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Multivariate statistical analysis for water demand
modelling: implementation, performance analysis, and
comparison with the PRP model
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ABSTRACT
Water demand is the driving force behind hydraulic dynamics in water distribution systems.
Consequently, it is crucial to accurately estimate the actual water use to develop reliable simulation
models. In this study, copula-based multivariate analysis was proposed and used for demand
prediction for a given return period. The analysis was applied to water consumption data collected in
the water distribution network of Palermo (Italy). The approach produced consistent demand
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patterns and could be a powerful tool when coupled with water distribution network models for
design or analysis problems. The results were compared with those obtained using a classical water
demand model, the Poisson rectangular pulse (PRP) model. The multivariate consumption data
statistical analysis results were always higher than those of the PRP model but the copula-based
method maintained the daily water volume of actual consumptions and provided maximum daily
consumption that increased with the return period.
Key words
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INTRODUCTION
Urban development has created new water distribution

network, such as pipe friction coefﬁcients and nodal

system management problems. Water supply networks are

demands, along with their temporal variations, contain

required to respond to growing drinking water demands,

uncertainty, which consequently affects our conﬁdence in

which are highly variable in terms of space and time. The

the simulation outcome. There has been agreement in the lit-

general goal for any water utility is to constantly supply

erature that uncertainties in nodal demands and their

good quality water under sufﬁcient pressure to all customers

variation with time is one of the primary sources of error

(Zhou et al. ; Herrera et al. ). The reliability of a uti-

responsible for discrepancies between measured and

lity’s water distribution system depends on a combination of

model-simulated ﬂows and pressures.

the following factors that play important roles in the system

Residential water demand is one of the most difﬁcult

design and management: the water demand variability, size

parameters to determine when modelling drinking water dis-

and maintenance of pipes, and volumes of urban reservoirs.

tribution networks. The simulation of a water supply system

The development of powerful computers has enabled

is often performed by assuming averaged values (in space

hydraulic engineers to simulate the behaviour of water

and in time) of the water demands. The average spatial

supply systems for most scenarios. However, the accurate

values are obtained by clustering the water consumption

prediction of pressures, ﬂows and water quality parameters

of users towards each node of the network, and the time-

depends strongly on the quality of the input data. The data

averaged values are obtained as the mean of the instan-

required to simulate the behaviour of a water distribution

taneous values of the nodal demands. The simulation
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results obtained using these simpliﬁcations may not be

event. This methodology, which maintains its validity,

reliable for the hydraulically disadvantageous zones of the

reveals some limitations, in our opinion. Impulse models

network. Therefore, water demand modelling has been an

(e.g., the Poisson rectangular pulse (PRP) model) can

active ﬁeld of study. Researchers have been primarily inter-

reliably simulate continuous patterns of water demand for

ested in household domestic water consumption, which is

a speciﬁc user only when continuous series of their recorded

the principal rate of the total volume supplied by the

consumption are available to calibrate them. The reliability

water distribution system in urban areas, often equal to

of the simulated demand is thus strictly dependent on the

75%. Water demand can be predicted on different time

amount of available data. These models demonstrate good

scales. Short- and long-term forecasting of the municipal

performance, as well as arising from hydrology to deﬁne

water demand is essential to water utilities for system plan-

rainfall series, even if the generated demand patterns will

ning, design and asset management. Short-term forecasting

have the same temporal and spatial aggregation as the

is useful for operating and managing existing water supply

recorded patterns. If the temporal aggregation of available

systems within a speciﬁc period, whereas long-term forecast-

data is too coarse, model parameters (strictly related to

ing is particularly important for system planning and design.

single consumption pulses) lose their physical sense.

Analysing and forecasting urban water demand is a com-

In actual water distribution network management, it is

accurately

unlikely that continuous series of recorded consumption

predicting demands and simulating the short- and long-

data are available for more than a few users. Furthermore,

term pattern of demands are difﬁcult propositions for two

performing this kind of monitoring campaign at large scale

reasons. First, it is impossible to predict the extent to

is usually hardly viable by means of common systems of

which factors that inﬂuence the water demand (e.g., house-

automatic meter reading (mainly due to the high costs

hold

plex

but

imperative

task.

Unfortunately,

service

of data transmission and management). The large amount

connections, water price and land uses) will change in the

of data that should be stored and transferred to a central

future. Peak daily use is estimated by applying peak factors

database require high effort both in terms of memory storage

to the average daily level, and design and expansion

and energy consumption which greatly reduces the battery

decisions are based on this value. The second consideration

life of the monitoring equipment.

income,

urban

population,

number of

that complicates water demand simulation is its variability

As reported in Alvisi et al. (), the water demand pro-

in time. By studying a hydrograph of the daily water

cess is not entirely stochastic, but a rate can be linked to

demand in a system, it can be recognised nearly immediately

deterministic relationships between the variables character-

that changes in water demand occur at many different time

ising the process: seasonal and weekly periodicities in daily

scales. For example, domestic water use typically changes

consumption and daily periodicities in hourly water demand

rapidly, nearly in a matter of seconds and minutes, as

patterns can usually be identiﬁed. Impulse models neglect

people perform their domestic tasks of washing, cooking,

the statistical dependence of the parameters characterising

cleaning, bathing, etc.

