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Mathematical modeling for solute transport in aquifer
Mritunjay Kumar Singh, Vijay P. Singh and Pintu Das

ABSTRACT

Groundwater pollution may occur due to human activities, industrial effluents, cemeteries, mine
spoils, etc. This paper deals with one-dimensional mathematical modeling of solute transport in finite
aquifers. The governing equation for solute transport by unsteady groundwater flow is solved
analytically by the Laplace transform technique. Initially, the aquifer is subjected to the spatially
dependent source concentration with zero-order production. One end of the aquifer receives the
source concentration and is represented by a mixed-type boundary condition in the splitting time
domain. The concentration gradient at the other end of the porous media is assumed to be zero. The
temporally dependent velocity and the dispersion coefficients are considered. A numerical solution
is obtained by using an explicit finite difference scheme and compared with the analytical result.
Accuracy of the solution is discussed by using the root mean square error method. Truncation error
is also explored for the parameters like numerical dispersion and velocity terms. The impact of Peclet
number is examined. For graphical interpretation, unsteady velocity expressions (i.e., such as
exponential, sinusoidal, asymptotic, and algebraic sigmoid) are considered. The work may be used as
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INTRODUCTION

In India, many aquifers are being contaminated by a host of
human activities, such as sewage disposal, refuse dumps,
pesticides and chemical fertilizer contamination, industrial
effluent discharges, and toxic waste disposal (Rausch et al.
2005; Batu 2000). The traditional advection dispersion
equation is based on the conservation of mass and Fick’s
law of diffusion (Fried & Combarnous 1971; Bear & Verruijt
1987; Chrysikopolous et al. 1990) and constitutes the basis of
solute transport models that are used for predicting the
movement of contaminants in groundwater systems.

There has been some research on solute transport in
groundwater systems. Hunt (1978) analyzed one-, two-, and
three-dimensional solutions for instantaneous, continuous,
and steady state pollution sources in uniform groundwater
flow. Freeze & Cherry (1979) provided a relation between
dispersion and groundwater velocity in which the dispersion
is proportional to a power of the velocity and experimentally
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observed that the power ranged between 1 and 2. van Gen-
uchten (1981) explored derivations of analytical solutions
using the Laplace transform for the solute transport
equation with zero-order production and/or first-order
decay subjected to first and third type boundary conditions.
Zoppou & Knight (1994) evaluated analytical solutions that
are still useful for validating numerical schemes for solving
the advection-diffusion equation with spatially variable
coefficients. Logan (1996) obtained analytical solutions for
a scale-dependent dispersion coefficient increasing expo-
nentially with position up to some constant limiting
values. Hantush & Marino (1998) developed analytical sol-
utions using the Laplace and Fourier transform methods
and superposition principle for the first-order rate model
in an infinite porous medium.

Using Peclet and Courant numbers and a new sink/
source dimensionless number, Ataie-Ashtiani ef al. (1999)
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discussed truncation errors associated with finite difference
solutions of the advection—-dispersion equation (ADE) with
first-order reaction. Bedient ef al. (1999) presented a math-
ematical model of the ADE for describing the migration
and fate of pollutants in groundwater. Neville et al. (2000)
presented semi-analytical solutions for a multi-process non-
equilibrium model for describing contaminant concen-
tration distribution patterns. Balla ef al. (2002) presented a
computational case study using a transport model for pol-
lution of underground water due to damage of the
waterproofing system in a waste material depository or
sewage sludge composting plant.

Lowry & Li (2005) discussed an improved finite analyti-
cal solution method for solving the time-dependent ADE
that does not discretize the derivative terms rather solving
the equation analytically in the space-time domain. Smedt
(20006) presented an analytical solution for solute transport
in rivers, including the effect of transient storage and first-
order decay. Tkalich (2006) explored the derivation of
high-order advection-diffusion schemes by employing the
interpolation polynomial method. Hill ef al. (2007) proposed
upscaling models of solute transport in porous media
through genetic programming in heterogeneous porous
media. Chen (2007) presented an analytical solution of
two-dimensional non-axisymmetrical solute transport in a
radially convergent flow tracer test with a diffusion coeffi-
cient increasing with travel distance. Yeh & Yeh (2007)
derived solutions of the transport equation with a point-
source term considered as the point-source solution under
the condition that the solute was introduced into the flow
system from the boundary that was considered as the bound-
ary-source solution. Kumar et al. (2008) also described
transport through a heterogeneous porous medium with a
time-dependent dispersivity in solute transport modeling.
Zhan et al. (2009) explored two-dimensional solute transport
in an aquifer-aquitard system by maintaining the mass con-
servation at the aquifer-aquitard interface. Gao et al. (2012)
explored a mobile-immobile model with an asymptotic dis-
persivity function of travel distance with the concept of
scale-dependent dispersion during solute transport in finite
heterogeneous porous media. Rezaei et al. (2013) derived a
semi-analytical solution to the two-dimensional conserva-
tive solute transport in an aquifer bounded by thin
aquitards in the Laplace domain. Singh & Das (2015)
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explored the analytical and numerical solutions for one-
dimensional scale-dependent solute transport in hetero-
geneous media in which analytical and numerical
solutions were compared and found very good agreement
among them. The root mean square (RMS) error analysis
was made to check the accuracy of the solution.

In the present work, we focus on one-dimensional solute
transport modeling using the ADE in a finite aquifer with
first-order decay and zero-order production. To simplify
ADE, different transformations were applied. Non-
dimensional parameters were employed for reducing the
number of parameters of the ADE. To predict the pattern
of contaminant concentration, different types of unsteady
velocities, such as sinusoidal, exponentially decreasing,
asymptotic, and algebraic sigmoid, were considered. They
helped describe the nature of contaminant concentration

in time and space.

MATHEMATICAL FORMULATION

The contaminant transport phenomena in a groundwater
layered medium or reservoir, i.e., aquifer, can be predicted
by analytical solute transport modeling of the ADE. The
modeling depends on the distance as well as time. The domi-
nant process of mass transfer in groundwater is the
advection and diffusion; in contrast, it refers to the solute
transport through the action of random motions in the
groundwater reservoir. The one-dimensional ADE for an
isotropic homogeneous finite aquifer with zero-order pro-
duction and first-order decay can be expressed as:

dc p(1—-n)oF _&c dc
T n ot Do Hox Kt (1)

Here, D[L?T "] is the longitudinal dispersion coefficient
(i.e., representing longitudinal dispersion), ¢c[ML~3] is the
volume averaged dispersing solute concentration in the
liquid phase, FIML™3] is the volume averaged dispersing
solute concentration in the solid phase, u[LT!] is the
unsteady uniform downward pore seepage velocity, x[L] is
the longitudinal direction of flow, ¢[T] is time, y[ML-3T"!]
is the zero order production rate coefficients for solute pro-
duction in the liquid phase, u[T~!] is the first-order decay
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rate coefficient in the liquid phase, p is the bulk density of
the porous medium, and n is the porosity of geological
formation.

As the contaminant goes from the solid phase into the
liquid phase under the linear isotherm condition, we can
express mathematically:

F =Ky @)

where Kj is the distribution coefficient, defined as the con-
centration adsorbed by the solid phase to the liquid phase
into the groundwater reservoir, i.e., aquifer.

