective functions and the nDP

inside the DP algorithm that optimally allocates the total
reservoir release rt to different users corresponding to their
demands dit, as shown in Figure 1.

algorithm. The third section introduces the case study,

Assuming a backward-moving DP, at each nDP tran-

which is followed by a section presenting the implemen-

sition, the reservoir beginning and end states are known.

tation of the nDP for this case. Results and discussion

From the mass balance Equation (2), the release rt can be cal-

follow, then a section including the comparisons of the

culated and then nested optimization algorithm is run to

nDP with others DP methods, which is followed by

identify allocation of rt between n users. The inputs of the

conclusions.

nested optimal allocation algorithm are the reservoir release,
the users’ demands and their relative importance, while the
decision variables are the water volumes given to users

THE PROBLEM AND THE NDP ALGORITHM

(called subsequently the ‘users’ releases’) for satisfying their
demands. The overall objective function may include terms

nDP framework

related to users’ releases, deviations from target reservoir
levels, or both releases and levels (e.g., hydropower). At the

Typically in a single-reservoir optimization problem there

end of the transition, all decision variables are estimated

is only one decision variable to be identiﬁed at each time

and the reward g(st , stþ1 , at ) is calculated.

step – the reservoir release. A speciﬁc characteristic of

The nDP pseudo-code is presented below:

the problem considered in this paper is that this release is
to be divided between n competing users, and this multiplies the total number of decision variables. This
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Transition at time step t of the nDP algorithm.

2. Set time at t ¼ T  1.

14. Select the optimal actions (decision variables) {a1t,

3. Set reservoir level i ¼ 1(for time step t).

a2t, … ant}opt, which consist of the optimal transition

4. Set reservoir level j ¼ 1(for time step t þ 1).

{stþ1}opt and the users’ releases {r1t, r2t … rnt}opt that

5. Calculate

the

ﬁrst

group

of

the

objective

give minimal value of V(st).

functions (related to deviations from target reservoir

15. i ¼ i þ 1.

levels).

16. If i  m, go to step 4.

6. Calculate the total release rt using Equation (2).

17. If t ¼ 0, stop.

7. If total release rt is bigger or equal to total demand
Pn
i¼0 dit then return 0, and go to step 9.

18. t ¼ t  1.
19. Go to step 3.

8. Execute the nested optimization algorithm to allocate
the total release to all users {r1t, r2t, … rnt} in order to
meet their individual demands.
9. Calculate the second group of the objective functions
(related to users’ releases).
10. Using the reservoir levels and the user releases, calculate the third group of the objective functions (related
to hydropower production).
11. Combine the objective functions from steps 5, 8 and 9
into the aggregate objective function V(st).

The optimal allocation algorithm is incorporated
(nested) in the DP method (step 7) and directly updates
the state value function V(st) at each time step consequently
changing the optimal reservoir policy and solving the multiobjective optimization problem.
The action vector {a1t, a2t, … ant} consists of the transition state stþ1, and the users’ releases {r1t, r2t, … rnt}. The
corresponding total release rt, at each transition is calculated
from Equation (3). The et evaporation losses can be calcu-

12. j ¼ j þ 1.

lated at each transition using the reservoir area that is a

13. If j  m, go to step 5.

function of the reservoir storage volume st, and other factors.
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Quadratic Knapsack method

resource allocation
The quadratic Knapsack method is used when the objective
Depending on the problem formulation various methods

function is non-linear, this is the case when the squared

can be used to optimally allocate the total reservoir release

weighted deﬁcit of the demand objectives is to be mini-

rt between n water users. Optimality could be understood

mized. The reservoir release rt is assumed to be discretized

in different ways and this is reﬂected in the objective func-

in v levels; this value is set at the beginning and stays the

tion. We have chosen to use two methods: Simplex

same over nDP execution. The quadratic Knapsack objec-

method in the case of linear problem and quadratic Knap-

tive function is to minimize

sack algorithm for quadratic problem. Each water user is
described with its demand dit and corresponding weight
Wit at time step t. For the nested optimal allocation the fol-

min

n
X

Wit  (dit  rit )2

(8)

i¼1

lowing variables are relevant: d1t, d2t, … dnt are users’
demands; W1t, W2t, … Wnt are the corresponding demands’

with the same constraints previously described in Equations

weights; rt is the reservoir release; r1t, r2t, … rnt are the

(5)–(7).

