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Modeling of temporal groundwater level variations based
on a Kalman ﬁlter adaptation algorithm with exogenous
inputs
Emmanouil A. Varouchakis

ABSTRACT
Reliable temporal modelling of groundwater level is signiﬁcant for efﬁcient water resources
management in hydrological basins and for the prevention of possible desertiﬁcation effects. In this
work we propose a stochastic method of temporal monitoring and prediction that can incorporate
auxiliary information. More speciﬁcally, we model the temporal (mean annual and biannual) variation
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of groundwater level by means of a discrete time autoregressive exogenous variable (ARX) model.
The ARX model parameters and its predictions are estimated by means of the Kalman ﬁlter
adaptation algorithm (KFAA) which, to our knowledge, is applied for the ﬁrst time in hydrology. KFAA
is suitable for sparsely monitored basins that do not allow for an independent estimation of the ARX
model parameters. We apply KFAA to time series of groundwater level values from the Mires basin in
the island of Crete. In addition to precipitation measurements, we use pumping data as exogenous
variables. We calibrate the ARX model based on the groundwater level for the years 1981 to 2006 and
use it to predict the mean annual and biannual groundwater level for recent years (2007–2010). The
predictions are validated with the available annual averages reported by the local authorities.
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INTRODUCTION
Groundwater is a signiﬁcant source for the functions of a

In the case of temporal estimation it is desirable to for-

watershed. It replenishes the surface waters, supports the

mulate a predictive model of groundwater table level that

ecosystems viability and is a primary source for drinking

can incorporate various physical variables that determine

and agricultural purposes. Groundwater level reduction

the groundwater level, such as meteorological data (e.g. pre-

affects the base ﬂow in rivers, evapotranspiration rates,

cipitation), evapotranspiration, runoff and water usage. A

and water quality, as well as human welfare, agricultural

stochastic model is required due to the considerable uncer-

and industrial activities (Famiglietti ). Examination

tainty of certain variables (e.g., evapotranspiration), the

and modelling of temporal trends of groundwater monitor-

spatial variability of conditions within the basin, the sparse

ing wells or of basin averages provide useful information

nature of sampling in space-time and the inadequacy of

about the aquifer temporal response to different meteorolo-

available measurements. For example, water usage is esti-

gical (e.g. precipitation extremes) or anthropogenic effects

mated based on data from the ofﬁcial boreholes, whereas

(groundwater over-exploitation). Therefore, the modelling

an unspeciﬁed number of unregulated boreholes operate in

of temporal variations of the groundwater level provides a

the area. Any physically-based model becomes stochastic

useful management tool in sparsely monitored basins that

once its inputs, parameters or outputs are treated as

helps to assess future trends (Margat & Van der Gun ).

random functions (Christakos ).
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For water management purposes, it is important to have

span. The major advantage of machine learning techniques

information about water table level and especially about the

is their capability to model complex non-linear phenomena.

dynamic relationship between water table level and hydro-

The general disadvantage of all the machine learning tech-

meteorological variables that affect the water table level

niques is related to the loss of physical interpretation and

variation. Water table ﬂuctuations have been successfully

the complexity of their structure, the a priori requirements

modelled using empirical time series to describe water

and computational complexity (Todini ). Other draw-

table dynamics. In several studies linear transfer-function

backs of ANN, SOM and GP are the calculation of locally

noise models (Knotters & Van Walsum ; Van Geer &

optimal values, constants miscalculation and overﬁtting.

Zuur ; Von Asmuth & Knotters ; Yi & Lee ;

The biggest disadvantages of the SVM and Wavelet Trans-

Von Asmuth et al. ; Fabbri et al. ) have been applied.

forms lies in the choice of the right kernel (or wavelet)

Additionally, an approach based on model-predeﬁned

and on the slow training section (Abe ). EPR have pro-

impulse response function in continuous time (Von

vided an improved framework of operation compared to the

Asmuth et al. ) has been used to model the dynamic

classic machine learning methods, it searches via genetic

relationship of precipitation surplus and water table level

algorithms for the best form of the function structure and

at basin scale (Manzione et al. , ). Yet, an empirical

like the other methods requires the dataset to be as large

model to simulate daily water table levels based on hydro-

as possible to capture the behaviour of the modelled

meteorological variables was proposed by Morgan & Stolt

phenomenon. Finally, the major disadvantage of machine

(), while an empirical time series predictive tool that

learning techniques is the requirement of extensive data.

incorporates daily precipitation was used to model the ﬂuc-

Small datasets are a drawback especially for the training sec-

tuations of the water table depth in an alluvial aquifer in

tion as a signiﬁcant number of parameters need to be

Italy (Calzolari & Ungaro ).
Data driven techniques have been widely developed to
deal mainly with complex non-linear physical phenomena.

determined (Giustolisi & Savic ; Giustolisi et al. ;
Solomatine & Ostfeld ; Anguita et al. ; Remesan
& Mathew ).