the consumption process considering pulse intensity,

A detailed model of the hydraulic behaviour of drinking

duration and frequency as independent variables. Neverthe-

water distribution systems could be obtained by implement-

less, the statistical proprieties of water demand (e.g., the

ing a domestic water demand model in one of several

mean, total daily volume, maximum daily value) are few,

software programs that have been recently developed. To

easily monitored and processed. Therefore, a statistical

date, stochastic models for instantaneous residential water

methodology able to assess and analyse the multivariate

demand (e.g., impulse models, see the subsequent sections

relationships between these statistical properties involved

for references) have been used to obtain realistic demand

in the demand process could lead to the reduction of the

patterns for the hydraulic distribution network solvers. Sev-

amount of data useful to describe the water consumption

eral basic parameters related to the residential water usage

process. As an advantage, the management of the monitor-

are required to apply these models, such as the frequency,

ing equipment at large scale could be feasible and cost

duration and intensity statistics of a single consumption

effective.
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In the present study, a multivariate statistical method

functions. Bedford & Cooke (, ) realised that there

based on the copula functions recently introduced in hydrol-

were a signiﬁcant number of possible pair-copulas construc-

ogy and proposed by the authors in Fontanazza et al. ()

tions (PCC); thus, they organised them in a graphical

has been further developed. The main peculiarity of the

manner by sequentially designing trees that identify the

copula function is that it permits separate investigation of

bivariate copula densities needed to make up a d-dimen-

the marginal properties and interdependence structures of

sional density. It involves only the products of bivariate

the variables. It synthesises the dependence structure of

copulas. As the trees are intrinsically related, the authors

the variables in the purest and most essential form (Bárdossy

called these distributions regular vines (R-vines). Vine copu-

& Pegram ) without assuming that the variables are

las are ﬂexible functions for multivariate dependencies,

normal or have the same marginal distribution.

which specify a factorisation of the copula density into a

Starting from the above-mentioned considerations, this

product of conditional bivariate copulas. The class of regular

study has the following two objectives: (1) to propose a pro-

vines is still general, and it embraces a large number of poss-

cedure based on a multivariate statistical analysis of the

ible pair-copula decompositions (Aas et al. ), including

primary features of the water consumption process at the

two simple tree structures, such as line trees and star trees.

domestic level and (2) to obtain a practical use water con-

The former corresponds to D-vines, while the latter corre-

sumption model that is not characterised by high

sponds to C-vines. Recently, vine copula functions have

resolution data requirements. The proposed method was

demonstrated great potential in several hydrological appli-

validated by comparing its results with those obtained

cations (Graler et al. ).

using the PRP model. This paper is organised as follows.

Several procedures analysing and modelling user water

The multivariate and PRP analyses of the consumption pro-

consumption, such as the Poisson, Neyman-Scott and

cess are described next. Then, the case study to which the

Bartlett-Lewis models, have been widely adopted in the lit-

procedure is applied is presented. This is followed by presen-

erature. These procedures have been primarily used to

tation and comparison of the resulting demand patterns,

study the stochastic process inherent in rainfall events

according to the multivariate analysis and the PRP model.

(Rodriguez-Iturbe ; Buchberger & Wu (); Cowpert-

Finally, the study conclusions are presented.

wait et al. ; Alvisi et al. ; Alcocer-Yamanaka et al.
). Similarly, the present paper proposes to model the
daily pattern for user water consumption through a multi-

MATERIALS AND METHODS

variate statistical approach ﬁrst used to generate synthetic
rainfalls by employing copula functions that simulated the

Multivariate consumption data statistical analysis

multivariate relationships between the main variables char-

based on copula function

acterising the temporal rainfall pattern, such as the rainfall
total depth, duration and maximum intensity (Fontanazza

The copula function is a new multivariate statistical analysis

et al. ).

method that is frequently used in hydrology to perform multi-

According to this procedure, the multivariate consump-

variate process simulations, extreme value analysis and

tion data statistical analysis (MCDSA) uses 3-d vine copulas

dependence structure modelling (De Michele & Salvadori

for the main variables characterising the daily pattern of

; Favre et al. ; Salvadori & De Michele a, b; Gri-

domestic water consumption: Vd, the total daily volume con-

maldi & Serinaldi ; Bárdossy & Pegram ). While

sumed by the user, which is analogous to the total rainfall

there is a multitude of bivariate copula, building higher dimen-

volume; Kp, the daily peak coefﬁcient, which is expressed

sional copulas is generally recognised as a difﬁcult problem.

as the ratio between the maximum consumption in a given

The idea of constructing a multivariate dependence

time step, Vmax, and the total daily volume, Vd, which is ana-

model from bivariate copulas as building blocks (i.e., pair-

logous to the maximum rainfall intensity; and the time to

copulas) dates back to Joe (). The author detailed the

peak coefﬁcient, Tp/24, which is expressed as the ratio

construction of the ﬁrst pair-copula in terms of distribution

between the time to peak and the total duration of the
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demand pattern, 24 hours. Figure 1 shows a ﬂowchart of the

another bivariate copula (e.g., CKT|V, CVK|T or CVT|K). Consid-

MCDSA used in the present study.

ering the 3-d vine structure shown in Figure 2(a), the full

First, prior to performing the procedure, a triplet
(Vd , Kp , Tp ) is assessed for each daily pattern recorded for

density function cVKT of the three-dimensional copula is
given as follows:

a monitored dwelling. Namely, MCDSA requires a sample
of triplets (Vd , Kp , Tp ) at least 1-year long to ensure

cVKT (v, k, t) ¼ cKRjV (FKjV (k, v), FTjV (t, v))  cKV (k, v)  cTV (t, v)

reliability. Thus, the related dimensionless transformed vari-

(1)

ables (V, K, T )historical , which are approximately uniformly

The three-dimensional distribution function of the orig-

distributed in [0, 1], are evaluated together with the marginal
distribution functions FV , FK and FT (step 1).
Second, the Kendall’s τk rank correlation of each couple

inal

variables

sample

(Vd , Kp , Tp )

is

obtained

by

combining the bivariate copulas, as shown in Equation (1),

of variables (i.e., V-K, V-T and K-T ) is evaluated to estimate

and substituting the marginal distribution functions FVd ,

the statistical dependence between the variables. Hence,

FKp

several 3-d vine copulas are built to ﬁt the sample of the variables (V, K, T)historical . In the three-dimensional case, there

and

FTp ,

which

are

deﬁned

as

v ¼ FV1d (Vd ),

1
1
(Kp ) and t ¼ FTp
(Tp ). Therefore, the full density funck ¼ FKp

tion fVdKpTp is given as follows:

are no differences between a C- or a D-vine, only the ordering of variables can be changed. Figure 2 shows the possible

fVd Kp Tp (vd , kp , tp ) ¼ cKT jV (FKjV (k, v), FTjV (t, v))

schemes for composing a 3-d vine copula. In the second

 cKV (k, v)  cTV (t, v)  fVd (vd )

tree, the two conditional cumulative distribution function

 fKp (kp )  fTp (tp )

(2)

(CDF) values are calculated for all triplets (V, K, T)historical .
These ‘conditioned observations’, which are again approxi-

where fVd , fKp and fTp , represent the marginal density func-

mately uniformly distributed in [0, 1], are then used to ﬁt

tions of (Vd , Kp , Tp ).