users’ releases, v is the release discretization value.
Note that in the beginning of carrying out the nested
optimization step, the nDP algorithm checks if the release

CASE STUDY

rt can satisfy the aggregated demand of all users in Equation
(3), step 7 in the nDP pseudo-code.
if

n
X

The hydro system Zletovica is located in the eastern part of the
Republic of Macedonia and it uses the water resources of the

dit < rt

then r1t ¼ d1t , r2t ¼ d2t , . . . rnt ¼ dnt

(3)

river Zletovica and its tributaries. It is composed of the reser-

i¼0

voir Knezevo, several water distribution canals used for

If the release rt can satisfy the aggregated demand of all

delivering water to downstream users and associated

users, then the optimal allocation is not performed since all

infrastructure structures, as shown in the schematic represen-

the releases can be set to their demands.

tation in Figure 2. The reservoir Knezevo is a multipurpose
reservoir, and its main objective is to provide drinking water
to several towns and populated areas in the region, as well as

Simplex method

to provide environmental ﬂows in Zletovica, water for agriculIn the considered optimization problem, the Simplex
method is used for solving the following linear programming

ture and hydropower (in this order of decreasing priority).
There are ﬁve towns in this region (Kratovo, Probishtip,
Zletovo, Shtip and Sveti Nikole) and two large agricultural

optimization problem:

irrigation regions named upper and lower zone. The town
min

n
X

Wit  ðdit  rit Þ

Kratovo is not modelled because the intake for this town
(4)

i¼1

is upstream from the Knezevo reservoir and only a small
water quantity is required. The region is characterized
with mountainous topography and the system is designed

subject to

to include several small hydropower plants, most of which
r1t þ r2t . . . þ rnt  rt

(5)

are located downstream of the reservoir Knezevo as derivational (run of river) power plants that utilize the natural

r1t  d1t , r2t  d2t . . . , rnt  dnt

(6)

rt , dt1 , dt2 . . . , dnt  0

(7)

head differences created by the topography. The hydropower system is still in development and according to the
feasibility study report (GIM ) the plan is to build
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Schematic representation of the Zletovica hydro system.

The GIM () report contains a detailed hydrological

described by its target value and its corresponding weight

model of the Zletovo river basin with four river ﬂow

at each time step. In this study, we aggregate all objectives

measurement points on the river Zletovica. The monthly

into one objective function being the weighted sum of

time series data of the ﬂow measurement points from the

squared deviations over the entire time horizon; referring

year 1951–1990 are used in this research. There is a signiﬁ-

to the Bellman Equation (1) the reward function has the fol-

cant tributary inﬂow between the Knezevo reservoir and the

lowing form:

last branching point. First, the tributary inﬂow is used to
satisfy the water demand objectives, and if additional
water quantities are needed then they are released from

gt (st , stþ1 , at ) ¼

8
X

ci  wit :D2it

(9)

i¼1

the reservoir.
where st is the reservoir storage volume at time step t, wit is
the objective weight for a given objective i and time step t,

APPLICATION OF NDP IN THE CASE STUDY

and Dit is the difference between the target value and
decision variable for a given objective i and time step t,

Formulation of the optimization problem

ci is the balance coefﬁcient explained below in this paper.
The ﬁrst two objectives relate to deviations from the two

The Knezevo reservoir optimization problem has eight

target water levels: the allowable minimum water level and

objectives Oi and six decision variables. Each objective is

the maximum water level (exceeding which is dangerous
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since this may lead to an overspill via the reservoir spill out-

the tributaries of Zletovica that are not considered.) HEC0

lets and possible ﬂooding downstream). These objectives are

is positioned at the Knezevo reservoir and the entire reser-

formulated as follows:

voir release rt goes through the turbines of HEC0. The


D1t ¼

D2t ¼

reservoir release rt is compared to the generator maximum
0,
if
d1t  min lt
min lt  d1t , if d2t < min lt
0,
if
d2t  max lt
d2t  max lt , if d2t > max lt

(10)

water capacity HEC0max, as in Equation (14).

r0t ¼

rt, if rt  HEC0max
HEC0max , if rt > HEC0max

(14)

(11)
The r0t is the reservoir release quantity that goes over the

where min lt and max lt are the recreation-related (mini-

turbines of HEC0. The energy generated by HEC0 (MWh) is

mum) and ﬂood-related (maximum) water level targets.
Based on the hydro system conﬁguration, our formulation has ﬁve users with water demand-related objectives.