However, most of them ignore the physical base of the pro-

ARX models, on the other hand, combine simple predic-

blem. And yet, in many cases have been successfully applied

tive models with a linear threshold function without hidden

in groundwater level forecasting e.g. genetic programming

layers and a priori requirements. They are less complex than

(GP) and neural fuzzy inference system (Fallah-Mehdipour

the machine learning methods and under speciﬁc con-

et al. ), evolutionary polynomial regression (EPR) (Gius-

ditions, optimal process interpretation, can be equally

tolisi et al. ), support vector machines (SVM) and

accurate. Thus, the application of a model that can phys-

wavelet transforms (Suryanarayana et al. ), and self-

ically explain the relationship between the groundwater

organizing maps (SOM) (Chen et al. ). Trained artiﬁcial

level and hydrological variables is generally preferred to

neural network (ΑΝΝ) models have also been applied to

simulate and predict the groundwater level temporal varia-

model the water table temporal variability at various catch-

bility. Such a model is the ARX. Furthermore, in this work

ments, e.g. Trichakis et al. (, ) and Tapoglou et al.

the available datasets are small. The ARX model embedded

(), as well as at a single well at the study basin of this

in a Kalman ﬁlter has an advantage over other data driven

work (Daliakopoulos et al. ; Tsanis et al. ). ANN

techniques when small datasets are available due to the

models in several occasions have been combined with auto-

recursive update of the system parameters and of the predic-

regressive exogenous variable (ARX) functions, applied

tions, conditionally on observed data, as the data are

in this work, to enhance groundwater level predictions

successively processed.

(e.g. Giustolisi & Simeone ; Izady et al. ).

ARX models proposed by Knotters & Bierkens ()

One can ﬁnd advantages and disadvantages in all data

have also proved to be useful tools for modeling the dynamic

driven techniques depending on the modelled phenomenon

relationship between meteorological variables and water

and the available data characteristics: data size, extreme

table level (Knotters & Bierkens ; Webster & Heuvelink

values, statistical distribution, data value range and time

).
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regionalised version of the ARX model (Bierkens ; Bier-

period of parameter adaptation. The temporal variation of

kens et al. ; Knotters & Bierkens ).

the mean annual and biannual groundwater level allows

This study aims to model the temporal variability of the
mean annual groundwater level in a sparsely monitored

us to assess the aquifer’s behavior during the last 30 years
and its response to precipitation and pumping.

basin of great interest for the welfare of the local community
by exploiting the available ﬁeld data and maximizing the
possible information gain. We adopt the discrete time

STUDY AREA

ARX model for the variation of the water table level (Knotters & Bierkens , ). The term exogenous denotes

The study area is located in the south central part on the

that the model equations incorporate information from

island of Crete in Greece (Figure 1). Mires basin is part

other variables besides water table level. In particular, the

of the Mesara catchment which encloses the largest and

ARX discrete-time model herein incorporates information

most productive valley of the island. The catchment’s mar-

about the time variability based on the available time

ginal groundwater resources are extensively used for

series of groundwater level, precipitation measurements

agricultural activities and human consumption. The allu-

and abstraction rates. The ARX model is embedded in a

vium basin of the Mesara catchment is not a uniform

Kalman ﬁlter which enables the estimation of parameters

hydrogeological unit, and therefore it is divided into two

and the prediction of the optimal groundwater level (Ljung

sub-basins (Kritsotakis & Tsanis ). This study focuses

).

on the Mires basin of the Mesara valley due to the avail-

Similar works that involve ARX model assume prior

ability of hydro-geological data and to the signiﬁcant

knowledge of the model parameters from ﬁeld monitoring,

decrease in the groundwater level in recent years (Varou-

or estimate the parameters initially from available ﬁeld

chakis ). The Mires basin is a down-faulted plain with

data, or from calibration at a nearby location, or a different

an area of 50.3 km2. The plain is ﬁlled mainly with Qua-

time period (Bierkens ; Bierkens et al. ; Webster &

ternary alluvial sediments which form an inter-bedded

Heuvelink ; Yuan et al. ). In the Kalman ﬁlter

sequence of gravels, gravely sands, sands, silts, silty sands

approach proposed herein the ARX model parameters are

and clays. The alluvium aquifer of Mires basin is the

estimated and optimized using the time series of the water

most signiﬁcant of the Mesara catchment. Its thickness

table level. The difference of this approach from other

decreases from the center of the basin to the south and

works is that the ARX model parameters and the output of

north. The alluvial basin constitution changes from east

the state equation are simultaneously estimated by means

to west. At the eastern part, the deposits are coarser with

of the Kalman ﬁlter adaptation algorithm (KFAA) (Ljung

short layers of clay and silt, while at the western part the

; Lanzi et al. ). The initial values of the ARX

presence of clay and silt layers are signiﬁcant. At the

model parameters are randomly selected due to lack of

greater extent, the surface layer is mainly composed of

ﬁeld information. To our knowledge, this approach is used

gravel and sand allowing high inﬁltration.

for the ﬁrst time in a hydrological application.

Porosity decreases with depth below the surface in the

The ARX model has been originally used with a time

range 0.05–0.12 whereas effective porosity, which is the per-

step equal to one day (Bierkens et al. ). Herein we

centage of pores (interconnected) that are available for ﬂuid

apply the model with a considerably larger time step equal

ﬂow has been determined to be 0.085 in the Mires Basin.

to one year and biannually, since we are limited by the avail-

High values of hydraulic conductivity are present in the

able measurements. Hence, we employ a coarse-grained

Mires basin, where it varies between 10 and 120 m/day

version of the original model which has the same form

reﬂecting the presence of several gravel and sand horizons

due to the linearity of the ARX equation. We also include

in the alluvial sequence. Lower values occur in the northern

the impact of anthropogenic activities, i.e., pumping data,

side of the Mires basin, where lower Pleistocene rocks are

in the ARX model. As we show below, the model predictions

present. The signiﬁcant groundwater level drop in the past

are in very good agreement with the data after the initial

30
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Topographic map showing the locations of the 11 monitored wells (triangles) in Mires basin along with the corresponding surface elevation and the river path. The square marks
the two telemetric stations that have been placed in the two wells which have been monitored since 2003.

characteristics of the aquifer presenting a 25% average

Kriging (Varouchakis & Hristopulos b; Varouchakis

reduction in hydraulic conductivity values.

et al. a).