Equation (1) was solved analytically with appropriate
initial and boundary conditions. As the aquifer is not
solute free initially, i.e., at £ =0, a linear combination of
initial concentration ¢; and a function of space-dependent
along with zero-order production term is considered. The
loss or gain of solute mass occurs due to chemical com-
ponents within the liquid, radioactive decay and
biodegradation, and growth due to bacterial activities.
The loss of gain term is usually described through the
sources of solute. The solute can grow in liquid phase
and the solid phase. Its growth is frequently expressed by
a zero-order production. In this study, initially the growth
of solute along the space was a linear combination of the
initial concentration taken into consideration. This can be
written as:

c(x,O):c,»+% x>0, t=0 3)

Due to the increasing human activity at the earth sur-
face, the solute concentration in groundwater increases in
time. Hence, a mixed type boundary condition in the split-
ting time domain at the source is considered as follows:

fD@+uc:uco 0<t<ty

0x atx =0 4)
*D@‘FMC:O t>t

ox 0

Due to no mass flow at the other end of the domain, a
flux type boundary condition is considered as follows:

dc

%—O; x=L t>0 5)
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Using Equation (2), Equation (1) can be written as:

Re, =Dga—Ug —HCHY, 6)
where
R=1+ ;npKd @)

The dispersion theory, proposed by Freeze & Cherry
(1979), was employed here. As dispersion is directly pro-
portional to the seepage velocity, i.e., Dau, and so,
D = Au, where, A is constant that depends upon the pore
geometry of the aquifer. Let u=uof(mf) and
D = Dyf(mt), where, uy and Dy are the initial seepage vel-
ocity and initial dispersion coefficient, respectively. Also,
let u = pof(mt) and y = y,f(mt), where, u, and y, are the
initial first-order decay rate coefficient and the initial
zero-order production rate coefficient for solute production
in the liquid phase, respectively. f(mt) is the non-dimensional
expression where m[T 1] is the flow resistance coefficient.
Using this concept, Equation (6) can be written as:

1 dc ¢

Jc
RwafDOW—uoa_#oc'f‘Yo )

A new time variable T* (Crank 1975):
t
T = J fmt)dt )
0

is introduced and Equation (8) can be written as:

Rii:Doyc

ac
T Uo -~ — HoC + 7o (10)

w2 0o

The following non-dimensional variables:

c nx T*nuy nuoto
C=—5 X=7, T=—7F—; = ;
co L L p L 1)
* /’ﬁ . * ’}/OL
nuy’ ncollo

are used to reduce the number of parameters of Equation
(10) and one can then write:

Sy — e~ C T, (12)
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where

- Luo

Pe = =22
€ I’IDO

(13)

The initial and boundary conditions given in Equation
(3), Equation (5), and Equation (6) can be written in non-
dimensional form, respectively, as follows:

C(X,T):g—(")ﬂ*x X>0, T=0 (14)
—%a—)C(JrC:l, 0<T<T,

legc at X=0 (15)
*E67X+C=0, T>Tp
%C(—o, X=n T>0 (16)

Now, the following transformation:

X 1/Pe v
CX,T) =KX, T)exp|oPe— = (2 +u \T| +1-, (17
o1 = Kex Tyesp [y Pe - (0 )1) < 20 )

was used to remove the advection term from Equation (12).
The initial and boundary conditions accordingly were trans-
formed and the Laplace transform technique was employed.
The analytical solution can be obtained as follows (see Appen-
dix, available with the online version of this paper):

FX,T)+GX, T)+HX,T)+I1(X, T)+]J(X,T)
+MX, T)+NX, T)+P(X,T)+S(X,T)+ UX,T)

X 1 (Pe *
X eXp {fpeiﬁ <Z+,u*)T} +l%’

C(X,T) = [

0<T<Tp (18)

CX,T) =
[FX,T)+GX, T) +{HX, T) - HX, T - T,)} + I(X, T)
X, T) + M(X, T) +{N(X, T) - N(X, T — T,)} + P(X, T)
X 1/Pe 7+
+S(X, T) + U(X, T)] x exp {Epe R (T+u )T] +E,
T>Tp (19)
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where
FX,T) = —— 7%'1 L ¢ ! b
D) = per® {2(a+§) T 1}
Pe
vy -5n ¢ 2 (20a)
_ \/P—eﬁe 2 - exp{&°T + &7}
Z

C1 = exp (aT — aZ)erfc (% —aVT ) (20Db)
D; = exp (@®T + aZ)erfc (% + a\/T) (20c)
Z =nvRPe — XVRPe (20d)
a= \/% (20¢)
GX,T)=Gi(X, T)+G2X, T) — G3(X, T)

+Gy(X, T) (21a)

e A R S SR
G = e 2 e g
Pe
v -on ¢ 2
- @Re 2 mexp{& T +¢&Y}
Y
erfc{ﬁ + 5\/7} (21b)

Pe
e ——n
Gg(X,T)—4Y§eZ{ LECR Dz}

VPeR 2@+ 2@-¢&?

+ j}%e_%n afé_Téz - ;I%e_%n
(58 8 o
erfc{% + sﬁ} (21c)
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C, = exp (@*T — aY)erfc <2 77 —aVT ) (21d)
— exp (@ Y
D, =exp (@°T + aY)erfc (2\/T + a\/T) (21e)
1 Y?
Y = 3nvVRPe — X\/RPe (21g)
. Pen 1 1
-V o2 _
a0 = L 2550 5
} Pen
14 2 2
+ PeR’ 22 exp{&°T + Lo}
w
erfc{ﬁ—kiﬁ} (21h)
sre Len( 1 1
_ 5 2
GED = her® {Z(a 5 +2(51_5)21)3}
8¢ Pen 2eT 8¢ Pen
Y "o _ 97 o
PR’ 2-21 " /PR’
a?+& 28T+ ¢ 2
{(az _ 52)2 - @ —-&) } SPIET + So)
erfc{%—kfﬁ} (21i)
_ 27 _ L '
Cs=exp(@T aw)erfc(zﬁ aﬁ) (215)
- 2 e
D3 =exp (@°T + aw)erfc (2\/7+ aﬁ) (21k)
1 w?
o = 5nvRPe — XV RPe (21m)
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H(X, T) = Hy(X, T) — Ha(X, T) + Hs(X, T)
—Hy(X, T) (22a)
Hy(X, T) = % \/% (1 _ —*) (Cs + Dy) (22b)

Ho(X, T) = \/%(1 Y )25{2 fl+§

1
D
T 2(/Q-9 “}

v2\ /7 (1-1) g+ ev)
erfc{ﬁ—i-éﬁ} (22¢)
Y;
Ci = exp QT — QY erte 5=~ /T ) (224)
Y:
Dy = exp (QT + +/QY1)erfc (ﬁ +/QT ) (22e)
= 2nVRPe — X\/RPe (221)
H06 1) =y (1 L) s 4.0 (229)
Pe/ v 1 1
Hiy(X,T)=6&/—(1-2 Cs— D
(T =66y R ( u*) {zumf) P 2(/Q-9 5}
+6¢ %(1 {7) a éfzexp(gzﬂgwl)
1
erfc{ﬁ—i—é\/f} (22h)
Cs = exp (QT — /Qo1)erfc (;—lﬁ \/ET) (22i)
Ds = exp (QT + /Qu,)erfc (7 + \/@) (22))
= 4nvRPe — XV RPe (22k)
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Q- % (% W) oy JED=NET) LX) ~J5X,T) = J4(X, T)
50 T) —Jo(X, T) ~ 1 (X, T) + Js(X, T)  (24a)

IX, T)=hX,T)-LX,T)+:X,T) - LX,T) (23a)

*

_ Ly
(X, T) = —5\/133?(% + De) (24b)
1 /Pefc; y*
L(X,T) =51\/5 | =) (Cé + De) (23b) . 28 1 1
2\/;(% ) D=1 e e s
28 ¢ 2 Rey
(X, T) = 2 &(ﬁ‘ﬁ){ LENNOREN. De} 7 Rpear - 2P T+§Y1}erf°{zﬁ+§ﬁ}
’ co w)2(a+9) 2(a—9) (24c)
ry ¢ Pe( 1
+26\/ % (c—o _E) ol (ET + Y1) J5(X, T) = Ty\/;{f(z T - Y1)C6}
Y;
erfc{ﬁ—i—fﬁ} (23¢) _%\/IT{ (2aT + Yy) De} (244d)
v 1- (a+&@aT - Yy)
Co = exp @1 - aVi)erte )1~ avT oy T = vy O
v [Pe,, (2aT +Y)(@a—¢) -1
(e avr) Al .
Dg = exp (a?T + aY:)erfc —L 4 aVT (23¢) y* [Pe T i3
2T -R ﬁ2gmAz+ é( e
— 21V/RPe — X/RPe (23f) exp (§2T+§Y1)erfc{%+§ﬁ} (24e)
1
o X, T)=—-5 (C7 +Dy) (241)
D= e 5 a5
* 65 § 2 1
., [Pefci vy 1 1 e exp{&T + oy Jerfcd —— + &VT
wx =67 (0 - aara O - ma-a”') VRPea? — &2 e 7 24}
+ 6t %(z——y—) S exp(&T + éon) 2
o HJam-¢ J7(X,T) = \/Ei(zaT 1)Cr + \/% 41 (2aT +w,)D;
erfc{& + gﬁ} (23h)
2VT (24h)
g . * [Pel— (a+&(2aT —
C;7 = exp (a*T — aw;)erfc (ﬁ - a\/T) (231)  Jy(X, T) = 6 fe (a4a(fz)5—2)2 1)
Pe(2aT + w1)(a—¢&) — 1
D; =exp (@°T +a )erfc( 1 +aﬁ) (23j) ” +6§ R dala =y
7 = €X] w1 —=
2T D776§ Pe T§2A3+6§ Pe( 55)
w0 = 4nVRPe — X /RPe (231() exp{.sz—i--fwl}erfc{ﬁ—i-éj\/T} (241)
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fo= e ( Z;) (24)
As = \/Le p( ‘;1;) (24L)
M(X,T) = My(X, T) + Ma(X, T) — M5(X, T) + My(X, T)
(259)
M D = V;z*—pee%n{zwié) €135
_ J;*Teefe” ¥ fgz exp (2T + £o)
erfc {Lf +&VT } (25b)
s P 1
M) = bR {2(a+5)2 Z(aé)zDg}
M R
VPeR 2 VPeR
{(;2_*;2) 2T g;} xp (€T +60)
erfc {% + 5\/:7} (25¢)
. pe
D= e 7 e g™
+\/%el;e” ¥ 552 exp{ET + &v)
erfc {%T + 5\/7} (25d)