HEC0t ¼ gen0  r0t 

lt þ ltþ1
 24  days in month
2

(15)

These are the following water users: (1) the towns of Zletovo
and Probishtip (one intake); (2) the upper agricultural zone;

The gen0 is the coefﬁcient that includes total efﬁciency

(3) the towns of Shtip and Sv Nikole (one intake); (4) the

and it is taken from the GIM () report; lt and ltþ1are reser-

lower agricultural zone; and (5) the minimum environ-

voir water levels at time t and t þ 1. The others HEC1–HEC3

mental ﬂow, with their respective demands d3t, d4t, d5t, d6t,

and HEC4 are calculated similarly, with one difference – for

d7t. The water deﬁcits are calculated using Equation (12)

these derivational HECs the generated energy does not
depend on the reservoir water levels directly, but only on


Dit ¼

0, if dit  rit
dit  rit , if dit > rit

the releases from the reservoir, which (together with corre(12)

sponding tributary ﬂows) constitute the total ﬂow for each
HEC. The actual head for these HECs is ﬁxed (by topo-

where rit is the release (decision variable) for a given objec-

graphical differences in elevation). The calculation of the
hydropower production of HEC1–3 and HEC4 is somewhat

tive (i) and time step (t).
The last objective is related to hydropower. Its corre-

more complex, so these details are not presented here as

sponding formulation uses w8t as the hydropower energy

they are beyond the focus of this article. All hydropower

production weight and D8t is calculated from

plants together produce the total energy pt.


D8t ¼

Since in Equation (9) various objective function types
0, if d8t  pt
d8t  pt , if d8t > pt

(13)

are aggregated into one, their values need to be adjusted
so they are comparable in order of magnitude. The approach
used was to assign the appropriate coefﬁcients (ci in

where d8t is the hydropower target demand and pt is the

Equation (9)). A similar approach to balancing was taken

hydropower production.

in other previous research studies, e.g., Pianosi & Soncini-

The action vector at consist of six actions or decision

Sessa () and Rieker ().

variables: stþ1, r3t, r4t, r5t, r6t, r7t which are the next optimal

The nested algorithm is selected in the beginning of

reservoir state and water user releases at each time step.

optimization. The nDP is constructed in a way that ﬁrst

Using these decision variables, it is possible to calculate all

the tributary ﬂow (downstream of the Knezevo reservoir)

other variables and objective functions.

is optimally divided between users’ demands using the pre-

The ﬁve hydroelectric power plants (HEC), named

viously selected nested optimization algorithm. Afterwards,

HEC0–HEC4 are dependent on the reservoir operation

the remaining, still unsatisﬁed user demands are met from

and they are the only ones considered in the optimization.

the reservoir releases by applying the optimization as

(There are three additional hydropower plants located on

described above.
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(w3 and w5) followed by ecological ﬂow, irrigation, reservoir

Optimization algorithm settings

water level objectives and hydropower. The second set of
The nDP algorithm was tested on the Zletovica hydro

weights gives higher priority to one of the urban water

system using 40-year monthly data from 1951 to 1990,

supply objectives (O5) at the expense of the two irrigation

which resulted in 480 time steps. The reservoir operation

objectives (O4 and O6).

volume is 23 × 106 m3 which was discretized in 115 equal
levels (200 × 103 m3 each). The target for the recreation

RESULTS AND DISCUSSION

reservoir level was set at 1,035 [amsl], for the ﬂood control
reservoir level at 1,058 [amsl] and for the hydropower production at 1.5 GW-h per month. The targets for the

The scenario optimization results present the comparison of

consumptive users were set to their predetermined monthly

the sums of (1) recreation and ﬂood objectives’ deviations,

demands.