The basin’s aquifer is characterized in hydro-geological

Overexploitation during the past 30 years has led to a

coefﬁcients,

dramatic decrease, in excess of 35 m, in the groundwater

obtained from pumping tests, in conjunction with the be-

level of the Mires basin. Potential future climatic changes

havior of the water table (free surface existence) suggests,

in the Mediterranean region, population increase, and exten-

that although heterogeneous and locally conﬁned, the aqui-

sive agricultural activity threaten the sustainability of the

fer behaves at the regional scale as an unconﬁned unit. A

water resources. The accurate estimation of the temporal

detailed hydro-geological description of the Mesara catch-

variability of the hydraulic head is important for integrated

ment including Mires basin is presented in Varouchakis

groundwater resources management plans that will help

().

reduce the risk of desertiﬁcation. Ten wells (Figure 1) were

reports

as

unconﬁned.

Aquifer

storage

The spatial variability of the groundwater level in the

monitored between the years 1981 and 2003, whereas sev-

basin has been studied using stochastic and deterministic

eral others were monitored for shorter periods. Since

geostatistical methods (Varouchakis & Hristopulos a),

2003, the regular biannual monitoring of the operating bore-

applying non-linear data normalization techniques in combi-

holes has been replaced by the continuous monitoring of

nation with Kriging (Varouchakis et al. ) and by

two telemetric stations placed in respective boreholes (one

developing spatial trend models based on topographical

of which belongs in the set of the 10 boreholes). Measure-

variables and physical laws in association with Residual

ments at four of the ten wells are also available biannually
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during the 2003–2006 period. The mean annual ground-

correlation. If p-value is small, i.e. less than 0.05, then the cor-

water level variation in the Mires basin since 1981 is

relation coefﬁcient R is signiﬁcant. R values denote an

presented in Figure 2 and exhibits overall a declining

important correlation for an interval of 0.5–0.70 and a

trend. It is estimated that around 22 Mm3 on average are

strong correlation for the interval 0.7–0.9 (Tichy ).

pumped per year from the basin (Varouchakis ). The

In addition, the correlation analysis of the sub-annual data

temporal variability of the annual pumping volume along

provide the following results: groundwater level and

with the annual rainfall in the Mires basin is also shown

precipitation have R ¼ 0.76, p-value: 1 × 106, groundwater

in Figure 2. Rainfall data at biannual basis (wet-dry hydrolo-

level and pumping have: R ¼ 0.68, p-value: 1 × 106 while

gical period) are also available and according to the river

precipitation and pumping: R ¼ 0.81, p-value: 1 × 106.

basin management report for the island of Crete (Special

A hydrogeological tool (Haitjema & Mitchell-Bruker

water secretariat of Greece ) for the Mesara area is

) has been also applied to the basin (Varouchakis et al.

reported that the 65% of pumping occurs during the dry

a) to examine if the aquifer is recharge or topography con-

hydrological season and the 35% during the wet hydrologi-

trolled. The equation that describes the tool involved in the

cal seasons. Therefore, these rates can be used to develop

numerator the average annual recharge or inﬁltration rate, i

the biannual pumping volumes that apply in the basin.

(m/d) and the square of the average distance between surface

The hydrological and hydrogeological data have been pro-

waters, L (m). In the denominator, a factor m between 8 and

vided by the Administration of Land Reclamation of the

16 for aquifers that are strip like or circular in shape respect-

Prefecture of Crete.

ively, the (horizontal) aquifer hydraulic conductivity, K

A correlation analysis, in terms of correlation coefﬁcient

(m/d), the aquifer thickness, H (m) and the maximum dis-

R, shows regarding the annual values that groundwater level

tance between the average surface water levels and the

and precipitation have an R ¼ 0.58, with p-value: 0.0007,

terrain elevation, d (m). If the ratio is greater than one then

groundwater level and pumping have: R ¼ 0.52, p-value:

the aquifer is topography controlled while if less than 1 then

0.003 while precipitation and pumping: R ¼ 0.70, p-value:

it is recharged controlled. Solving the equation using the

0.000017. The p-value assesses the hypothesis of no

basin’s

Figure 2

|

hydrogeological

Mean annual groundwater level, annual rainfall and annual pumping rate for the time period 1981–2010.

Downloaded from https://iwaponline.com/jh/article-pdf/19/2/191/390878/jh0190191.pdf
by guest

data

(Varouchakis

)

the

196

E. A. Varouchakis

|

Temporal groundwater level modelling using Kalman ﬁlter

Journal of Hydroinformatics

|

19.2

|

2017

calculated ratio is equal to 0.7 (Varouchakis et al. a) and

where Z(tk ) is the average groundwater level at time tk , Δt

thus less than 1. This result means that the aquifer is recharge

is the time step, i.e. Δt ¼ tk  tk1 , and P(tk ) is the precipi-

controlled. Therefore, precipitation surplus is affecting the

tation surplus over Δt. Precipitation surplus is used as

water levels by recharging the aquifer.

the only exogenous variable, as proposed by Knotters &
Bierkens (). P(tk ) is deﬁned as the spatial average of
the cumulative annual precipitation P(tk ) of the nearby
rainfall stations and the respective time interval minus

METHODS

the mean annual actual evapotranspiration, Ev(tk ) i.e.,
Background of ARX groundwater level model
P(tk ) ¼ P(tk )  Ev(tk ):

(2)