Figure 1

|

A ﬂowchart of the MCDSA performed in the present study.

Figure 2

|

Possible structures of a 3-d vine.
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essential tool for calculating a copula-based return period
for multivariate events (Graler et al. ).

copula (e.g., in Figure 2(a), the CKV, CTV and CKT|V bivariate

In step 5 of the analysis, a pattern, derived from histori-

copulas). The maximum likelihood estimation (MLE)

cal time series of consumption, was assigned to each

method can be adopted to ﬁt a copula from each family

synthetic triplet (V, K, T)copula using a similarity criterion.

investigated for each pair of variables; the copula showing

Namely, for each recorded daily consumption pattern, at

the highest log-likelihood value or the minimum Akaike’s

ﬁrst, the related mass curve (Huff curve), deﬁned as the rep-

information criterion (AIC) value is selected as the best ﬁt-

resentation of the normalised time vs. the normalised

ting vine copula model for the analysed data set. The

cumulative water consumption from the beginning of the

methodology considers all possible schemes of the 3-d

day,

vine copula shown in Figure 2.

(V, K, T)copula was linked to the Huff curve of the historical

Using the best ﬁtting 3-d vine copula model, which is
identiﬁed in step 3, a sample of synthetic triplets

was

evaluated.

Then,

each

statistical

triplet

event (V, K, T )historical that minimised the following objective function (Fontanazza et al. ):

(V, K, T)copula related to a given return period was generated
(step 4). The multivariate return period of the triplets
(V, K, T)copula was assessed following the procedure pro-

S ¼ wV  [Vcopula  Vhistorical ] þ wK
 [Kcopula  Khistorical ] þ wT  [Tcopula  Thistorical ]

(5)

posed by Salvadori et al. () and based on the copula’s
Kendall distribution function KC(t). According to this pro-

where wV, wK and wT are weights with a sum equal to

cedure, the copula-based return period TKEN3 (expressed in

1. They were evaluated using a Monte Carlo analysis

days) is provided as follows:

aimed at maximising the modelling efﬁciency (valued by

TKEN3



μ
μ
¼
↔ tKEN3 ¼ KC1 1 
1  KC (t)
1  TKEN3

means of the Nash and Sutcliff method) between the 50th
(3)

percentile of the synthetic and recorded patterns.
Finally, (as step 6) the synthetic patterns obtained for a

where μ is the mean inter-arrival time expressed in days (in
the case of a daily event, μ ¼ 1), and KC(t) is the copula’s
Kendall distribution function. Namely, KC(t): I → I is

given return period were statistically processed to estimate
the related percentiles.
PRP model for consumption data analysis

deﬁned as:
Qi & Chang (), House-Peters & Chang () and
KC (t) ¼ P(C(v, k, r)  t)

(4)

Donkor et al. () have presented an overview of water
demand prediction models on various time scales. The

with t ∈ I deﬁned as the probability level.

time scale is dictated by the purpose for which the predic-

Thanks to Equation (4), after ﬁxing the design return

tion model is to be used (Bakker et al. ). Most past

period TKEN3, the corresponding probability level tKEN3

water consumption studies have started based on the

was assessed using the inverse of the copula’s Kendall distri-

requirements of quantifying global demand using long-term

bution function KC(t). In 3-d, this level corresponds to an

forecasting (Maidment et al. ; Dziegielewski & Boland

iso-surface, i.e., all triplets (V, K, T )copula on this surface

; Miaou ; Zhou et al. ) and establishing a suit-

have the same copula value equal to tKEN3. KC(t) allows

able rate structure (Rothstein ). New reasons to better

the calculation of the probability that a random point

characterise the domestic water consumption have recently

(V, K, T)copula in the unit cubic space has a smaller or

emerged; among these reasons, the requirement to ensure

larger copula value than a given critical probability level

water volumes demanded by customers and to supply

(t ¼ tKEN3). The Kendall distribution function is a univariate

them with sufﬁcient pressure and good quality has been pro-

representation of multivariate information because it is the

minent (Clark et al. ; Buchberger & Wu ;

CDF of the copula’s iso-surface. Therefore, Kc(t) is an

Buchberger & Wells ; Guercio et al. ).
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At a domestic service level, water demand is considered

superimposed due to the ﬁnite duration of each pulse. The

sporadic and is characterised by sudden demand pulses, and

intensity of the water consumption composed of more

it tends to have a stochastic character (Buchberger & Wu

than one pulse is the sum of the intensities of the single

; Buchberger & Wells ), particularly when consider-

pulses.

ing time scales on the order of seconds. The sporadic water

The basic parameters of the PRP model are the fre-

demand can be characterised as a series of rectangular

quency of occurrence of the individual pulses (i.e., the

pulses with a set intensity, duration and frequency. There-

number of pulses that occur in the selected time step) and

fore, several stochastic models for domestic demand

the intensity and duration of the pulse. The pulse origins

determination have been developed. These models include

are independently displaced from the event origin. The dur-

the PRP model (for reference, see the following) and the

ation and intensity of the pulses are assumed to be

Neyman-Scott rectangular pulse model (Alvisi et al. ;

independent random variables. This assumption is expedi-

Alcocer-Yamanaka et al. ), among others (Blokker

ent for the sake of operational efﬁciency and simplicity.

et al. ).