Pe
My(X, T) =L 6§e2”{ I copt )2D9}

VPeR 2(a+&)>? 2(a—¢

. Pen 2eT

4 "2

+ ?‘PER 656 2 52 A5

- Iy a?+& 28T +¢
~ 7 ez 2 S+ o

VPeR @-8)° @-&)

2 v

exp {&°T + .fl//}erfc{zﬁ + 5\/T} (25¢)
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Cs = exp (@*T — ac erfc(% a\/T)

Dg = exp (aT + ao)erfc (ﬁf + a\/T)

Co= 2T — ay)erfc( - — ﬁ)
exp (a ay)e C(Z\/T a

Dy = T + ay)erf (L+ \/T)
9 = exp (a ay)erfc T a

o = nvRPe + XV RPe
v = 3nvVRPe — XV RPe

O

1 2
JaT p( 4T)

_ (v
A“me"p( 4T)
NX, T)=N1(X,T)+ N2(X,T) — N3(X, T)

1 /Pe *
Ni(X, T) = 5\/§<1 —/%) (C10 + D1o)

Clo—exp(QT—X\/RPeQ)erfc<§ Rbe \/_w)

Ay =

Dy = exp (QT + X+/RPeQ)erfc <§\/$+ @)

1 [Pe
No(X, T) = E,/i(l —Z—) (Ci1 + D11)
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(25f)

(25g)

(25m)

(26a)

(26b)

(26¢)

(26d)

(26¢)

Pe y 1
N3(X,T)=4¢ <1 >{2\/—+§ 11— 2(\/§—§)D11}

a2 (0 %)Qfézexp{52T+fal}

erfc{ﬁ + fﬁ}

Ci11 =exp (QT — olferfc(\/_ \/@)

(26f)

(26g)
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D11 = exp (QT + o11/Q)erfc (2% + \/GT) (26h)

= 2nVRPe + XVRPe (26i)
PX,T)=P1(X,T) + Po(X, T) — P5(X, T) (27a)
Py(X, T) % %<5 - —) (Ci2+ Do) (27b)
C12 = exp (@*T — aXVRPe)erfc ( \/g - aﬁ) (27¢)
D1y = exp (@*T + aXVRPe)erfc (g % + aﬁ) (27d)

Py(X, T) = \/_‘<c, - 7%) 13+ D13) (27¢)
1
e =45 (G- 1) a+§ 52500
+4¢ (j—o—lZ—) 2o T +601)
erfc{ﬁ + 5\/T} (271)
2 91
Ci3 =exp (@°T — ao)erfc (ﬁ - aﬁ) (27g)
o1
D5 = exp (a®T + ao)erfc (ﬁ + aﬁ) (27h)
SX, T)=81(X,T)+S2(X,T) —S3(X, T) — S4(X, T)
+85(X, T) + Se(X, T) (28a)
S1X,T) = ~5 = (Cia + Do) (28b)
SH(X, T) = % \F{: (2aT — X\/RPe)Clg} -
c

—ﬁ {1(2 T+X\/—)D12}
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S T) = - (Cis 4 Dy (28d)
Si(X, T) = % %{41 (2aT — 0'1)C13}
%j %{4% (2aT + O'1)D13} (28e)
B r* 1 B 1
50,1 = e 750 a0
' 4
t URpe 2 (T + o)
o1
7 1-(a+9Q2aT —o1)
S, 1) = R 5 4a(a + &)
v (2aT +o1)@—¢) -1
Cis + 5 Jata .f) D3
4 ¢
Rl 45( 22y
exp {ET + éoy }erfc{ 7T +&/T } (28g)
Pe Pe
. (=Ex-T
_(c v, . 2 4R
UK, T) = (CO ﬂ*+yX)e ( )
Pe Pe
—ge (2X_47RT) (29)
H(X,T)—H(X,T —T,) = {Hi(X, T) — Hi(X, T — T,)}
- {H2(X7 T) - HZ(Xr T - TP)} + {H3(X7 T)
—H3(X, T —T,)} — {H4(X, T) — Hy(X, T — Tp,)} (30)
N(X,T) =N, T —T,) = {N1(X, T) = N1 (X, T — Tp,)}
+ {NZ(X7 T) - NZ(X’ T- Tp)} - {NS(X: T) - NS(X7 T- TP)}
(31)

NUMERICAL SOLUTION

The finite-difference technique has been applied in various
works for numerically modeling the solute transport

phenomena in groundwater systems (i.e., Molenkamp
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1968; van Genuchten & Gray 1978; Richard 1988; Hogarth
et al. 1990; Dudley et al. 1991; Moldrup et al. 1996; Zheng
& Bennett 2002; Meerschaer & Tadjeran 2004; Ataie-
Ashtiani & Hosseini 2005; Wang et al. 2005; Mohebbi &
Abbaszadeh 2013). In order to solve numerically the ADE
(Equation (12)) together with the initial and boundary con-
dition transformed in domain Z [0, 1], a suitable space
transform was used as:
X

z=% (32)

Equation (12) together with the initial and boundary
condition may be written as:

oc 1 ®C 1oC ..

9T~ wPedzz noz M €T (33)
C(Z,T):g—;—i—y*nz Z>0, T=0 (34)
—%g—g+C:1, 0<T<T,

nleac at Z=0 (35)
f@ﬁ+C:O, T>Tp

g—gzo; Z=1, T>0 (36)

A finite difference technique was derived by using Tay-
lor’s series expansion (Mickley et al. 1957, Carnahan et al.
1969). The explicit finite difference scheme is commonly
used, even though it may require an extended computing
time because of its restrictive stability criterion. Here, we
used a general form of the explicit finite difference approxi-
mation with forward time and central space forward
difference scheme to approximate Equations (33)-(36). We
obtained as follows:

¥ 1
Ciji1= <1 *#*AT) Cij + =55 (Cipj — 2G5

R n2RPe
AT 1 AT y*
+Ciyy) AZZ R (Cizrj — Cio1yj) VA ﬁAT (37)
Ci . .
C,-,O:c—+ny Z; i>0 (38)
0
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1 nPeAZ
- ; . <
Coj = T nperz) VT mpenzy 0T =T >0
1
Cos = T npeaz) v G>Tp
(39)
CMJ' = CM—Li ] >0 (40)

where superscript j refers to time, subscript 7 refers to space,
AT is the time increment, and AZ is the space increment.

The space domain Z and time domain T are discretized
by a rectangular grid of points (Z;, T;) with mesh size AZ and
AT, respectively. So, one can write as follows:

Zi=Zi 1+AM2,i=1,2, ..., M,Zy=0,AZ =0.02
T =T, 1 +AT,j=1,2, ...,1,To = 0, AT = 0.0001

The contaminant concentration at a point in space Z;
with the jth subinterval of time T was defined by C;;.