The ARX model introduced by Bierkens et al. () and
Knotters & Bierkens () is a linear time series model

where,

that relates explicitly the precipitation surplus with water
table level. The parameters of ARX model are physically
motivated (Knotters & Bierkens ). At locations where

1
P(tk ) ¼
Δt

sufﬁciently long time series of water table levels are available, the ARX parameters are obtained from the model
calibration process which minimizes the mean square

ðtk

dt P(t0 ),

(3)

tk Δt

and P(t0 ) is the average precipitation over the contributing
rainfall stations.

error between the measured and the modelled values.
The ARX function can be incorporated in the Kalman

The parameters a, b determine the dynamic response of

ﬁlter algorithm (Ljung ; Knotters & Bierkens ) to

the water table, whereas c determines the average water

perform the following: (1) recursively determine the model

table level if P(tk ) ¼ 0. The variable ϵt is a discrete-time

parameters from the dataset; and (2) predict future water

white noise process with the following properties (where

table levels conditionally on monitored values. Ideally,

E[  ] denotes the expectation operator):

auxiliary information such as meteorological variables and
water usage can be incorporated in the model. The predic-

E[ε(tk )] ¼ 0,

(4)

E[ε(tk ) ε(tm )] ¼ σ 2ε δ(tk , tm ),

(5)

tions are updated as new water table level data enrich the
time series. Updating is based on Bayes’ theorem. The
method also permits estimating the statistics of water table
ﬂuctuations. The accuracy of the future predictions is
assessed by estimating expected levels for time periods
with available observations incorporating meteorological
conditions (e.g. precipitation rates) of the monitoring

where σ 2ε is the error variance and δ(tk , tm ) is the Kronecker
delta deﬁned by δ(tk , tm ) ¼ 1 if tm ¼ tk and δ(tk , tm ) ¼ 0 if
tm ≠ tk .

period. The precipitation surplus was used as an exogenous

Equation (1) has a physical background. It describes the

variable in the ARX model. The model parameters are

water table variations for discrete time steps assuming zero

obtained by considering the ARX function as an equation

surface runoff and a linear relation between the water table

of state inside the Kalman ﬁlter. The mean-square error of

level and drainage from the groundwater zone to the surface

the ﬁlter innovations are subsequently minimized to deliver

water. Besides precipitation surplus, other variables as well

the optimal parameters. The ARX model is deﬁned by the

can be incorporated in the model and treated as exogenous

equation below,

(e.g. pumping rates, surface water levels) (Bierkens et al.



Z(tk )  c ¼ a Z(tk1 )  c þ bP(tk ) þ ε(tk ), tk1

cipitation surplus P(tk ) is a global, space-invariant variable.

¼ tk  Δt,
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one set predicts the state at the next time step, whereas
the other set updates the predictions using available state

We apply the ARX model to simulate the mean annual and

measurements. The ﬁlter can be applied to any system

biannual groundwater level of the basin. We use a recursive

described by a linear, discrete-time state-space equation

discrete time ARX model, which we embed in a discrete-

given by the following general formulation (Van Geer &

time Kalman ﬁlter to estimate the model parameters and

Van Der Kloet ; Eigbe et al. ; Ljung ):

predict the optimal mean annual and biannual groundwater
level.
Herein we propose and apply an extension of the original model which incorporates the abstraction rate of the
wells operating in the basin,


Z(tk )  c ¼ a Z(tk1 )  c þ bP(tk ) þ dA(tk ) þ ε(tk ),

^z(tk ) ¼ F(tk )z(tk1 ) þ B(tk ) p(tk ) þ w(tk ),

(7)

where ^z(tk ) ¼ (^z1 , . . . ^zN )T is the vector of system state variables at time tk , F(tk ) is the state transition matrix from
time tk1 to time tk , B(tk ) is the control matrix that rep-

(6)

resents the impact of the external inputs p(tk ) on the state
of the system at time tk , whereas w(tk ) is a Gaussian

where A(tk ) is an estimate of the annual abstraction rate

vector that accounts for random noise. The noise properties

over a time period Δt and d an additional parameters that

are deﬁned by

determines in combination with a, b and c the dynamic
response of the water table. The order of the ARX model

E[w(tk )] ¼ 0, k ¼ 1, . . . , K,

(8)

E[w(tk )w(tm )T ] ¼ Q(tk ) δ(tk , tm ),

(9)

is deﬁned by the triplet (1,0,0). The ﬁrst entry denotes that
Equation (6) involves values of the water table level with a
maximum delay equal to one time step. The second and
the third entry denote that the inputs, i.e., the precipitation
surplus and the abstraction rate, do not contain delayed
terms.
The actual evapotranspiration is an important variable
for the model, because it enters in the estimation of the
precipitation surplus. The mean annual actual evapotranspiration Ev(tk ) over the island of Crete is 70% of the
mean annual precipitation (Department of Water Resources
Management ). In areas where the surface elevation is
less than 300 metres above sea level it is 75% and in the
Mesara valley has been estimated at 65% (Croke et al.
). The Mires basin though belongs to the Mesara watershed and it has elevation lower than 300 m. In addition,
according to a recent work 75% evapotranspiration was
found appropriate for modelling purposes at Mires basin
(Varouchakis et al. b).
Kalman ﬁlter identiﬁcation of ARX model
Below we show how the Kalman ﬁlter framework can be

where δ(tk , tm ) is the Kronecker delta previously deﬁned and
Q(tk ) is the covariance matrix of estimation errors deﬁned
by E[wi (tk )wj (tk )] ¼ Qi,j (tk ), k ¼ 1, . . . , K; i, j ¼ 1, . . . , M.
The measurement equation relating the observed state
variables and the true state of the system is expressed as
follows (Van Geer & Van Der Kloet ; Eigbe et al.
; Ljung ):
z(tk ) ¼ M(tk ) ^z(tk ) þ v(tk ), k ¼ 1, . . . , K,