The frequency, intensity and duration are formally described

The PRP model was initially proposed and applied to

by their statistical properties of mean, variance and prob-

describe rainfall temporal patterns and to generate a syn-

ability distribution. Since the water demand presents

thetic

events,

certain natural variations during the day, the arrival rate

according to the projected interval and duration (Rodriguez-

changes during the day (i.e., the Poisson process is non-

Iturbe et al. , ; Rodriguez-Iturbe ; Cowpertwait

homogeneous).

series

representing

rainfall

or

storm

et al. ). Subsequently, the PRP model has been trans-

In this paper, the parameters of the PRP model are

ferred to water demand modelling and has provided good

obtained by registering the instantaneous water demand

results (Buchberger & Wu ; Buchberger & Wells ;

every second using special equipment, separating the indi-

Guercio et al. ; Buchberger et al. ; Freni et al.

vidual demand pulses, and statistically processing the

; García et al. ), thereby conﬁrming the adaptability

resulting series of pulses. This approach, based on the

of these models to describe and well-reproduce processes

direct measurement of the demand pulses, becomes costly

that are strongly time dependent and that arise from aggre-

because of the special equipment required to register the

gation and the superposition of single events. The

water demand, the required personnel for related ﬁeld

superposition is caused by each dwelling that takes water

work, and the enormous amount of data to be processed.

as a single pulse from the distribution network, indepen-

A single elementary use is rectangular-shaped, and it is

dently of the other dwellings. Furthermore, Magini et al.

described by a random duration and a random steady inten-

() and Vertommen et al. () showed that the spatial

sity. More complex water demands that are caused by the

and temporal aggregation strongly inﬂuences the water

superposition of multiple single pulses must be converted

demand statistics and represents a key point for a correct

into more regular events, which are deﬁned as single equiv-

stochastic model of water consumption.

alent rectangular pulses (SERPs) by Buchberger et al. ().

The demand events are generally of short duration, fol-

Rectangular-shaped ideal water consumption is described by

lowed by relatively long periods of no demand. When a

the moment at which it begins and ends, constant and posi-

user logs on to the water service, one or more appliances

tive intensity and duration.

may be maintained as busy. Each water demand event

The recorded single-user water consumptions always

may be composed of a random number of rectangular

show a wide variety of patterns that typically differ from

demand pulses with a height that represents the intensity

the rectangular-shaped patterns, with an intensity ﬂuctu-

and a width that represents the duration. The superposition

ation caused by network pressure variability and unsteady

of single pulses causes a complex water demand event. The

events due to the opening and closing of appliances.

Poisson process characteristics make it improbable that two

Each event was converted into one or more SERP to ana-

demand pulses start at the same moment. However, two

lyse the characteristics of the consumption process and to

pulses that start at different moments are partially

estimate the parameters of the PRP model. This process
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THE CASE STUDY

Each complex event was converted into constant rectangular-shaped signals by applying a signal smoothing based on

The above-described MCDSA and PRP models were applied

the analysis of the difference between the progressive aver-

to water consumption data obtained from monitoring eight

age (from the event beginning) and a ﬁve-point moving

dwellings located in Palermo (Italy) throughout 2007 (Figure 3).

average. Each intensity variation for which the difference

The customers that participated in the consumption moni-

between the progressive average and the ﬁve-point

toring program were selected according to the following

moving average is higher than a set threshold value (chan-

characteristics: families with at least two members; family

ging with the duration and the total volume of each event)

members ranging in age from 4 to 70 years; a minimum of

was considered to be signiﬁcant and, thus, not negligible.

one electric household appliance (dishwasher or washing

Previous intensities were averaged to yield a constant

machine); negligible outdoor consumptions; and cooperation.

intensity. This procedure was performed many times

The selected eight families were the only families that agreed to

inside each event and for all events. The result was rec-

participate in the consumption monitoring program. Instru-

tangular-shaped and more complex signals, deﬁned as

ment packs to monitor domestic water use were installed on

strings of random blocks (SORBs) by Buchberger et al.

the service line of each of the eight dwellings, downstream of

(), with more than one constant intensity. SORBs

the revenue water meter (Figure 4).

show that many appliances are contemporarily busy. In

The instrument package included a multi-jet water meter

the pulse separation phase, SORBs were analysed to ident-

and a data logger. The two devices were coupled by means of

ify

The

an impulse sensor. The water meter had a minimum ﬂowrate,

identiﬁcation and separation of single pulses are based

Q1, equal to 15 l/h, a transitional ﬂowrate, Q2, equal to

on two empirical rules: two pulses do not begin or end sim-

22.5 l/h, a permanent ﬂowrate, Q3, equal to 1,500 l/h, and an

the

actual

superposition

of

single

uses.

ultaneously, and the superposition of pulses causes an

overload ﬂowrate, Q4, equal to 5,000 l/h (ISO - ).

increase in intensity. A system of ‘n’ linear equations,

When the cumulative volume consumed by the user was

with unknown values that are the mean intensities of the

equal to or higher than 0.5 l in a given time period, the

SERPs, was written for each SORB (where ‘n’ is the

sensor transmitted a signal to the data logger for each 0.5 l;

system dimension equal to the amount of positive change

when the volume was lower than 0.5 l, the sensor did not

in intensity). The system solution provided the intensities,

transmit a signal but the volume was aggregated to the follow-

durations, beginning and ending of each single pulse.

ing consumption pulse until the cumulative volume was equal

When the solution was not reached, the SORB was

to 0.5 l. Considering that a common faucet is characterised by

replaced by a single equivalent pulse with an intensity

ﬂows in the range 6–12 l/min, the sensor was able to transmit

equal to an average value weighted by the duration of

pulses longer or equal to 5 seconds (in the worst case) or equal

the different intensity levels.

to 2.5 seconds (in the best case). Cumulative volumes of

The evaluation of the PRP model parameters depends

more than 0.5 l were recorded in a text ﬁle containing six

on the aggregation time step for which the stochastic pro-

ﬁelds (i.e., day, month, year, hour, minute and second). The

cess may be considered to be homogeneous. In this study,

water demands were downloaded by connecting the data

the consumption process was assumed to be homogeneous

logger to a portable computer.

at the daily scale for the intensity and duration and homo-

The monitoring period was approximately 1 year for ﬁve

geneous at the hourly scale for the pulse occurrence

dwellings, shorter for dwellings 4 and 5, and longer (by two

(frequency). The daily consumption pattern appears to be

times) for dwelling 6 (Table 1).