STABILITY CONDITION

The finite difference scheme is convergent if the discretiza-
tion error approaches zero as the grid spacing AT and AZ
tends to zero (Carnahan ef al. 1969). The stability test of
the finite difference scheme was proposed by a matrix
method (Smith 1978) and this was used by Notodarmojo
et al. (1991). Kwok (1992) investigated the stability properties
of the various two-level, six-point finite difference schemes
for the approximation of the convection-diffusion equation.
The solution was convergent, subject to the satisfaction of
the stability criterion. The finite difference scheme of the
governing partial differential Equation (37) can be written

as follows:
Cijy1 =0aCi1j +BC;j +ECiprj + %AT (41)
where

1 AT 1 AT

= I RPerZZ T nR2MZ (42)
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K2 AT
p =1 RAT ~ 2RPeaZ? (43)
and
1 AT 1 AT
* = PRPeAZZ  nR2AZ 44
Equation (41) was expressed in matrix form as:
[C)* = Alc) + %AT (45)

where A contains the entire constants.

The difference approximation equation was stable if the
eigenvalues of A had modulus values less than or equal to
unity, i.e., |6] < 1, where 6 was the eigenvalue of matrix A.

To find the bounds of the eigenvalues of matrix A on
applying the Gerschgorin circle method, the stability cri-
terion for the time step was as follows:

AT < 1 (46)

S, 2 1
2R  n2RPeAz?

TRUNCATION ERROR

Numerical dispersion was first quantified by Lantz (1971).
Ataie-Ashtiani ef al. (1999) explored the expansion of the
Taylor series of solute concentration along the ADE used
for determining the truncation error in one dimension.
Chaudhari (1971) investigated a second-order error through
the examination of the truncated Taylor series approxi-
mation with explicit finite difference solution of the one-
dimensional ADE. We also explored the truncation error
for the various parameters, such as dispersion, seepage vel-
ocity, first-order decay, and zero-order production term.
From Equation (37), we obtained as follows:

R |:Ci,j+1 - Ci,/] 1 [Ci+1,j -2G; + Ci—l,/':|

AT " n2Pe AZ2
1[Ci1j— Cioyy . .
“n [T —H Gty 47

Downloaded from http://iwaponline.com/jh/article-pdf/18/3/481/478993/jh0180481.pdf

From the Taylor series expansion of each term of
Equation (47), we obtained as follows:

oC  AZ2PC  AZPPC  AZ'OC
0z 2 0227 6 o5 T 24 ozF
o (48)

Ci+1.i = C,'J‘ + AZ

OC AZ2OPC AZP&PC  AZ*O*C

Coy=Ci Mot oz 6 oz 24 oz
- (49)

OC AT?9?C AT?*&3C  AT*O*C

Cipnt = it AT G+ =5 om2 6 o135 * 24 01"
+--- (50)

where C;; is simply denoted by C.

After imposing the Taylor series expansion on Equation
(47), we got the truncation error of the finite difference
approximation of order O(AT 4 AZ?). The transport par-
ameters were constant within each combination of time
and space increments in finite difference calculations. The
second-order temporal derivative of C was written in terms
of the spatial derivative of C by using the partial differential
equation obtained from Equation (47). We obtained as
follows:

%2 P
R =2~ 12pe 5 THC—p'y (1)

FC_ (12w \PC 2w iC
oT? 022  n 9Z

Then the partial differential equation obtained from
Equation (47) can be written as:

RC [1 AT(I 2;1*)}5%

OT  |m2Pe 2 \n2 n2Pe)| 072
1w Joc | u”
+ [7/* K ZV AT} (52)

Now, after comparison between Equation (52) and the
original partial differential equation, we found different
forms of the truncation error, as discussed by Ataie-Ashtiani
et al. (1996). These errors can be identified as follows:
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The second-order truncation error or numerical dis-
persion was

AT (1 2
2 (ﬁ Bl n2Pe>’ (53)

The first-order truncation error or numerical seepage
velocity was

*

u
AT, (54)

The zero-order truncation error or numerical first-order
decay was

%2
u

YA, (55)

Constant error or numerical zero-order production was

AT, (56)

After removing the induced numerical errors from the
finite difference model, Equation (52) can be written as
follows:

ocC L0°C  oC .
Ra—T:D @—u a—Z_ﬂ0C+7o (57)

where
.1 AT/1 2w
D =lope 2 (ﬁ a n2Pe> (58)
w1 HAT (59)
n n
,u*2AT
o ==+ 4 (60)
vo=v —55-AT (61)
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ACCURACY OF THE SOLUTION

The accuracy of the solution was obtained by comparison of
the numerical result with the analytical one. In the numerical
solution, the accuracy is the degree of closeness of concen-
tration values of the numerical result obtained with various
methods to those of the analytical result. Towler & Yang
(1979) adopted a criterion of comparison that was more sys-
tematic and consistent: (1) the RMS error and (2) the
absolute maximum error between the analytical solution and
the numerical solution at all grid points. Roberts & Selim
(1984) used the RMS method to calculate the average error at
each nodal point of the grid. Singh & Das (2015) explored the
accuracy of solution of the solute transport equation in com-
parison of the analytical result with numerical one. For
testing the accuracy of solutions in this paper, we used the
RMS error which is the most appropriate method to check
the accuracy of the solution (Chai & Draxler 2014). The RMS
method was used to calculate the average error at each point
which is defined by:

1 2.
RMS = N;\Aq, (62)

where

AC = Canalytical - Cnumerical.

The difference between the analytical and numerical con-
centration values is denoted by AC, and N is the number of data
which were used to evaluate the accuracy of the solution.

RESULTS AND DISCUSSION

The analytical solution, obtained by Equations (18) and (19),
was computed for the following data (Singh & Kumari 2014):

¢; =0.01, co = 1.0, up = 0.01(m year™?),

Do = 0.1(m? year1), y, = 0.000001, uy = 0.0005 (year™!),
L =200m, K; = 0.0025, Pe = 2.0,

p =999, m = 0.004 (year 1), k = 0.2



492 M. K. Singh et al. | Mathematical modeling in aquifer

Journal of Hydroinformatics | 18.3 | 2016

The average porosity of the different geological for-
mation was considered as n=0.37 (sand), 0.55 (clay)
(Freeze & Cherry 1979). We considered four different time-
dependent forms of velocity expressions that can be written
as follows:

1. Exponential decreasing form of velocity:

u = uof(mt), f(mt) = exp (- kimt),

_ hug _ —kimt
T = RymL [1-e ] (63)

2. Sinusoidal form of velocity:

u = uof (mt), f(mt) = 1 — sin (kymt),

T = L’Z?ﬂ [kRymt — {1 — cos (kymt)}] (64)

3. Asymptotic form of velocity:

mt
u = uofm), fmt) = -
_ nug mt + kq
T_m{mtfkllog( I )] (65)

4. Algebraic form of velocity:

u = uof (), fmt) = "1
Jon? 1 12
nUo

T=7 { (mt)* + k% — kl} (66)

where m is the flow resistance coefficient and k; is the con-
stant parameter. The first and third ones have been used by
Aral & Liao (1996), the second one by Singh et al. (2009),
and the last one is based on the properties of the algebraic
sigmoid function which include the error function. It starts
to progress from a small beginning, accelerates in the rainy
season, and then reaches a limit over a period of time.
From Figure 1 it can be seen that the maximum contami-
nant concentration is observed, i.e., 0.8 in the case of aquitard
(i.e., clay) and 0.6 in the case of aquifer (i.e., sand) which are
subsequently lowered down to minimum concentration tends
to zero at the far end of the domain with respect to the
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Figure 1 | Concentration distribution pattern for exponentially decreasing velocity for
time 0 < T < Tp with average porosity of the medium.

distance, i.e., X = 0.02695 and X = 0.01813, respectively.
The concentration values increases with time at each of the
positions in both the media.

Figure 2 depicts the contaminant concentration pattern
for the unsteady sinusoidal form of velocity with zero order
production parameter. The effect of this parameter is pre-
dicted with respect to the aquifer (i.e., sand). The
concentration level decreases with the increasing value of
the zero-order production parameter, but the contaminant
concentration increases with increasing time. The peak of
the contaminant concentration is lower at the source due
to the increasing zero-order production parameter. The

0.7
Zero Order Line
Production
0.6 0.000007 —&—
=20 year 0.000001 ———
0.54
©)
g 0.4 -
E
5]
2 0.3- q
3
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Figure 2 | Concentration distribution pattern for sinusoidal velocity for time 0 < T < Tp
with zero-order production in the aquifer.
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effective parameters, like zero-order production, first-order
decay, etc., in tropical regions are more significant for trans-
port modeling for groundwater bodies.