(10)

where z(tk ) is the vector of observed state variables, M(tk ) is
the observation matrix and v(tk ) is the observation noise
vector that accounts for measurement errors. If zi (tk ) is the
observation of the state variable ^zj (tk ) then Mi,j (tk ) ¼ 1,
whereas Mi,l (tk ) ¼ 0, l ≠ j. The vector v(tk ) represents
multi-dimensional Gaussian white-noise random processes
with the following statistical properties:
E[v(tk )] ¼ 0,

(11)

E[v(tk ) v(tm )T ] ¼ R(tk ) δ(tk , tm ),

(12)

used to adaptively estimate the parameters of the ARX
model. The Kalman ﬁlter comprises two sets of equations:
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where ^z(tk ) is the prediction of z(tk ) and χ(tk ) is the (n×1)
regression vector that represents the gradient of ^z(tk ) with
^ k1 ). Since the true system parrespect to the parameters θ(t
ameters are unknown a priori it is assumed that
^ k1 ). The estimation algorithm minimizes the
θ(tk ) ¼ θ(t
h
i
2
mean square prediction error, E ðz(tk )  ^z(tk )Þ , which
means that Equation (15) is solved for all time steps using
^ k1 ).
the parameters θ(t
The general recursive parameter identiﬁcation equation

The calculations can be divided into two steps. First,
Equation (7) is used to predict the state at time tk based
on measurements up to time tk1 . Secondly, at time tk as
the new measurement becomes available the prediction is
corrected by means of Equation (10). This yields the optimal
linear estimate for the state at time tk based on the measurements up to time tk . The matrices F, B, M, Q and R must be
known. The matrices F and B, however, are functions of the
system parameters. These parameters are not known a priori
for the ARX model in the water table level application.
Therefore, the Kalman ﬁlter cannot be directly applied.
The following set of equations describes the KFAA that estimates recursively the parameters and the state equation
output of an ARX model (Ljung ).

is:
^ k1 ) þ K(tk )ðz(tk )  ^z(tk )Þ,
^ k ) ¼ θ(t
θ(t

(16)

^ is the vector of parameter estimates at time tk ,
where θ(t)
z(tk ) is the observed output at time tk , and ^z(tk ) is the prediction of z(tk ) based on observations up to time tk1 . The (n×1)
vector K(tk ) is the Kalman gain that determines the sensitivity of the current prediction error z(tk )  ^z(tk ) on the
update of the parameters estimate.
The above formulation assumes that the true system par^ k ) follow a random walk described by
ameters θ(t
θ(tk ) ¼ θ(tk1 ) þ wθ (tk ),

(17)

where wθ (tk ) is a Gaussian white noise
random vector
proh
i
T
cess with covariance matrix E wθ (tk )wθ (tk ) ¼ R 1 (tk ).

KFAA of ARX model

R 1 (tk ) is the (n×n) covariance matrix of the parameter
Linear model structures such as ARX that are equivalent to

random changes at each time step tk .
The following general form of the Kalman gain K(tk ) is

linear regressions can be expressed in the following general
framework (Ljung ; Lanzi et al. ):

derived by means of the least mean square parameter estimation algorithm (Ljung ; Lanzi et al. ),

T^

z(tk ) ¼ χ(tk ) θ(tk ) þ v(tk ):

(14)
K(tk ) ¼ J(tk ) χ(tk ),

(18)

^ k ) represents the vector of the
In the above equation, θ(t
true

parameters

(true

description

of

the

system),

where the (n×n) covariance matrix J(tk ) is given by,

χ(tk ) ¼ ∇θ(tk ) z(tk ) is the regression vector which is equal to
the gradient of the predicted model output, z(tk ), with
respect to the parameter vector, and v(tk ) is the measure-

J(tk ) ¼

P(tk1 )

,

(19)

S(tk ) ¼ R2 (tk ) þ χ(tk )T P(tk1 ) χ(tk ):

(20)

R2 (tk ) þ χ(tk )T P(tk1 ) χ(tk )

ment error innovation. The predicted output based on the
and

parameter vector up to tk1 is given by
^ k1 )
^z(tk ) ¼ χ(tk )T θ(t

Downloaded from https://iwaponline.com/jh/article-pdf/19/2/191/390878/jh0190191.pdf
by guest

(15)

199

E. A. Varouchakis

|

Temporal groundwater level modelling using Kalman ﬁlter

Journal of Hydroinformatics

|

19.2

|

2017

In the above equations, P(tk1 ) is the (n×n) parameter

predicted consecutively for the hydrological years 2006–

error covariance matrix at tk1 , S(tk ) is the residual (inno-

2007 to 2009–2010 and during time windows of four,

vation) covariance during the parameters update process,

three and two years. The model initially is run separately

and R2 (tk ) is the scalar variance of the innovations v(tk ) in


Equation (14), i.e. R2 (tk ) ¼ E v2 (tk ) .

to predict the groundwater level for each year period as

The (n×n) parameter error covariance matrix P(tk ) is

model is run the optimal parameters of the system at the

the number of time steps is small. Therefore, each time the
last time step are calculated. Based on these parameters

updated as follows:

the groundwater level prediction at the next time is provided
T

P(tk ) ¼ P(tk1 ) þ R 1 (tk ) 