Equations (10) and (11), (2) water users’ deﬁcits, Equation

To test and evaluate the proposed nDP algorithm and to

(12), and (3) hydropower deﬁcit, Equation (13), over the

compare results using the two nested optimization methods,

entire time horizon, shown in Figures 3–5, respectively.

Simplex and quadratic Knapsack, four different scenarios

For all deviations/deﬁcits, the sum over the entire horizon

were considered, as shown in Table 1. They are based on

is calculated using Equation (16)

two sets of weights for objective function and two formulations for the deﬁcits in the nested optimization problem:

Di ¼

(a) linear (hence the Simplex method, Equation (4))

T
X

(16)

Dit

t¼1

named L1 and L2; and (b) quadratic (the quadratic Knapsack
method, Equation (8)) named Q1 and Q2. In the quadratic

Depending on the formulation that is used in the nested

Knapsack the discretization of allocation was set to 50.

optimization, the obtained differences in results can be

The higher weights are set for urban water supply objectives

observed in Figures 3–5. The quadratic formulation in Q1

Table 1

|

Objective functions weights for the four considered scenarios L1, Q1, L2, Q2

Scenarios

w1

w2

w3

w4

w5

w6

w7

w8

L1 and Q1

0.05

0.05

0.25

0.1

0.25

0.1

0.16

0.04

L2 and Q2

0.05

0.05

0.25

0.075

0.3

0.075

0.16

0.04

Figure 3

|

Comparison of the sums of recreation level (D1) and ﬂood level (D2) deviations from the target over the entire time horizon for the four scenarios.

Downloaded from https://iwaponline.com/jh/article-pdf/17/4/570/388394/jh0170570.pdf
by guest

577

B. Delipetrev et al.

|

Nested dynamic programming algorithm

Journal of Hydroinformatics

Figure 4

|

Comparison of the sum of users’ water deﬁcits (D3-7) over the entire modelling horizon (in 106 m3) for the four scenarios.

Figure 5
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and Q2 scenarios inﬂuence the D1 and D2 deviations, produ-

and D5. The quadratic formulation has better results con-

cing better results compared with the L1 and L2 scenarios,

cerning D8 hydropower deﬁcits, as shown in Figure 5.

respectively, as can be seen in Figure 3. The D3 and D5 def-

These differences in results when using linear or quadra-

icits in the L1 and L2 scenarios are at the expense of D4 and

tic formulations in the nested algorithm come from the

D6 (agriculture) that have higher deﬁcits, as shown in

properties of the objective functions as described in

Figure 4. When comparing L1 and L2 with Q1 and Q2 scen-

Equations (4) and (8). Linear objective functions have the

arios, it can be seen that D3 and D5 have less deﬁcits when a

known characteristic that optimal solutions are always

linear formulation is used. The quadratic formulation (quad-

corner-point feasible solutions, which means that when the

ratic Knapsack) makes a more balanced distribution

objective function is formulated as a weighted sum of separ-

between the water demand users, which is due to its objec-

ate linear objectives, the optimal solution will favour

tive function, shown in Equation (8). The quadratic

objectives (‘users’ in our case) with higher weights. There-

formulation objective function alleviates the D6 peak deﬁcits

fore, D5 and D3 (which are with the highest weights) show

that occur in L1 and L2 scenarios, at the expense of D3, D4

smaller deﬁcits for L1 and L2 than with Q1 and Q2. The
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quadratic formulation allows for a more balanced solution

preferences it is possible to create different optimal reservoir

overall (with better trade-offs) and in fact alleviates huge def-

operations.

icits obtained with linear formulation for users with lower

As it is difﬁcult to present the 40 years nDP optimization

weights. However, linear formulation performs faster, and

results’ graphs, a 3-year (1985–1987) sample was selected

depending on the problem, targets and the ‘desired’ optimal

from the Q2 scenario to show some characteristic results.

reservoir operation, the modeller can choose between the

Figure 6 shows the variations of reservoir inﬂow, tributaries

linear and quadratic formulation. It is also important to

inﬂow, reservoir volume and reservoir outﬂow. Figure 7

note that the proposed solution is general in the sense that

shows the recreation and ﬂood target’ deviations. Figure 8

it allows for inclusion of other nested algorithms, and it is

shows water users’ demands. Figure 9 shows water users’

not restricted to the two proposed and tested here.
The w5 (corresponding to the urban water supply) is the
highest weight in the L2 and the Q2 scenarios shown in

deﬁcits and Figure 10 shows hydropower deﬁcits. This
3-year period is a combination of two dry and one wet
year in between them.