Figure 3 compares the contaminant concentration pat-
terns for exponentially decreasing type unsteady velocity
expression in the time domain T > T, between aquifer (i.e.,
sand) and aquitard (i.e., clay). This is the case when the
source has been removed from the aquifer. From this figure
it is observed that after removing the source, some initial con-
centration exists at the origin. As a result, the effect of
contaminant concentration increases with distance that
attains the maximum peak in the case of the aquitard as com-
pared to the aquifer and then decreases up to a harmless
concentration with respect to the distance. The concentration
pattern initially decreases with the increasing value of time
and after covering some distance it takes the reverse pattern
with respect to time in the aquifer and aquitard and ultimately
goes to a minimum harmless concentration with respect to
distance. From this figure it is observed that the concentration
pattern is high in the aquitard as compared to the aquifer.

Figure 4 shows a comparison of the analytical result against
the numerical one with averaging porosity of sand (0.37). The
concentration distribution pattern follows its decreasing
nature with respect to the distance in both the results. Initially,
the concentration values are minimum in the numerical sol-
ution, but after covering some distance the numerical result
attains slightly higher values in comparison to the analytical
one. Both the results attain the minimum level at a particular

0.4
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Sand —G—
0.35+ R
1=25 ye: Clay
T 03 1
5 0.25 1
5 1=30 year
B o2 -
c
3 1=35 year
=
3 0.15 .
0.1 J
0.05 - 8|
0 0.005 0.01 0.015 0.02 0.025 0.03

Distance (X) —>»

Figure 3 | Concentration distribution for the exponential decreasing form of unsteady
form of velocity for time T > T, with average porosity of the medium.
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Figure 4 | Concentration distribution pattern for the exponentially decreasing form of the
velocity pattern for the sand medium.

point, after that it takes the reverse pattern in the case of expo-
nentially decreasing form of the velocity pattern.

The contaminant concentration pattern for the asympto-
tic form and algebraic sigmoid form of velocity patterns are
almost similar and are shown in Figures 5 and 6, respect-
ively. The contaminant concentration increases slowly
with respect to time and decreases rapidly with respect to
distance. The effect of the Peclet number is shown in
Figure 7. The Peclet number physically measures the relative
magnitude of advection versus dispersion. The contaminant
concentration increases with the increasing Peclet number
and decreases with the decreasing Peclet number. Both
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Figure 5 | Concentration distribution pattern for asymptotic velocity with average por-
osity of the medium.
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Figure 6 | Concentration distribution pattern for algebraic sigmoid velocity with average
porosity of the medium.
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Figure 7 | Concentration distribution pattern for algebraic sigmoid velocity with different
values of Peclet number with the average porosity of the sand medium.

patterns with different Peclet numbers reach minimum con-
centration with distance. The effect of the Peclet number on
the solute concentration is observed with respect to the dis-
tance. For high Peclet number, the concentration level takes
a minimum distance to reach its minimum concentration,
whereas for low Peclet number it takes more distance for
the same value. The above discussion is for time domain
0 < T < Tp for the analytical solution given in Equation (18).

A similar type of concentration pattern was found for
the case of the sinusoidal form of unsteady velocity pattern,
as shown in Figure 8. The concentration is high in the aqui-
tard as compared to the aquifer and ultimately goes to a
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Figure 8 | Concentration distribution for sinusoidal velocity for the time T > T, with
average porosity of the medium.

minimum harmless concentration with respect to distance
and time.

Figures 9 and 10 compare the concentration patterns for
the asymptotic form and the algebraic sigmoid form of
unsteady velocity patterns, respectively. From these figures it
is observed that the concentration pattern attains a maximum
peak value at a certain distance and thereafter it begins to
decrease with respect to distance. The concentration pattern
initially decreases with the increasing value of time and after
covering some distance of approximately 0.005 for the case
of aquifer (i.e., sand) and 0.012 for the case of aquitard (i.e.,
clay) the concentration takes a reverse pattern with respect
to time and goes to a minimum harmless concentration. The
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Figure 9 | Concentration distribution for asymptotic velocity for time T > T, with average
porosity of the medium.
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Figure 10 | Concentration distribution for the algebraic sigmoid velocity for time T > T,
with average porosity of the medium.

concentration pattern takes on a lesser peak value in the case
of asymptotic form and algebraic sigmoid form than for the
exponentially decreasing and sinusoidal form of the velocity
pattern for time domain T > Tj,.

Figure 11 exhibits contaminant concentration for differ-
ent values of the Peclet number with the algebraic sigmoid
form of unsteady velocity pattern for time domain T > T),.
The solute concentration value increases with the increasing
value of the Peclet number and the peak of the concen-
tration is reduced with the increasing time.

Figure 12 predicts for the sinusoidal form of the velocity
pattern for the averaging porosity of sand. It also follows the
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Figure 11 | Concentration distribution pattern for algebraic sigmoid velocity for time
T > T, with different values of Peclet numbers with average porosity of the
sand medium.
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Figure 12 | Concentration distribution pattern for the sinusoidal form of the velocity
pattern for the sand medium.

same type of nature as in Figure 4. The concentration value
attains its minimum level in a short distance for the case of
sinusoidal form of the velocity pattern in comparison to
exponentially decreasing velocity pattern. From Figures 4
and 12, we observed that the decreasing nature of the con-
centration distribution patterns is faster for the sinusoidal
form of velocity pattern (which shows the nature of ground-
water contamination in the tropical region in which the
fluctuation behavior of groundwater recharge is shown) in
comparison to the exponentially decreasing form of velocity
(Singh & Singh 2007; Jain ef al. 2007) in which contaminant
concentration follows a decreasing nature.

Figures 13 and 14 predict for the averaging porosity of
the clay. After the rainy season the contamination fluctu-
ation in groundwater is shown from the asymptotic and
algebraic sigmoid forms of velocity patterns (Aral & Liao
1996; Singh & Kumari 2014). The concentration distribution
pattern for the asymptotic form of the velocity pattern for
the clay is shown in Figure 13. The concentration values
are minimum for the numerical result in comparison to
the analytical one and beyond some distance it takes a
reverse pattern. Both the analytical and numerical concen-
tration values attain their minimum level at a particular
position. A similar type of nature of the contaminant distri-
bution pattern was observed for the algebraic sigmoid form
of the velocity pattern depicted in Figure 14.

In this paper, the RMS error was used to check the val-
idity of numerical solution against the analytical one, as
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0.9 T T T T Table 1 | The RMS values for the sand medium at particular 20 year in 0 <T<Tp
Solution Line
0.64 Analytical —&—
’ R Numerical —— Numerical result
il 1 Distance Analytical result ~ AZ—0.02  AZ—005  AZ—0.07
& i i Case i: For exponential decreasing form of the velocity pattern
& osp 1 0.0019 0.5125 0.0119 0.0149 0.0169
8
5 04l I} 0.0055 0.3188 0.0159 0.0248 0.0308
é 0.0093 0.1736 0.0198 0.0348 0.0448
0.3f 1
p=10year 0.0130 0.0837 0.0238 0.0448 0.0588
Ol 1 0.0167 0.0376 0.0278 0.0548 0.0727
0.1f - RMS error —l 0.2719 0.2665 0.2634
5 ‘ : : rr—) Case ii: For asymptotic form of the velocity pattern
0 PR BR e, OE L ME B 0.0019 0.3613 00120 00150  0.0170
Figure 13 | Concentration distribution pattern for the asymptotic form of the velocity 0.0055 0.0687 0.0160 0.0250 0.0310
pattern for the clay medium. 0.0093 0.0130 0.0200 0.0350 0.0449
0.0130 0.0094 0.0240 0.0449 0.0589
08 . . ‘ . 0.0167 0.0091 00280 00549  0.0729
e RMS error - 01583  0.1585  0.1596
? Numerical ——
i Table 2 | RMS values for the clay medium with their averaging porosity at particular 30
%) years for 7> T,
5 _
% Numerical result
@
8 Distance Analytical result ~ AZ—002  AZ—005  AZ—0.07
Case i: For the sinusoidal form of the velocity pattern
0.0028 0.1094 0.0118 0.0148 0.0168
i 0.0083 0.2425 0.0158 0.0248 0.0307
T ; x ; @0 0.0138 0.2524 0.0198 0.0347 0.0447
0 0.005 0.01 0.015 0.02 0.025 0.03
Distance (X) —————» 0.0193 0.1869 0.0238 0.0447 0.0586
Figure 14 | Concentration distribution pattern for the algebraic sigmoid form of the vel- 0.0248 0.1135 0.0278 0.0546 0.0725
ocity pattern for the clay medium. RMS error st 0.1726  0.1596  0.1514
h i1 Tables 1 and 2. Th AZ and AT Case ii: For the algebraic sigmoid form of the velocity pattern
shown 1n Tables 1 and 2. The two parameters and A
_ _ O P ’ ’ 0.0028 0.1001 00119  0.0149  0.0169
play an important role to investigate the performance of
N 1l solution. In th licit finite dift 0.0083 0.1608 0.0159  0.0249  0.0309
t numerica. ution. In t xplicit finit itferen
}el eT cal SOt od q E ¢ pb'f' 2‘ ) e;h ¢ 0.0138 0.0868 00199  0.0349  0.0449
scheme AT is restricted under the stability condition. Thus
o o ’ 0.0193 0.0301 00239  0.0449  0.0589
in this present study, the accuracy was investigated by select-
o it b sizes. The RMS : atod § 0.0248 0.0126 0.0279  0.0549  0.0728
ing different m izes. rror was investi r
g different mesh sizes. The errorwas .VeSt gaFe © RMS error e 00818  0.0780  0.0774
AZ =0.02, 0.05, and 0.07 for the particular time period 20
years in the time domain 0 < T < Tp for the exponential
decreasing and the asymptotic form of the velocity patterns, In both the tables, AT was fixed. Tables 1 and 2 were tabu-