P(tk1 ) χ(tk ) χ(tk ) P(tk1 )
T

R2 (tk ) þ χ(tk ) P(tk1 ) χ(tk )

:

(21)

considering the corresponding precipitation surplus and
pumping. Every prediction is then added consecutively in
to the model in order for the estimate at the next time

The Kalman ﬁlter algorithm is entirely speciﬁed by the
sequence of data zk , k ¼ 1, . . . , K, the gradient χ(tk ), the
parameter covariance matrix R1 , the variance of the innovations R2 , the true parameters θ(tk ) or an initial guess,
and the parameter error covariance matrix P0 (tk ). The recursive estimate of the parameters and the output of the ARX
model is implemented in the Matlab® programming
environment using originally developed code.
^ is the (4×1) vector of the
For the speciﬁc application, θ(t)
parameter estimates (a, b, c and d) of the state Equation (6)
at time tk , K(tk ) is a (4×1) vector, χ(tk ) is the (4×1) regression
vector corresponding to each variable input involved in the
state Equation (6) (Z(tk1 ), P(tk ), A(tk ), unit value for parameter c), J(tk ) the (4×4) covariance matrix used in the
Kalman gain, and P(tk ) is a (4×4) parameter error covariance matrix.

period to be performed. Therefore, the system for each
tested time period is updating the optimal parameters. Similarly, the model is run for longer time windows in order for
the efﬁciency of the model to be assessed.
In contrast to the initial ARX model which uses the precipitation surplus as the only exogenous variable (Bierkens
et al. ), we added a term proportional to the annual
abstraction rate (pumping term), Equation (6). We then
determined the ARX model parameters using the KFAA
without and with the pumping term, ﬁrst for the annual
data and then for the biannual. The groundwater levels,
the precipitation, and abstraction rates for the aforementioned time periods are known or can be determined at
annual and biannual basis. Therefore, the groundwater
levels predicted by the model can be validated against the
real values in terms of two well known statistical metrics,
the mean absolute error (MAE) (m) and the mean absolute
relative error (MARE, %). As shown in Figures 3 and 4, calibration improves as more data are processed. In addition in

RESULTS AND DISCUSSION

Tables 1 and 2 the prediction results at different time windows are presented. The one step forward prediction is not

The modelling of temporal groundwater level ﬂuctuations

optimal to assess the general model efﬁciency. Therefore

for the Mires basin aims to analyse the aquifer behaviour

the prediction window is increased in order to assess the

in conjunction with physical quantities (precipitation,

model’s effectiveness. The prediction window covers con-

pumping) that affect the aquifer’s water table level. Useful

secutively the last four years of the available dataset. The

information therefore can be extracted from the relationship

reason for such a prediction window is that at the previous

of mean annual groundwater level, annual precipitation and

steps the higher and lower ﬂuctuations are included and

annual pumping as well as from biannual groundwater level,

cannot be ignored by the training process.

precipitation and pumping for future predictions.

The parameters of the last single-year validation period

The data used for the model calibration span the interval

are considered optimal based on the available data and

from the hydrological years 1980–1981 to 2005–2006 as

can be used for future predictions. In order to test their efﬁ-

during the last periods of the time span the extreme values

ciency they are inserted as initial parameters in the ARX

of the dataset are present. The groundwater level is

model. From Figure 5 it can be observed that the model’s
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Temporal validation results of the mean annual groundwater level data using
MAE, MARE - ARX with precipitation surplus and pumping

|

Figure 3

2007/08-2009/10

2008/09-2009/10

2006/07-2009/10

Period

3-year window

2-year window

single-year window

MAE (m)

1.86

1.65

0.81

MARE

0.17

0.14

0.07

ARX model results using precipitation surplus as exogenous variable. Circles
denote the measurements; blue crosses denote the ARX model output for a
three-year prediction window; red boxes denote the ARX model predictions
for a two-year prediction window and red stars for a single-year prediction
window; VP denotes the validation period. Please refer to the online version of
this paper to see this ﬁgure in colour: http://dx.doi.org/10.2166/hydro.2016.
063.

Figure 5

|

ARX model results using precipitation surplus and pumping rate as exogenous
variables. Black circles denote the measurements; blue crosses denote the
ARX model output using random initial parameters for a single-year prediction
window; red boxes denote the ARX model output using as initial parameters
the optimal calculated from the last step during the validation process for the
same prediction window; black stars denote the predictions using as initial
parameters those calculated for the three-year prediction window; VP denote
the validation period. Please refer to the online version of this paper to see this
ﬁgure in colour: http://dx.doi.org/10.2166/hydro.2016.063.

adaptation is faster and better compared to the model’s behaviour presented in Figures 3 and 4, where random
values for initial parameters were used. A similar behaviour
is observed if the parameters for the three-year prediction
|

Figure 4

ARX model results using precipitation surplus and pumping rate as exogenous
variables. Circles denote the measurements; blue crosses denote the ARX
model output for a three-year prediction window; red boxes denote the ARX

window are used as initial parameters, while the predictions
are also improved. That similar behaviour is due to the simi-

model predictions for a two-year prediction window and red stars for a single-

lar parameter values that are obtained after a signiﬁcant

year prediction window; VP denote the validation period. Please refer to the
online version of this paper to see this ﬁgure in colour: http://dx.doi.org/10.

number of time steps. The two-year prediction window

2166/hydro.2016.063.

also delivers very similar calibration results and predictions
in between the three-year and the single-year prediction win-