Table 1, and consequently, it is the most satisﬁed water

This 3-year period is characterized by the signiﬁcant

demand user, as shown in Figure 4. The D3 deﬁcit in the

reservoir and tributary inﬂows in the spring months (from

L1 scenario is zero, but it has a signiﬁcant increase due to

February until May) due to high precipitation and snowmelt,

the w5 increase in the L2 scenario, although w3 weight is

which is relatively small in the other periods, as shown in

unchanged, as shown in Figure 4. The D4 and D6 deﬁcits

Figure 6. The reservoir releases are rising between June

are slightly increased in L2, compared to the L1 scenario.

and October because of the increased demand of the agricul-

The D3 and D5 deﬁcits are lower in Q2 compared to the

tural users, as shown in Figures 6 and 8. The town users (d3t

Q1 scenario. These deﬁcit reductions are achieved at the

and d5t) and the ecology (d7t) demands are relatively con-

expense of D4 and D6 deﬁcits. When comparing L1, L2, Q1

stant, while the agriculture users’ (d4t and d6t) demands

and Q2 scenarios considering D1, D2, D3, D7 and D8 deﬁcits

are variable reaching a maximum in the summer months,

and their weights, it is obvious that the results are different

as shown in Figure 8. The reservoir inﬂow and the tributary

even without changes of the corresponding weights, as

inﬂow in 1986 are larger and more widely distributed

shown in Figures 4–6. This happens because the change in

between January and June compared to 1985 and 1987

one or more weights, in this case w4, w5 and w6, modiﬁes

when there are high reservoir inﬂows in April and May, as

the main objective function and, consequently, produces

shown in Figure 6. The difference between 1986 and the

different results. The presented scenarios demonstrate that

other 2 years, 1985 and 1987, is shown in the reservoir

by changing the weights in accordance with the user

release shown in Figure 6, the water users’ deﬁcits in Figure 9

Figure 6

|

Reservoir volume, inﬂow, release and tributary inﬂow.
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Figure 7

|

Recreation and ﬂood targets’ deviations.

Figure 8

|

Water users’ demands.

Figure 9

|

Water users’ deﬁcits.
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Hydropower deﬁcits.

and hydropower deﬁcits shown in Figure 10. The majority of

the results (1–2%). This test shows that the nDP algorithm

users’ deﬁcits occur from April until October in 1985 and

allows for higher levels of reservoir level discretization with-

1987, as shown in Figure 9. The deﬁcits D4 and D6 (agricul-

out prohibitive computational time, and for each problem, a

ture) are larger than D3 and D5 (towns) deﬁcits in 1985 and

balance between the desired level of accuracy and the com-

1987, because of the smaller weights w4 and w6 and their

putational time and resources can be determined. In

larger demand, as shown in Figures 8 and 9. If the linear

addition, the nDP algorithm was tested with variable objec-

formulation results were presented using the L1 or the L2

tive weights at different time steps.

scenarios, the difference between the agriculture and the
town’s deﬁcits would be even larger.

In designing the optimal reservoir operation, one needs
to be aware of the objectives’ interdependence, in our case,

The reservoir satisﬁes (almost) all objectives in 1986, as

users’ releases, reservoir level and hydropower. The hydro-

shown in Figures 9 and 10. There are reservoir ﬂood devi-

power production is a function of the total users’ releases

ations (D2) in May 1985 and 1987 because of peak

(reservoir release) and the reservoir level. The hydropower

reservoir inﬂows, as shown in Figures 6 and 7. On the

weight inﬂuences both the total users’ releases and the reser-

other side, there are recreational level deviations (D1) in

voir level. An additional scenario was executed based on the

October and December 1985. This coincides with the reser-

Q2 scenario settings, where the highest priority (weight) was

voir volume shown in Figure 6, which is lowest in periods

set to the hydropower. The scenario result showed that the

between November and January. The last months of 1987

reservoir was ﬁlling to the highest possible level and

suggest that probably the next year is very dry. The reservoir

afterwards made signiﬁcant releases, increasing the hydro-

stores additional volume in winter months (October–

power production. The increased hydropower production

December 1987) at the expense of water demand users

directly inﬂuenced the users’ releases and the reservoir

and the hydropower, as shown in Figures 6, 9 and 10.