primarily due to the occurrence of single events rather

A four-step process was used to transform the raw input

than their duration and intensity. This hypothesis reduced

signals into archived residential water consumptions

the number of parameters to evaluate for stochastic model

(Figure 5). Step 1 involved data retrieval; step 2 involved

identiﬁcation.

data correction (removal of repetitive signals and placing
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Location of the monitored dwellings in the city of Palermo.

the water demand readings in chronological order) and

thus obtaining three samples of variables, with more than

water use separation; in step 3, leaks and ultra-low demands

365 data points for each one. Then, the related dimension-

were censored; and in step 4, the volume of each pulse was

less transformed variables (V, K, T )historical , approximately

uniformly distributed over the duration of the pulse. A

uniformly distributed in [0, 1], were evaluated together

sparse matrix collected the ﬂow values (l/sec) using the

with the marginal distribution functions (FV , FK , FT ).

seconds in a day as the number of columns and the days

These functions were identiﬁed by ﬁtting several distribution

during which the consumption data were recorded (chan-

functions to the empirical CDF of (V, K, T )historical and by

ging for each user) as the number of rows.

performing a Kolmogorov–Smirnov (K-S) goodness-of-ﬁt
test to choose the best distribution. Table 2 shows the parameters of the obtained marginal distributions ðFV , FK , FT Þ

RESULTS AND DISCUSSION

for all eight monitored dwellings. For dwelling 1, all three
variables (V, K and T ) show a good ﬁt with the generalised

MCDSA application to the case study

extreme value (GEV) distribution. The GEV marginal distributions of the variables K and T were cut off in [0, 1].

For each monitored dwelling, a triplet (Vd , Kp , Tp ) was

To estimate the statistical dependence between the three

assigned to each recorded daily water demand pattern,

variables ðV, K, TÞhistorical , Kendall’s τk rank correlation of
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Instrument packs and some installations.

each pairwise V-K, V-T and K-T was evaluated (Table 3). For

Duration of the monitoring period

dwelling 1, the pairwise V-K and V-T showed a negative cor-

Dwelling

Monitoring period [days]

1

334

2

359

3

317

4

237

Furthermore, the correlation was higher for V-K and V-T

5

212

and lower for K-T.

6

637

7

345

8

320

Figure 5

|

relation, with Kendall’s τk values equal to 0.42 and 0.12,
respectively; only the K-T pair had a positive correlation,
with τk equal to 0.07. For the other seven dwellings, the correlation was always negative for V-K and positive for V-T.

Then, the MLE method was adopted to ﬁt several 3-d
vine copulas to the variables (V, K, T )historical related to
each monitored dwelling. All possible schemes of the 3-d

Steps in the process for transforming the raw input signals into archived water consumptions.
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Marginal distributions parameters of the (V, K, T)historical : a1, a2, a3 are the statistic parameters of the marginal distributions and the K-S is provided with a conﬁdence level equal
to 0.01

Dwelling

Distribution

a1

0.23
0.37
0.45

a2

Dwelling 1

FV
FK
FT

GEV
GEV
GEV

Dwelling 2

FV
FK
FT

Logistic
GEV
Inverse Gaussian

–
0.2189
–

Dwelling 3

FV
FK
FT

Logistic
GEV
Log-logistic

–
0.34
–

Dwelling 4

FV
FK
FT

Weibull
GEV
Beta

Dwelling 5

FV
FK
FT

Dwelling 6

a3

K-S test D0.01

0.17
0.04
0.08

0.37
0.13
0.37

0.044
0.063
0.028

0.50
0.14
0.53

0.10
0.04
2.99

0.079
0.078
0.015

0.37
0.17
0.69

0.09
0.07
0.22

0.077
0.071
0.017

0.3711
0.2078
31.145

2.009
0.1775
19.776

–
0.066
–

0.096
0.088
0.001

Log-logistic
GEV
Log-logistic

–
0.1304
–

0.8975
0.1392
0.8532

0.1916
0.0409
0.1989

0.104
0.099
0.010

FV
FK
FT

Logistic
GEV
Log-logistic

–
0.1690
–

0.3395
0.1012
0.9322

0.0751
0.0132
0.3664

0.023
0.020
0.004

Dwelling 7

FV
FK
FT

GEV
GEV
Log-logistic

0.133
0.3356
–

0.28
0.1514
1.038

0.1589
0.0597
0.206

0.076
0.069
0.001

Dwelling 8

FV
FK
FT

GEV
GEV
Logistic

0.16
0.0626
–

0.3972
0.1045
0.4982

0.1249
0.027
0.1123

0.071
0.088
0.024

a1 ¼ k

GEV
Logistic and log-logistic distribution
Inverse-Gaussian distribution

a1 ¼ a

Weibull and beta distribution

a2 ¼ μ

a3 ¼ σ

a2 ¼ μ

a3 ¼ σ

a2 ¼ μ

a3 ¼ λ

a2 ¼ b

vine copula shown in Figure 2 were built. The investigated

The best ﬁtting 3-d vine copula model for the analysed

copula families include Normal, Student, Gumbel, Frank,

data set was the 3-d vine copula showing the highest log-

Clayton, BB1, BB6, BB7, BB8 and their rotated version.

likelihood value or the minimum AIC values. Table 4 shows
the bivariate copula families, parameters and Kendall’s τk of

Table 3

|

Dwelling

Kendall’s τk rank correlation of each couple of variables V-K, V-T and K-T

τk VK

τk VT

τk KT

1

0.420

0.118

0.068

2

0.322

0.087

0.077

3

0.385

0.062

0.036

4

0.170

0.001

0.113

5

0.348

0.100

0.020

6

0.499

0.161

0.161

7

0.558

0.073

0.101

8

0.157

0.023

0.019
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the building blocks of the 3-d vine copula built for dwelling
1. The 3-d vine copula structure best ﬁtting the analysed
data is the C-vine (Figure 2(a)). In the Appendix (available
in the online version of this paper), the corresponding tables
related to the other seven monitored dwellings are shown.
After identifying the best ﬁtting 3-d vine copula model,
the analysis focused on the generation of synthetic triplets
(V, K, T )copula related to a given return period.
Two return period were set, TKEN3 ¼ 100 days and
TKEN3 ¼ 365 days, the typical value for water distribution
system management.
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Copula families, parameters and Kendall’s τk of the building blocks of the 3-d vine copulas built for dwelling 1

|

3-d vine Figure 2(a)