Table 1

|

dows. Therefore, to avoid confusion at the plotted results the
Temporal validation results of the mean annual groundwater level data using
MAE, MARE - ARX with precipitation surplus

outcomes of the two latter time windows only are presented.
In addition, as will be explained below the four-year predic-

Period

2007/08–2009/10
3-year window

2008/09–2009/10
2-year window

2006/07–2009/10
single-year window

MAE (m)

2.86

1.83

0.93

MARE

0.25

0.16

0.09

Downloaded from https://iwaponline.com/jh/article-pdf/19/2/191/390878/jh0190191.pdf
by guest

tion window results are not presented as the observed values
are calculated with signiﬁcant error.
In this work, mean annual values have been used
mainly because of pumping data shortage. Modelling of
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groundwater level at annual scale is useful because it can

biannual) it is clearly better the model efﬁciency when the

help to combine the proposed model with climate data

pumping term is used.

models that usually provide information at annual scale

At an annual basis the differences might be small

(Tsanis et al. ; IPCC ). In addition, many water

(Tables 1 and 2) but they are still signiﬁcant for prediction

resources management reports regarding catchment man-

accuracy. The model form with the abstraction term is

agement refer to actions at annual scale (Chen et al. ;

more accurate in terms of MAE by 54% for the three-year

Barthel ; Bozzola & Swanson ).

window predictions, 11% for the two-year window predic-

However, biannual groundwater level and precipitation

tions and 14% for the single-year window predictions

data (including precipitation surplus) are available, while

compared to the original model form. On the other hand, at

biannual pumping can be calculated as has been previously

the biannual basis the calibration period (Figures 6 and 7)

explained. Therefore, the proposed model can also be set at

has a similar behaviour with the calibration period of mean

a biannual basis. The sub-annual model formation provides

annual levels. The four-year window predictions (Tables 3

a more detailed approach to the groundwater level ﬂuctu-

and 4) were improved from the presence of the pumping

ations at the basin and a clearer assessment of the

term in the model by 82% while, the single-year window pre-

proposed model efﬁciency and applicability.

dictions by 84%. Similarly, this applies for the three- and two-

The annual scale model predictions (Tables 1 and 2;

year window predictions where an improvement of 75%

Figures 3 and 4) only provide reliable results for smaller

occur. As observed in Figures 3–7, as the time window

than a four-year prediction window. This is due to the

becomes shorter the predictions also become more accurate.

extreme low value present at the training set that is not cap-

However, the ARX model with the support of KFAA can pro-

tured appropriately by the model. The parameters calculated

vide accurate results for longer time windows. According to

at that step support the model to predict the groundwater

the results it is clearly obtained that the pumping term

level at a four-year period, however, only with high predic-

addition in the ARX model improves the model’s efﬁciency

tion error. On the other hand the model predictions at

and the accuracy of results especially in the longer prediction

biannual basis are reliable at a four-year (eight biannual

windows and with the biannual data.

periods) prediction window (Tables 3 and 4; Figures 6

The general aim of this paper is to introduce the KFAA

and 7) as the biannual values of that time step are captured

in hydrological applications. The speciﬁc goal is to model

well by the model. In both model forms (annual and

the Mires basin aquifer temporal response. The ARX
model Equation (6) used for the mean annual and biannual
groundwater level modelling delivers accurate predictions

Table 3

|

Temporal validation results of the biannual groundwater level data using MAE,

as evidenced by the low validation errors (Tables 1–4).
The model is calibrated for the period 1981–2006 whereas

MARE - ARX with precipitation surplus

2006/07–2009/10

2006/07–2009/10

Period

4-year window

single-year window

MAE (m)

2.65

1.72

MARE

0.27

0.20

the period 2007–2010 is used as the validating period. The
ARX model is embedded in a discrete-time Kalman ﬁlter,
which is calibrated adaptively up to the period preceding
the prediction window. We include in the calibration
period of the ARX model the recent extreme groundwater
level ﬂuctuations (year 2002–2003) in order to calibrate

Table 4

|

the model more efﬁciently. As observed in Figures 3–7 the
Temporal validation results of the biannual groundwater level data using MAE,
MARE - ARX with precipitation surplus and pumping

accuracy of the estimates improves as more of the training
data are processed by the method whereas the recent

Period

2006/07–2009/10
4-year window

2006/07–2009/10
single-year window

MAE (m)

1.45

0.92

MARE

0.20

0.14
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According to Equation (6), the mean annual groundwater level value Z(tk ) estimate at time tk depends on
groundwater level Z(tk1 ) measured at the previous step,
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ARX model results using precipitation surplus as exogenous variable. Circles denote biannual measurements; blue crosses denote the ARX model output for a four-year
(eight periods biannual) prediction window; red dots denote the ARX model predictions for a single-period (biannual) prediction window; VP denotes the validation period.
Please refer to the online version of this paper to see this ﬁgure in colour: http://dx.doi.org/10.2166/hydro.2016.063.

available. The validation results of the two ARX model
forms show that the predictions for the years beyond 2006
follows closely the groundwater level trend providing accurate results for the different time windows assessed. In
addition, the predictions can be used in place of measurements to calculate the parameters for future predictions.
ARX estimates will be mostly reliable for short time
periods up to a year ahead for future predictions, as long
term or even short term predictions of rainfall intensity
involve high uncertainty. In addition the abstraction
volume rate is also uncertain, because it depends on anthropogenic activities that cannot be accurately predicted for
Figure 7

|

ARX model results using precipitation surplus and pumping rate as exogenous
variables. Circles denote biannual measurements; blue crosses denote the
ARX model output for a four-year (eight periods biannual) prediction window;
red dots denote the ARX model predictions for a single-period (biannual)
prediction window; VP denote the validation period. Please refer to the online
version of this paper to see this ﬁgure in colour: http://dx.doi.org/10.2166/
hydro.2016.063.