levels. This shows that although the main objective function

The nDP algorithm was tested with a variable reservoir

is composed of a sum of weighted objectives, there is

volume discretization using the Q2 scenario settings. The

additional complexity because of the objectives’ interdepen-

reservoir storage volume was discretized: (1) from 0 to 5 ×

dencies, which means that changing the objective weight

106 m3 and from 22 × 106 to 23 × 106 m3 in intervals of

inﬂuences other dependent objectives and the overall

3

3

200 × 10 m ; and (2) the rest was discretized in intervals

results. The desired optimal reservoir operation can be

of 150 × 103 m3 (resulting in the 144 discretization levels).

designed by tuning the weights.

The higher discretization has directly increased the compu-

The nDP makes an exhaustive search over all possible

tational resources and the running time, but it has improved

states and actions, executing the nested optimization at
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each transition, and making a signiﬁcant number of calcu-

only the aggregated demand is optimized rather than the

lations. For the presented set-up, the scenario execution

individual ones. At the second stage, these quasi-optimal

time was under 5 minutes on a standard desktop computer.

reservoir releases are distributed between the different

As expected, the execution time of the Q1 and the Q2 scen-

water demand users for each time step according to their

ario was longer because of the more complex calculation in

importance. Such an approach can be called the aggregated

the quadratic Knapsack than in the Simplex optimization

water demand (AWD) DP algorithm. It would be good to

algorithm. The minor obstacle for the nDP implementation

compare AWD DP with nDP but using the case considered

was the memory requirements that in our case were solved

in this paper it appeared to be difﬁcult.

by increasing the maximum memory allocation pool for

Let us consider a case similar to the Knezevo reservoir
case with eight objectives: recreation level target, ﬂood

the Java Virtual Machine.

level target, ﬁve water demand users (two towns, two agriculture and ecology) and hydropower. The AWD approach

DISCUSSION ON COMPARISON OF NDP WITH
OTHER DP ALGORITHMS

will combine the water demand objectives into a single
objective, and the rest of the problem will remain the
same (Equations (17) and (18)):

nDP compared with a classical DP algorithm
The presented case study has ﬁve water demand objectives.
The classical DP approach would model these objectives as
ﬁve different releases. Since the DP algorithm is an

w03t ¼ w3t þ w4t þ w5t þ w6t þ w7t

(17)

d03t ¼ d3t þ d4t þ d5t þ d6t þ d7t

(18)

exhaustive search, all possible states and actions need
to be evaluated. Let us assume that the discretization

The new optimization problem now has four objectives,

is the same and that the ﬁve releases are discretized on

(1) recreation level target, (2) ﬂood level target, (3) (aggre-

10 × 103 m3.

gated) water demand user and (4) hydropower, and it can

The DP algorithm makes a transition between all states.

be solved by AWD DP. In the ﬁrst stage, the DP algorithm

Let us consider only one transition from full to empty reser-

is executed with the four objectives and the total optimal

voir. In this simple calculation, the possible combinations of

reservoir releases R03t identiﬁed. In the second stage, these

5

ﬁve releases are below 2,300 . There are 480 time steps and

releases are be distributed at each time step between the

over 3,000 transition at each time step. A simple assessment

0
0
0
0
0
ﬁve users, forming allocations r3t
, r4t
, r5t
, r6t
and r7t
.

shows that the total number of DP transitions is around
23

Let us assume that hydropower is a priority, and only

10 , which makes this problem computationally unsolva-

0
0
the agriculture-related allocations r4t
and r6t
are used for pro-

ble. For the applications considered, the usage of classical

ducing hydropower. In this case, the AWD approach cannot

DP becomes impossible when there are several decision

be applied because it is difﬁcult to create an objective func-

variables.