Log-likelihood

3-d vine Figure 2(b)

106.31

79.22

 204.63

AIC

par

CVT

33

Kendall’s τk 2-d copula

CKT|V

 201.20

CVK

CKT
10

CVT|K

CVK

CKT
10

CVT|K

40

5

40

5

33

3.24

2.83

3.24

1.80

0.97

0.17

1.80

4.49

0.00

0.96

0.00

0.96

0.90

0.00

0.00

0.90

0.90

0.08

0.51

0.29

0.51

0.22

0.11

0.08

0.22

0.58

0.17

par2

105.60

 148.44

CVK
Family copula*

3-d vine Figure 2(c)

40

A numerical evaluation based on a sample of 2 × 107

The curves for the 50th percentile of the recorded data

points simulated by the best ﬁtting 3-d vine copula was per-

and simulated consumption for the two return periods

formed to calculate the inverse of Kc(t), as no closed form

were similarly shaped: the peaks were preserved in the

exists for the CDF of the 3-d vine copula identiﬁed in this

beginning of the morning, thus conﬁrming that this user is

analysis (for more details, see Salvadori et al. ). Accord-

typical of working families who are not often at home

ing to Equation (4) and the numerical evaluation of Kc(t),

during the afternoon. The MCDSA provided good results,

the related tKEN3 values were calculated, and the results

considering both the total daily volume, Vd, consumed by

equalled 0.99 and 0.997, respectively. Thus, 1,000 triplets

the user and the maximum daily consumption, Vmax, that

(V, K, R)copula were sampled from the iso-surface related

increased with the return period. The median of the total

C(V, K, T) ¼ tKEN3 ,

1,000

daily recorded volume was equal to 200 l, and the total

triplets (Vd , Kp , Tp )copula with iso-probability were obtained

daily volume simulated for a return period of 100 and 365

through the inverse marginal distribution. As the ﬁnal step

days was equal to 230 and 291 l, respectively. The maximum

of the analysis, a pattern was statistically assigned to each

recorded water consumption was 44.67 l/h, and the maxi-

triplet (Vd , Kp , Tp )copula after considering the historical time

mum water consumption simulated for 100 and 365 days

series of consumption. Namely, the Huff curve of the

was 37.78 l/h and 56.75 l/h, respectively. The simulated pat-

recorded daily consumption pattern that minimised the

tern for TKEN3 ¼ 365 days was higher than that for TKEN3 ¼

objective function of Equation (5) (Fontanazza et al. )

100 days.

to

and

the

corresponding

was assigned to each statistical triplet (Vd , Kp , Tp )copula .

The percentiles were consistent, demonstrating that the

The 1,000 patterns were ﬁnally processed, and the per-

performed analysis can be efﬁciently used for water distri-

centiles for a given return period were estimated. Figure 6

bution network simulation. Even the curve for the 99th

shows the 50th and the 99th percentiles of the recorded

percentile of the recorded daily pattern, which is usually

and generated daily patterns for dwelling 1.

chosen for designing water supply loads to urban buildings,

Figure 6

|

Water demand percentiles of recorded data and generated daily pattern for dwelling 1: (a) 100-day return period; (b) 365-day return period.
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Parameters for PRP model taken from Buchberger & Wells (1996) and Buchberger et al. (2003)

percentile of the simulated patterns.
PRP model for the water demand simulation
The empirical CDF of intensity, duration and pulse frequency

Duration
Intensity

Standard

mean

Standard deviation

mean [l/min]

deviation [l/min]

[sec]

[sec]

8.50

4.70

45

90

and the best ﬁtting probability distribution function of the
parameters of the PRP model, intensity, duration and pulse
frequency were evaluated for each consumption time series.

The synthetic series of water consumption was gener-

The intensity shows a good ﬁt with a normal distribution

ated from the distribution functions of intensity (normal

that was cut off in [0, 1], as demonstrated by Guercio et al.

distribution),

(), as does the duration with a log-normal distribution

hourly frequency (Poisson distribution). A random prob-

(Table 5) and the frequency with a Poisson distribution, as

ability was generated for each hour in a day, and the

stated by the hypotheses of the PRP model.

corresponding value of events/hour was deﬁned using the

duration

(log-normal

distribution)

and

The mean and the standard deviation of the duration

distribution function of the frequency related to that

shown in Table 5 are comparable with those reported in

hour. Two additional random probabilities were generated

Buchberger & Wells () and Buchberger et al. ()

for each event along with the corresponding values of

which related that the duration of residential water

intensity and duration that arose from the distribution func-

demand showed a good ﬁt with log-normal distribution as
well (Table 6). The mean of the intensity in Table 6 (that
as well as the duration showed a good ﬁt with log-normal

tions. The total water volume consumed by the user in that
hour is the sum of the volume of each event (intensity by
duration) that occurred simultaneously. Coupling this pro-

distribution) was twice those in Table 5, and the standard

cedure with the Monte Carlo analysis, 100,000 synthetic

deviation of the intensity in Table 6 exceeds those in

water consumption series (with a length equal to those

Table 5 by a factor 2–4.

recorded) were generated, and the average water consump-

As previously mentioned, the Poisson process is non-

tion was calculated. Figure 7 shows that the average hourly

homogeneous and results in 24 distribution functions of

synthetic consumption preserves the shape and volume of

the consumption frequency, one for each hour (Table 7),

the recorded consumption. The comparison of the two

because the frequency with which customers log on to the

curves shows that the PRP model is good at preserving

water service is time dependent.

the average demand value, and it is promising for the applications in real time management. To evaluate the

Table 5

|

Parameters of the intensity and duration distribution functions

Intensity

the simulated patterns for different return periods are
analysed.