longer than a year. The tables of results and the ﬁgures
show that the incorporation of the abstraction rate in
Equation (6) improves the estimates. The improvement
might be small in the single year prediction window of
annual data, but considerable for biannual and longer prediction periods. Overall, the model adaptation is better

rainfall and/or abstraction volume for the speciﬁed predic-

when the abstraction rate is applied.

tion period tk , and the estimated parameters that describe

The initial data analysis showed that the precipitation is

the aquifer dynamic response. The optimal parameter

primarily correlated to the groundwater level while pumping

values are adaptively updated as new data values become

has a lower correlation. However, the declining trend results
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from the extensive pumping and the poor recharge, while

the measurement values. RMSPE is described by the follow-

the effect of pumping along with the precipitation on the

ing equation,

groundwater level is combined. Therefore, the proposed
model is trained for an initial period that includes the
extremes of all the variables involved, in order for the parameters of the model to be appropriately determined after

σ err

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
i2ﬃ
1 XK h
^
¼
Z(tk )  Z(tk ) ,
t¼1
K

(22)

every update so as to follow the best possible primary vari-

^ k ) is the predicted groundwater level, Z(tk ) is the
where Z(t

able trend. The correlation with the groundwater level

corresponding measured value, and K is the length of the

might be lower compared to precipitation, but the pumping

time series. After initial ﬂuctuations (Figure 4) the adap-

variable helps the model to better capture the level’s trend. If

tation

the correlation of the groundwater level was favoured to

abstraction rate is better, leading to σ err ≃ 7:70 m, than for

pumping and the model did not capture well the ground-

the one ARX model with the precipitation surplus only

water level with its original form, then the addition of the

(Figure 3), which leads to σ err ≃ 8:06 m. The former ARX

pumping variable would have more clearly improved the

estimates

estimations.

σ err ≃9.6 m for the 1981–1995 period, which are then

of

the

ARX

initially

model

display

with

precipitation

considerable

and

ﬂuctuations,

The annual precipitation overall has declined at a rate of

reduced to σ err ≃5.8 m for the 1996–2006 period, according

around 5.5 mm/yr over the past 30 years, while pumping has

to Equation (22). Similar occurs for the biannual data

an increasing trend of 0.22 Mm3/yr. This means that a

approach

where

for

the

ﬁrst

approach

(Figure

7)

groundwater deﬁcit of almost 7 Mm has been created in

σ err ≃ 7:90 m while, for the second (Figure 6) σ err ≃ 8:20

the basin and therefore a declining trend exists. The latter

m. Thus, the abstraction rate is signiﬁcant for the modeling

value agrees also with the ﬁndings of the recent water

of the groundwater level temporal variability.

3

resources management report of the region of Crete for
the area (Special Water Secretariat of Greece ).

Finally, future ARX predictions should involve mainly
reliable rainfall estimations from climate models or from

The strong negative correlation between rainfall and

statistical approaches. In addition, improvement of ARX

pumping leads to a similar effect to the groundwater level

model predictions in longer time windows should involve

as both affect the groundwater level in the same direction.

more data on shorter time scales and knowledge of potential

Increased rainfall and decreased pumping both lead to

pumping activity of unauthorized wells.

groundwater level increase, while the opposite also applies.
Thus, the original model was trained ﬁrst to capture the
declining trend according to the rainfall variability and

CONCLUSIONS

then pumping was added which follows closely the opposite
of precipitation trend. Therefore, because of this correlation,

This work was initially motivated by the dramatic decrease

similar but improved results (effect) are expected from the

in recent years of groundwater levels in Mesara valley due

additional use of the pumping variable, as indeed have

to overexploitation. In light of this development, the

been observed. The use of pumping improves the model

sparse monitoring of the basin and the expected adverse

results by capturing more accurately the groundwater level

effects of climate change on water resources accurate tem-

trend and this is presented clearer in the modelling results

poral modeling of the groundwater level is necessary.

with the biannual data. This is also the reason to include

We use an ARX time series model to relate mean annual

other auxiliary variables at the original equation (Bierkens

and biannual groundwater level to respective precipitation

et al. ). The falling trend is already captured by the use

surplus and abstraction rates. The ARX model is embedded

of the rainfall and the use of a correlated variable, such as

in a Kalman ﬁlter under the adaptation algorithm function-

pumping, reinforces the predicting capability of the model.

ality to adaptively estimate the model parameters. After

The root-mean square prediction error (RMSPE) metric

initial considerable ﬂuctuations, the ARX model accurately

is employed to assess the adaptation of the ARX model to

tracks the level’s temporal evolution. The ARX model
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estimates become progressively more accurate as more data
are incorporated, and the model parameters are recursively
reﬁned during each update. The recursive nature of the parameter inference procedure implies that the model becomes
more accurate as the length of the time series increases. As
shown, the groundwater level in the Mires basin exhibits a
deﬁnite declining trend. The model captures this trend accurately for both time series, captures the level’s extremes and
accurately predicts the groundwater level for the time
periods 2007–2010. A reliable prediction of future groundwater levels for the Mires basin can be used to develop
sound management plans for the exploitation of the groundwater resources in the area. For example, the impact of
different scenarios for pumping activity and precipitation
trends can be investigated. Model predictions should be
incorporated with realistic estimates of the water needs of
the area, leading to management recommendations such
as control of pumping rates, especially during years when
the groundwater level is expected to drop.
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