tion in DP that will represent the hydropower weight when
all water demand users are aggregated (since hydropower is

nDP compared with an aggregated water demand DP

generated only by two out of four allocations). The solution

algorithm

for this problem would be to divide the water demand users
0
0
i
and their allocations into two groups, (a) r4t
, r6t
and (b) r3t
,

To decrease the optimization problem dimension and to

0
0
r7t
, r7t
, and in this way to represent the hydropower in the

allow for DP implementation a simpliﬁed sub-optimal

objective function. This will introduce the second decision

approach can be taken: the water demand objectives can

variable in DP that considerably increases the dimensional-

be combined into a single aggregated objective so that at

ity of the problem. If we make this case more complicated

the ﬁrst stage the standard DP optimization can be

and assume that the water demand user d03t is very important

employed. The resulting releases are quasi-optimal since

compared to the other users, and needs to be represented as
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a separate decision variable in DP, then the application of

algorithms and it is planned to develop an example for

the classical AWD would become even more computation-

demonstrating this in further research.

ally demanding.
An alternative is to use the nested approach, as introduced in this paper, which makes it easy to introduce a

CONCLUSIONS

large number of separate objective functions (e.g., hydropower or d3t prioritization as discussed above).

This article presented a novel nested approach to solving a

This consideration allows the conceptual difﬁculty in

DP problem that allows for several objective functions at

the accurate comparison of nDP and AWD in the case

each time step. The use of the nDP algorithm was

study of Zletovica to be seen; the main problem is that the

implemented in the Zletovica river basin case study with

objective functions’ formulations for these two algorithms

eight objectives and six decision variables. The nDP algor-

are different. Indeed, the AWD DP combines all water

ithm has the following advantages:

demands into a single objective in Equations (17) and (18)

•

It effectively alleviates the curse of dimensionality of a

•

It allows for considering all objective functions at each

while the other objectives are the same, so the water
demand objectives (and consequently the hydropower) are
represented differently. The ﬁrst stage of AWD DP uses
the following objective function:

gt ðst , stþ1 , at Þ ¼

4
X

ci  w0it  D0it

2

(19)

•

Equation (9). The difference is obvious in the user demand
objectives, and

w03t  (d03t  R03t ) ≠

•
•

2

wit  (dit  rit )

(20)

i¼3

•

where

R03t ¼

demands are aggregated (AWD DP).
Computationally, nDP runs fast on standard personal
computers. In the presented case study, optimization for
one scenario required no more than 5 minutes on a stan-

The objective function used by nDP is shown in

7
X

time step and hence allows for deeper optimization if
compared to the sub-optimal approach where all water

i¼1

2

standard DP algorithm.

dard desktop PC.
The algorithm allows for employing dense and variable
discretization of the reservoir volume and release.
It supports using a variable (time-dependent) weight at
each time step for every objective function.
It provides a framework for including many objectives in
the nested optimization algorithm without a signiﬁcant
change in the source code or an increase in the compu-

7
X

rir

(21)

•

i¼3

tational expenses.
Different optimization algorithms can be used in the nesting

for

water

allocation;

however,

since

nested

optimization has to be repeated multiple times (for each
Even if we consider the results of the AWD DP second

transition of DP) the algorithm used for this purpose

stage and combine them into one objective function with

needs to be fast. Thus, in the presented nDP framework

eight sub-objectives, it will not be the same as used in nDP.

we used Simplex and quadratic Knapsack algorithms

Another difference between the nDP and the AWD DP is

which showed excellent performance.

that the second stage of the AWD DP does not change the
reservoir releases, because they are already calculated in
the ﬁrst stage, while in the nDP at each transition the releases
are calculated taking into consideration all objectives. This

•
•

The nDP framework can support complex non-linear
objective functions.
The presented nesting approach can be applied not only
in the deterministic DP context, but also in SDP,

interplay between individual objective functions brings

reinforcement

additional complexity into the problem of comparing these

algorithms.
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One of the limitations of the presented study is the fully
deterministic formulation, without explicit consideration of
uncertainties, so characteristic of the reservoir operation.
Therefore, further research will be focussed on implementing the nDP approach in a SDP setting. In addition, it is
planned to test the nested optimization approach in the
problems solved by reinforcement learning.
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