Duration

Mean

Standard deviation

Mean

Standard deviation

Dwelling

α [l/min]

β [l/min]

τ [sec]

ω [sec]

1

5.01

1.77

31

101

2

2.83

1.24

38

99

3

4.55

1.49

36

98

4

5.79

2.01

26

104

5

5.08

1.56

40

95

6

4.42

1.45

38

112

7

3.44

1.62

56

123

8

3.23

1.45

50

110
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MCDSA vs. PRP model for water demand simulation
Figures 8 and 9 show the 50th percentiles (all monitored
dwellings) of the water demand simulated by the PRP
model and MCDSA for the two return periods chosen
(100 and 365 days, respectively). In order to analyse the
reliability of the generated patterns, the 50th percentiles of
the recorded consumptions are plotted in Figures 8 and 9
too; it must be highlighted that the median of the recorded
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Parameters of the frequency distribution functions

Dwelling

1

Hour

Frequency (λ [uses/hour])

0

0.933

0.997

0.650

0.045

1.151

1

0.169

0.532

0.107

0.032

0.618

2

0.081

0.164

0.035

0.023

3

0.092

0.139

0.019

0.027

4

0.067

0.270

0.054

5

0.130

0.329

0.142

6

1.088

2.741

0.719

2.599

0.410

12.401

4.948

2.592

7

4.729

12.095

2.596

9.230

2.241

11.699

6.794

4.355

8

9.852

8.501

4.716

14.032

5.571

5.215

4.365

6.572

9

9.264

5.020

3.568

8.770

4.113

3.645

2.904

8.428

10

6.141

3.657

3.259

5.469

4.637

4.175

2.954

8.234

11

3.532

2.786

2.274

4.464

5.179

6.771

1.684

6.964

12

4.613

4.059

2.416

2.752

3.830

9.416

0.945

6.984

13

5.190

6.393

2.625

2.793

2.863

8.980

1.957

6.141

14

4.370

4.332

3.041

5.401

2.142

7.957

1.696

3.770

15

2.732

5.894

2.675

5.257

1.877

8.029

1.209

4.319

16

2.236

6.886

1.899

2.973

1.458

6.954

1.548

3.240

17

2.430

4.875

0.890

2.568

2.491

7.140

1.690

2.520

18

2.521

3.911

0.959

3.455

2.184

7.762

2.273

3.497

19

2.901

4.596

2.063

2.707

2.561

7.063

2.919

3.342

20

4.718

3.933

2.757

2.189

3.330

5.287

2.417

2.556

21

4.338

2.660

2.101

1.396

2.491

5.066

1.397

1.434

22

3.796

2.811

2.139

0.766

1.472

4.321

0.991

1.875

23

2.574

2.150

1.656

0.257

1.259

3.974

0.765

2.016

Figure 7

|

2

3

4

5

6

7

8

3.370

0.299

2.651

2.352

0.110

2.760

0.344

1.693

0.136

1.895

0.151

0.653

0.200

1.704

0.113

0.193

2.496

0.371

1.368

0.275

0.198

7.553

1.629

1.701

Comparison between (a) the average hourly synthetic water demand and the recorded demand and (b) the standard deviation of measured and simulated water consumptions
(dwelling 1).

data is strictly dependent on the length of the monitored

Regarding MCDSA model results, Figures 8 and 9 show

consumption time series and cannot be linked to a speciﬁc

that the time to peak (expressed by the coefﬁcient Kp) was

return period. As shown in Table 1, this length is different

preserved for all dwellings and for the two return periods

for the eight monitored dwellings.

chosen.
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Measured and synthetic average water demand (return period ¼ 100 days).

For a return period equal to 100 days (Figure 8), making

the total daily volume, Vd, showed quite acceptable values

appropriate distinctions between the dwellings, the 50th per-

while for dwellings 2, 3 and 7, the related Vd values were

centiles of the MCDSA daily patterns reproduced quite

much higher with relative error with respect to measured

accurately the median of the recorded daily patterns for

percentile, ΔVd/Vd equal to 68%, 147% and 246%,

six dwellings (1, 2, 3, 4, 5 and 8) while less accurately for

respectively. The Vmax characterising the generated pattern

dwellings 6 and 7. Namely, for dwellings 1, 4, 5, 6 and 8,

was acceptable for dwellings 1, 2, 3, 4 and 8; for the other
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Measured and synthetic average water demand (return period ¼ 365 days).

dwellings (5, 6 and 7) Vmax values were always higher than

Summarising for the two return periods chosen, the

the recorded ones with a relative error, ΔVmax/Vmax, equal to

50th percentiles of the daily patterns generated by the

54%, 65% and 152%, respectively (Table 8).

MCDSA model usually tended to overestimate the con-

For a return period equal to 365 days the Vd and Vmax

sumptions with respect to the median of the recorded

were higher than those for the shorter return period, as pre-

daily patterns (Table 8). The main reason can be found in

dicted. However, the daily patterns were well reproduced,

the structure of the MCDSA model: the tKEN3 correspond-

except for dwellings 3, 6 and 7.

ing to the return periods chosen were high (0.99 and 0.997
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Relative error of total daily volume (Vd) and maximum daily consumption (Vmax) as ratio between the difference of the recorded value and the simulated value (50th percentile)
and the recorded value, and error of peak coefﬁcient (Kp) as difference between the recorded value and the simulated value (50th percentile)
Recorded data