and 30 years with T > T}, within the sinusoidal and algebraic lated for the RMS error in the aquifer (i.e., sand) and aquitard (i.
sigmoid form of the velocity patterns in sand and clay e., clay) for four different types of the velocity patterns, respect-
media, respectively. ively. The RMS error decreases with the increasing grid space
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for the exponential decreasing form of the velocity pattern for
the sand medium, which was observed from Case i of Table 1.
In the asymptotic form of the velocity pattern the RMS error
increases with respect to the increasing grid space in Case ii
of Table 1. The RMS error attains its minimum value with the
increasing mesh size for Cases i and ii in Table 2 for the clay
medium. The RMS error was evaluated for the accuracy of sol-
ution for the sinusoidal form of the velocity pattern tabulated in
Case i in Table 2, and for the algebraic sigmoid form of the vel-
ocity pattern tabulated in Case ii of Table 2. In both the velocity
patterns the result is more accurate for the maximum value of
the mesh size, except in the case of the asymptotic form of
the velocity pattern where the result is more accurate in the
case of minimum value of the mesh size.

VALIDATION OF THE MODEL WITH EXISTING
SOLUTION OF LIU ET AL. (1998)

One-dimensional ADE in multilayer porous media was
solved analytically using generalized integral transform tech-
nique by Liu ef al. (1998), where the analytical solution was
derived under arbitrary initial and boundary conditions. In
this present paper, the authors have shown the validation of
the model equation with the existing research work done by
Liu et al. (1998). The analytical solution obtained in Equations
(18) and (19) was computed for the same set of input data,
except some parameters which had an effect on the solute
transport modeling, which have been compared with the
input values taken by Liu ef al. (1998) as follows:

Input (i) Dy = 3.1(m2year'), ug = 0.06(m year—)

Input (i) Dy = 0.1(m? year™?), ug = 0.01(m year™?)

The following inputs are taken for validation purposes in
this present paper. The concentration distribution pattern for
Input (i) and (ii) are predicted for the different geological for-
mations with their averaging porosity and shown in
Figures 15 and 16 for different time domains. The concen-
tration distribution pattern for a particular time, 10 years, for
sand and clay medium are predicted and shown in Figure 15,
and for 25 years is also predicted and shown in Figure 16.
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Figure 15 | Concentration distribution pattern with different input for time 0 <7 < T7p
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Figure 16 | Concentration distribution with the different input for time T > T, with
average porosity of the medium.

The concentration values in each of the positions in Input (i)
are higher as compared to Input (ii) in both the media as
observed in Figure 15. The clay medium attains maximum con-
centration values as compared to the sand medium, but both
patterns ultimately follow minimum concentration values
with their respective distance. After removing the source, con-
taminant concentration increases with distance up to a certain
limit, then decreases with respect to the distance in both the
medium for Input (i) and (ii), as seen in Figure 16. The concen-
tration pattern attains its maximum peak in the case of the
aquitard (i.e., clay) as compared to the aquifer (i.e., sand) in
both Input (i) and (ii). Initially, minimum concentration
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values are attained for Input (i) as compared with Input (ii), but
after covering a certain distance the reverse pattern is
observed. At the end of the position, minimum concentration
values are attained by Input (ii), which have been taken in
the present paper for illustration.

SUMMARY AND CONCLUSIONS

Employing the concept of linear isotherms, analytical solutions
forthe ADE withrespectto the solid and liquid phase are derived.
The mixed type boundary condition is employed at the source in
the splitting time domain. The contaminant concentration pat-
terns for different types of velocity patterns are evaluated. The
following conclusions can be drawn from this study:

1. The impact of contaminant concentration for linear iso-
therms with the distribution coefficient is significantly
observed in the splitting time domain for different vel-
ocity patterns, such as exponentially decreasing,
sinusoidally varying, algebraic, and asymptotic forms.

2. The contaminant concentration values depend upon the
decreasing or increasing values of the zero-order pro-
duction term and first-order decay rate coefficient.

3. The contaminant concentration distribution behavior is
predicted for different geological formations in two time
domains, i.e., 0 <T < Tp and T > Tp.

4. Comparison of the analytical result with the numerical
result is taken into account. Accuracy of the solution is sig-
nificantly observed by using RMS error. Truncation error
of various parameters is also explored, which causes the
inconsistency among analytical and numerical results.

5. The validation of the model is made with the result of an
existing solution given by Liu ef al. (1998) and the same
trend for contaminant concentration was found.

ACKNOWLEDGEMENTS

The authors are grateful to the Indian School of Mines,
Dhanbad for providing financial support to PhD candidate
under the ISMJRF scheme. The authors are also grateful to
the editor and reviewers for the comments which helped
improve the quality of the paper.

Downloaded from http://iwaponline.com/jh/article-pdf/18/3/481/478993/jh0180481.pdf

bv auest

REFERENCES

Aral, M. M. & Liao, B. 1996 Analytical solutions for two
dimensional transport equation with time-dependent
dispersion coefficients. J. Hydrol. Eng. 1 (1), 20-32.

Ataie-Ashtiani, B. & Hosseini, S. A. 2005 Numerical errors of
explicit finite difference approximation for two-dimensional
solute transport equation with linear sorption. Environ.
Modell. Softw. 20, 817-826.

Ataie-Ashtiani, B., Lockington, D. A. & Volker, R. E. 1996 Numerical
correction for finite-difference solution of the advection-
dispersion equation with reaction. J. Contam. Hydrol. 23,149-156.

Ataie-Ashtiani, B., Lockington, D. A. & Volker, R. E. 1999
Truncation errors in finite difference models for solute
transport equation with first-order reaction B. J. Contam.
Hydprol. 35, 409-428.

Balla, K., Keri, G. & Rapcsak, T. 2002 Pollution of underground
water — a computational case study using a transport model.
J. Hydroinform. 4 (4), 255-263.

Batu, V. 2006 Applied Flow and Solute Transport Modeling in
Agquifers: Fundamental Principles and Analytical and
Numerical Methods. CRC Press, Boca Raton, FL, USA.

Bear, J. & Verruijt, A. 1987 Modeling Groundwater Flow and
Pollution. Reidel, Dordrecht, The Netherlands.

Bedient, P. B, Rifai, H. S. & Newell, C. J. 1999 Ground Water
Contamination: Transport and Remediation, 2nd edn.
Prentice-Hall PTR, Upper Saddle River, NJ, USA.

Carnahan, B., Luther, H. A. & Wilkes, J. O. 1969 Applied
Numerical Methods. Wiley, New York, USA, pp. 429-530.

Chai, T. & Draxler, R. R. 2014 Root mean square error (RMSE)
or mean absolute error (MAE)? - Arguments against avoiding
RMSE in the literature. Geosci. Model. Dev. 7, 1247-1250.

Chaudhari, N. M. 1971 An improved numerical technique for
solving multidimensional miscible displacement equations.
Soc. Petrol. Eng. J. 11, 277-284.

Chen, J. S. 2007 Two-dimensional power series solution for non
axisymmetrical transport in a radially convergent tracer test with
scale-dependent dispersion. Adv. Water Resour. 30 (3), 430-438.

Chrysikopolous, C. V., Roberts, P. V. & Kitanidis, P. K. 1990 One-
dimensional solute transport in porous media with partial
well-to-well recirulation: application to field experiment.
Water Resour. Res. 26 (6), 1189-1195.

Crank, J. 1975 The Mathematics of Diffusion, 2nd edn. Oxford
University Press, London, UK.

Dudley, L. M., McLean,J. E., Furat, T. H. & Jurinak;, J. J. 1991 Sorption
of cadmium copper from an acid mine waste extract by two
calcareous soils: column studies. Soil Sci. 151, 121-135.

Freeze, R. A. & Cherry, J. A. 1979 Groundwater. Prentice-Hall,
Upper Saddle River, NJ, USA.

Fried, J. J. & Combarnous, M. A. 1971 Dispersion in porous media.
Adv Hydrosci. 7, 169-281.

Gao, G., Zhan, H., Feng, S., Fu, B. & Huang, G. 2012 A
mobile-immobile model with an asymptotic scale-dependent
dispersion function. J. Hydrol. 424-425, 172-183.


http://dx.doi.org/10.1061/(ASCE)1084-0699(1996)1:1(20)
http://dx.doi.org/10.1061/(ASCE)1084-0699(1996)1:1(20)
http://dx.doi.org/10.1061/(ASCE)1084-0699(1996)1:1(20)
http://dx.doi.org/10.1016/j.envsoft.2004.04.010
http://dx.doi.org/10.1016/j.envsoft.2004.04.010
http://dx.doi.org/10.1016/j.envsoft.2004.04.010
http://dx.doi.org/10.1016/0169-7722(95)00082-8
http://dx.doi.org/10.1016/0169-7722(95)00082-8
http://dx.doi.org/10.1016/0169-7722(95)00082-8
http://dx.doi.org/10.1016/S0169-7722(98)00106-5
http://dx.doi.org/10.1016/S0169-7722(98)00106-5
http://dx.doi.org/10.5194/gmd-7-1247-2014
http://dx.doi.org/10.5194/gmd-7-1247-2014
http://dx.doi.org/10.5194/gmd-7-1247-2014
http://dx.doi.org/10.2118/2982-PA
http://dx.doi.org/10.2118/2982-PA
http://dx.doi.org/10.1016/j.advwatres.2006.05.004
http://dx.doi.org/10.1016/j.advwatres.2006.05.004
http://dx.doi.org/10.1016/j.advwatres.2006.05.004
http://dx.doi.org/10.1029/WR026i006p01189
http://dx.doi.org/10.1029/WR026i006p01189
http://dx.doi.org/10.1029/WR026i006p01189
http://dx.doi.org/10.1097/00010694-199102000-00002
http://dx.doi.org/10.1097/00010694-199102000-00002
http://dx.doi.org/10.1097/00010694-199102000-00002
http://dx.doi.org/10.1016/B978-0-12-021807-3.50008-4
http://dx.doi.org/10.1016/j.jhydrol.2011.12.041
http://dx.doi.org/10.1016/j.jhydrol.2011.12.041
http://dx.doi.org/10.1016/j.jhydrol.2011.12.041

499 M. K. Singh et al. | Mathematical modeling in aquifer

Journal of Hydroinformatics | 18.3 | 2016

Hantush, M. M. & Marino, M. A. 1998 Interlayer diffusive transfer
and transport of contaminants in stratified formation. II:
analytical solutions. J. Hydrol. Eng. 3 (4), 241-247.

Hill, D.J., Minsker, B. S., Valocchi, A. J., Babovic, V. & Keijzer, M.
2007 Upscaling models of solute transport in porous media
through genetic programming. J. Hydroinform. 9 (4), 251-266.

Hogarth, W. L., Noye, B.]., Stagnitti, J., Parlange, J. Y. & Bolt, G. 1990
A comparative study of finite difference methods for solving the
one-dimensional transport equation with an initial-boundary
value discontinuity. Comput. Math. Appl. 20 (11), 67-82.

Hunt, B. 1978 Dispersion sources in uniform groundwater flow.
J. Hydraul. Div. HY1, 74-85.

Jain, S. K., Agarwal, P. K. & Singh, V. P. 2007 Hydrology and Water
Resources of India. Springer, Dordrecht, The Netherlands,
p- 87.

Kumar, S. G., Sekhar, M. & Misra, D. 2008 Time dependent
dispersivity of linearly sorbing solutes in a single fracture
with matrix diffusion. J. Hydrol. Eng. 13 (4), 250-257.

Kwok, Y. K. 1992 Stability analysis of six-point finite difference
schemes for the constant coefficient convective-diffusion
equation. Comput. Math. Appl. 23 (12), 3-11.

Lantz, R. B. 1971 Quantitative evaluation of numerical diffusion
truncation error. Soc. Petrol. Eng. J. 11, 315-320.

Liu, C., Ball, W. P. & Ellis, J. H. 1998 An analytical solution to the
one-dimensional solute advection-dispersion equation in
multi-layer porous media. Trans. Porous Med. 30, 25-43.

Logan, J. D. 1996 Solute transport in porous media with scale
dependent dispersion and periodic boundary conditions.

J. Hydrol. 184 (3-4), 261-276.

Lowry, T. & Li, S. G. 2005 A finite analytic method for solving the
2-D time-dependent advection-diffusion equation with time-
invariant coefficients. Adv. Water Resour. 28, 117-133.

Meerschaer, M. M. & Tadjeran, C. 2004 Finite difference
approximations for fractional advection-dispersion flow
equations. J. Comput. Appl. Math. 172, 65-77.

Mickley, H. S., Sherwood, T. K. & Reed, C. E. 1957 Applied
Mathematics in Chemical Engineering. McGraw-Hill,

New York, USA.

Mohebbi, A. & Abbaszadeh, M. 2013 Compact finite difference
scheme for the solution of time fractional advection-
dispersion equation. Numer. Algor. 63, 431-452.

Moldrup, P., Kruse, C. W., Yamaguchi, T. & Rolston, D. E. 1996
Modelling diffusion and reaction in soils: I. A diffusion and
reaction corrected finite difference calculation scheme. Soil
Sci. 161, 347-354.

Molenkamp, C. R. 1968 Accuracy of finite-difference methods
applied to the advection equation. J. Appl. Meteor. 7, 160-167.

Neville, C. J., Ibaraki, M. & Sudicky, E. A. 2000 Solute transport
with multiprocess nonequilibrium: a semi analytical solution
approach. J. Cont. Hydrol. 44 (2), 141-159.

Notodarmojo, S., Ho, G. E., Scott, W. D. & Davis, G. B. 1991
Modelling phosphorus transport in soils and groundwater with
two-consecutive reactions. Water Res. 25 (10), 1205-1216.

Rausch, R., Schafer, W., Therrien, R. & Wagner, C. 2005 Solute
Transport Modelling: An Introduction to Models and
Solution Strategies. Gebruder Borntrager, Berlin, Germany.

Rezaei, A., Zhan, H. & Zare, M. 2013 Impact of thin aquitards on
two-dimensional solute transport in an aquifer. J. Cont.
Hydrol. 152, 117-136.

Richard, A. S. Jr, 1988 Small grid testing of finite difference
transport schemes. J. Hydraul. Eng. 114 (3), 329-336.

Roberts, D. L. & Selim, M. S. 1984 Comparative study of six
explicit and two implicit finite difference schemes for solving
one-dimensional parabolic partial differential equations. Int.
J. Numer. Methods Eng. 20, 817-844.

Singh, M. K. & Das, P. 2015 Scale dependent solute dispersion with linear
isotherm in heterogeneous medium. J. Hydrol. 520, 289-299.

Singh, M. K. & Kumari, P. 2014 Contaminant concentration
prediction along unsteady groundwater flow. Modell. Simul.
Diff. Process. XII, 257-276.

Singh, P. & Singh, V. P. 2001 Snow and Glacier Hydrology. Kluwer
Academic Publishers, Amsterdam, The Netherlands, p. 78.

Singh, M. K., Singh, V. P., Singh, P. & Shukla, D. 2009 Analytical
solution for conservative solute transport in one-dimensional
homogeneous porous formation with time-dependent
velocity. J. Eng. Mech. 135 (9), 1015-1021.

Smedt, F. D. 2006 Analytical solutions for transport of decaying
solutes in rivers with transient storage. J. Hydrol. 330, 672-680.