Copula method

ΔVd/Vd

PRP model

Dwelling

Vd

Kp

Vmax

Tr ¼ 100 days

Δ Kp

ΔVmax/Vmax

ΔVd/Vd

Δ Kp

ΔVmax/Vmax

1

200.73

0.22

44.67

3%

36%

15%

70%

255%

65%

2

129.81

0.27

34.50

68%

11%

0%

55%

2%

55%

3

42.00

0.37

15.50

147%

17%

34%

71%

2%

72%

4

136.83

0.27

36.50

4%

11%

35%

51%

44%

29%

5

118.52

0.24

28.00

31%

4%

54%

73%

2%

72%

6

297.14

0.10

29.00

15%

4%

65%

29%

37%

2%

7

73.09

0.28

20.50

246%

8%

152%

81%

112%

60%

8

212.63

0.15

32.73

16%

1%

6%

70%

23%

63%

Tr ¼ 365 days
1

200.73

0.22

44.67

22%

40%

27%

6%

33%

31%

2

129.81

0.27

34.50

92%

10%

16%

19%

9%

22%

3

42.00

0.37

15.50

232%

10%

144%

91%

21%

19%

4

136.83

0.27

36.50

30%

12%

87%

40%

2%

29%

5

118.52

0.24

28.00

138%

5%

90%

12%

9%

33%

6

297.14

0.10

29.00

31%

7%

124%

73%

0%

82%

7

73.09

0.28

20.50

300%

9%

171%

34%

1%

38%

8

212.63

0.15

32.73

38%

1%

25%

9%

3%

13%

for 100 and 365 days, respectively), and the triplets statisti-

forecast the consumption both in terms of Vd and Vmax. The

cally

by

main reasons are that the median daily pattern of dwellings

infrequent values of the variables. As a result, the

3 and 7 showed no demand for several hours in the day (e.g.,

MCDSA model tended to overestimate water consump-

for dwelling 7 between 12 a.m. and 5 a.m., between 11 a.m.

tions generating patterns characterised by high values of

and 5 p.m., and after 9 p.m.), and all recorded patterns

Vd and Vmax.

showed the same shape (and Huff curve), without any vari-

sampled

(V, K, T)copula

were

characterised

In order to explain the different behaviour of dwellings
3, 6 and 7, some factors can be considered.

ation (e.g., weekday and weekend). Furthermore, as
previously stated, the triplets (V, K, T )copula statistically

With regard to dwelling 6, the MCDSA model was not

sampled for the two return periods chosen were character-

able to preserve Vmax, probably due to the particular shape

ised by infrequent values of the variables (with tKEN3

of the monitored daily patterns where more than one main

values equal to 0.99 and 0.997 for 100 and 365 days, respect-

peak of consumption occurred; dwelling 6 was the only

ively). As result, the Vd and Vmax were higher than the

dwelling that demonstrated secondary peaks compared to

median of the recorded consumptions, and the generated

the main peak. Moreover, the length of the recorded data

pattern tended to overestimate water consumptions.

time series for dwelling 6 was longer than those of the

The procedure to deﬁne the hourly demand patterns and

other dwellings lasting approximately 2 years (Table 1). As

the percentiles for the given return period with the PRP

a result, Vmax was higher than the recorded one.

model is similar to that previously described. Monte Carlo

With regard to dwelling 3, the MCDSA model overesti-

analysis was used to generate 100,000 series of 1,000 days

mated the consumptions between 9 a.m. and 5 p.m., and

of synthetic water consumption, from which the daily pat-

for dwelling 7, the MCDSA model was not able to accurately

tern water demand was derived for each set return period.
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In the PRP model, the demand patterns showed the same

quite accurately the main process properties: the time to peak,

shape (i.e., that of the historical consumption time series) for

that is always preserved, the total daily volume, and the maxi-

the two return periods: the 50th percentile of the simulated

mum daily consumption, increasing with the return period, for

pattern was always lower than that of recorded consumption

which appropriate comments are made. The total daily volume

for the 100-day return period and was close to the median of

and the maximum daily consumption are in good agreement

the historical series for the 365-year return period (Table 8).

with those of recorded data only for some of the residences

The only exception was dwelling 6, for which the simulated

chosen for the case study; higher relative error occurred for

pattern well reproduced the recorded pattern for the 100-

others. The reason may be looked for in the shape of the mon-

day return period and was higher than the same curve for

itored daily patterns: more than one main peak in water

the 365-day return period (Table 8).

demand pattern and time series with the same shape without

The length of the recorded consumption sample appears

any variation among days results in less accurate outcomes.

to inﬂuence the results of the two models; the daily MCDSA

The proposed methodology was validated by comparing

pattern preserved quite accurately all features of the

the results with those obtained using the PRP model, as well.

recorded consumption for return periods that were shorter

The PRP model calibrated on the consumption data of a

than the length of the historical time series, and the statisti-

single user was used to simulate the water demand during

cal analysis was less conﬁdent for the return period that was

the same return periods.

comparable with the length of the sample. The PRP model

The MCDSA results were always higher than those of

underestimated the water demand for return periods that

the PRP model for both return periods; the MCDSA water

were shorter than the historical series; the demand pattern

demand pattern preserved and overestimated all recorded

was close to that recorded for the return periods that were

consumption features for return periods that were shorter

comparable to the length of the consumption data.

and longer than the length of the historical series, respectively. For the two chosen return periods, the triplets values
were characterised by high exceedance probability and, as

CONCLUSIONS

a result, the total daily volume and the maximum daily consumption were higher and the generated pattern tended to

Interest in domestic water demand modelling stems from the

overestimate water consumption.

goal of achieving two primary objectives: to analyse the dom-

However, MCDSA methodology even if less accurate

estic consumption process to aid systems management and

than the PRP model is characterised by higher applicability

to deﬁne demand patterns at a given return period to aid sys-

because it needs inferior numbers of data compared to the

tems design. From this viewpoint, the present study proposed

PRP model, with the advantage that it can be easily per-

a statistical methodology for the deﬁnition of water consump-

formed at large scale by means of a common automatic

tion patterns based on the return period and a multivariate

meter reading system with restrained costs of data trans-

probabilistic approach. The method is based on a multivariate

mission and management.

statistical analysis in which a 3-d vine copula was constructed

As a future development of the study, also the pressure

for the primary features of the consumption process at the

at the dwelling should be considered in the multivariate

domestic level. The water demand was predicted for the

analysis in order to take into account the effect of the

given return periods using the patterns that were statistically

pressure on the water consumption phenomenon.

generated, considering the historical series of consumption
to which the methodology was applied. The analysis of the percentiles of the water demand for the given return period show
that the proposed approach produced consistent demand patterns and will be a powerful tool to couple with water
distribution network models for design or analysis problems.
The MCDSA forecasts water demand patterns by reproducing
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