Smith, G. D. 1978 Numerical Solution of Partial Differential
Equations: Finite Difference Methods, 2nd edn. Oxford
University Press, Oxford, UK.

Tkalich, P. 2006 Derivation of high-order advection-diffusion
schemes. J. Hydroinform. 8 (3), 149-164.

Towler, B. F. & Yang, R. Y. K. 1979 On comparing the accuracy of
some finite-difference methods for parabolic partial differential
equations. Int. J. Numer. Methods Eng. 14, 1021-1035.

van Genuchten, M. T. 1981 Analytical solutions for chemical
transport with simultaneous adsorption, zero-order
production and first-order decay. J. Hydrol. 49, 213-233.

van Genuchten, M. T. & Gray, W. G. 1978 Analysis of some
dispersion corrected numerical schemes for solution of
the transport equation. Int. J. Numer. Methods Eng. 12, 387-404.

Wang, P. P, Zheng, C. & Gorelick, S. M. 2005 A general approach
to advective-dispersive transport with multirate mass
transfer. Adv. Water Resour. 28, 33-42.

Yeh, H. D. & Yeh, G. T. 2007 Analysis of point-source and
boundary-source solutions of one-dimensional groundwater
transport equation. J. Environ. Eng. 133 (11), 1032-1041.

Zhan, H., Zhang, W., Guanhua, H. & Dongmin, S. 2009
Analytical solution of two-dimensional solute transport in an
aquifer-aquitard system. J. Contam. Hydrol. 107, 162-174.

Zheng, C. & Bennett, G. D. 2002 Applied Contaminant Transport
Modeling, 2nd edn. Wiley, New York, USA.

Zoppou, C. & Knight, J. H. 1994 Comment on a space time accurate
method for solving solute transport problems by S. G. Li, F. Ruan,
and D. McLaughlin. Water Resour. Res. 30 (11), 3233-3235.

First received 27 February 2015; accepted in revised form 23 September 2015. Available online 29 October 2015

Downloaded from http://iwaponline.com/jh/article-pdf/18/3/481/478993/jh0180481.pdf

bv auest


http://dx.doi.org/10.1061/(ASCE)1084-0699(1998)3:4(241)
http://dx.doi.org/10.1061/(ASCE)1084-0699(1998)3:4(241)
http://dx.doi.org/10.1061/(ASCE)1084-0699(1998)3:4(241)
http://dx.doi.org/10.2166/hydro.2007.028
http://dx.doi.org/10.2166/hydro.2007.028
http://dx.doi.org/10.1016/0898-1221(90)90220-E
http://dx.doi.org/10.1016/0898-1221(90)90220-E
http://dx.doi.org/10.1016/0898-1221(90)90220-E
http://dx.doi.org/10.1061/(ASCE)1084-0699(2008)13:4(250)
http://dx.doi.org/10.1061/(ASCE)1084-0699(2008)13:4(250)
http://dx.doi.org/10.1061/(ASCE)1084-0699(2008)13:4(250)
http://dx.doi.org/10.1016/0898-1221(92)90088-Y
http://dx.doi.org/10.1016/0898-1221(92)90088-Y
http://dx.doi.org/10.1016/0898-1221(92)90088-Y
http://dx.doi.org/10.2118/2811-PA
http://dx.doi.org/10.2118/2811-PA
http://dx.doi.org/10.1023/A:1006596904771
http://dx.doi.org/10.1023/A:1006596904771
http://dx.doi.org/10.1023/A:1006596904771
http://dx.doi.org/10.1016/0022-1694(95)02976-1
http://dx.doi.org/10.1016/0022-1694(95)02976-1
http://dx.doi.org/10.1016/j.advwatres.2004.10.005
http://dx.doi.org/10.1016/j.advwatres.2004.10.005
http://dx.doi.org/10.1016/j.advwatres.2004.10.005
http://dx.doi.org/10.1016/j.cam.2004.01.033
http://dx.doi.org/10.1016/j.cam.2004.01.033
http://dx.doi.org/10.1016/j.cam.2004.01.033
http://dx.doi.org/10.1007/s11075-012-9631-5
http://dx.doi.org/10.1007/s11075-012-9631-5
http://dx.doi.org/10.1007/s11075-012-9631-5
http://dx.doi.org/10.1097/00010694-199606000-00001
http://dx.doi.org/10.1097/00010694-199606000-00001
http://dx.doi.org/10.1175/1520-0450(1968)007%3C0160:AOFDMA%3E2.0.CO;2
http://dx.doi.org/10.1175/1520-0450(1968)007%3C0160:AOFDMA%3E2.0.CO;2
http://dx.doi.org/10.1016/S0169-7722(00)00094-2
http://dx.doi.org/10.1016/S0169-7722(00)00094-2
http://dx.doi.org/10.1016/S0169-7722(00)00094-2
http://dx.doi.org/10.1016/0043-1354(91)90059-Y
http://dx.doi.org/10.1016/0043-1354(91)90059-Y
http://dx.doi.org/10.1016/j.jconhyd.2013.06.008
http://dx.doi.org/10.1016/j.jconhyd.2013.06.008
http://dx.doi.org/10.1061/(ASCE)0733-9429(1988)114:3(329)
http://dx.doi.org/10.1061/(ASCE)0733-9429(1988)114:3(329)
http://dx.doi.org/10.1002/nme.1620200504
http://dx.doi.org/10.1002/nme.1620200504
http://dx.doi.org/10.1002/nme.1620200504
http://dx.doi.org/10.1016/j.jhydrol.2014.11.061
http://dx.doi.org/10.1016/j.jhydrol.2014.11.061
http://dx.doi.org/10.1007/978-3-319-05657-9_12
http://dx.doi.org/10.1007/978-3-319-05657-9_12
http://dx.doi.org/10.1061/(ASCE)EM.1943-7889.0000018
http://dx.doi.org/10.1061/(ASCE)EM.1943-7889.0000018
http://dx.doi.org/10.1061/(ASCE)EM.1943-7889.0000018
http://dx.doi.org/10.1061/(ASCE)EM.1943-7889.0000018
http://dx.doi.org/10.1016/j.jhydrol.2006.04.042
http://dx.doi.org/10.1016/j.jhydrol.2006.04.042
http://dx.doi.org/10.2166/hydro.2006.008
http://dx.doi.org/10.2166/hydro.2006.008
http://dx.doi.org/10.1002/nme.1620140706
http://dx.doi.org/10.1002/nme.1620140706
http://dx.doi.org/10.1002/nme.1620140706
http://dx.doi.org/10.1016/0022-1694(81)90214-6
http://dx.doi.org/10.1016/0022-1694(81)90214-6
http://dx.doi.org/10.1016/0022-1694(81)90214-6
http://dx.doi.org/10.1002/nme.1620120302
http://dx.doi.org/10.1002/nme.1620120302
http://dx.doi.org/10.1002/nme.1620120302
http://dx.doi.org/10.1016/j.advwatres.2004.10.003
http://dx.doi.org/10.1016/j.advwatres.2004.10.003
http://dx.doi.org/10.1016/j.advwatres.2004.10.003
http://dx.doi.org/10.1061/(ASCE)0733-9372(2007)133:11(1032)
http://dx.doi.org/10.1061/(ASCE)0733-9372(2007)133:11(1032)
http://dx.doi.org/10.1061/(ASCE)0733-9372(2007)133:11(1032)
http://dx.doi.org/10.1016/j.jconhyd.2009.04.010
http://dx.doi.org/10.1016/j.jconhyd.2009.04.010
http://dx.doi.org/10.1029/94WR01492
http://dx.doi.org/10.1029/94WR01492
http://dx.doi.org/10.1029/94WR01492

	Mathematical modeling for solute transport in aquifer
	INTRODUCTION
	MATHEMATICAL FORMULATION
	NUMERICAL SOLUTION
	STABILITY CONDITION
	TRUNCATION ERROR
	ACCURACY OF THE SOLUTION
	RESULTS AND DISCUSSION
	VALIDATION OF THE MODEL WITH EXISTING SOLUTION OF LIU ET AL. (1998)
	SUMMARY AND CONCLUSIONS
	The authors are grateful to the Indian School of Mines, Dhanbad for providing financial support to PhD candidate under the ISMJRF scheme. The authors are also grateful to the editor and reviewers for the comments which helped improve the quality of the paper.
	REFERENCES


