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Calibration of the 1D shallow water equations:
a comparison of Monte Carlo and gradient-based
optimization methods
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ABSTRACT
The calibration of parameters in complex systems usually requires a large computational effort.
Moreover, it becomes harder to perform the calibration when non-linear systems underlie the
physical process, and the direction to follow in order to optimize an objective function changes
depending on the situation. In the context of shallow water equations (SWE), the calibration of
parameters, such as the roughness coefﬁcient or the gauge curve for the outlet boundary condition,
is often required. In this work, the SWE are used to simulate an open channel ﬂow with lateral gates.
Due to the uncertainty in the mathematical modeling that these lateral discharges may introduce into
the simulation, the work is focused on the calibration of discharge coefﬁcients. Thus, the calibration
is performed by two different approaches. On the one hand, a classical Monte Carlo method is used.
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On the other hand, the development and application of an adjoint formulation to evaluate the
gradient is presented. This is then used in a gradient-based optimizer and is compared with the
stochastic approach. The advantages and disadvantages are illustrated and discussed through
different test cases.
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INTRODUCTION
Calibration is related to the optimization process of ﬁnding

computational facilities (Burguete et al. ). Despite the

the minimum of a functional usually deﬁned as a relation

quality of these mathematical models for predictive pur-

between the objective quantity and that simulated. There

poses, some parameters underlie the simpliﬁcations in the

are many ﬁelds where calibration is required. This process

model. Consequently, calibration is usually required to

is more necessary when using black-box models or simpliﬁed

adjust the model to the physical reality (Lacasta et al. b).

deterministic models. In some ways, the model may acquire a

The application of the shallow water equations (SWE) for

predictive character when calibrated. The calibration can be

the simulation of open-channel ﬂow has been widely used, in

understood as an optimization process, where the error

particular, for irrigation water delivery (Chanson ;

between the model estimate and the data set is minimized.

Chaudhry ). The equations can also be extended to include

In addition, there are many phenomena that can be

regulation elements. The ﬂow in those hydraulic structures

modeled using partial differential equations (PDEs) that rep-

does not follow the shallow water hypothesis. Their presence

resent conservation laws. The application of mathematical

is usually modeled by means of steady state continuity and

models to describe physical processes is helpful when per-

head loss equations that somehow represent what lies

forming

behind these phenomena (Morales-Hernández et al. ).

simulations

of

possible

scenarios
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There are three broad optimizer families: gradient-based

for roughness parameter identiﬁcation can be found, while

methods, derivative-free search algorithms, and evolution-

in Ding & Wang (), the adjoint equations of the one-

ary methods (Chaparro et al. ). This work deals with

dimensional (1D) SWE are used for the same purpose.

the ﬁrst and second families. While the latter do not require

The non-linear SW ﬂow equations must be solved

gradient information to perform the calibration, the former

numerically and this can be done by different numerical

must have information about the variation of the objective

methods. Several techniques applied to such equations

function with respect to the controlled variable. The advan-

have been reported recently as promising, such as second-

tage of these methods appears when the performance

order MUSCL schemes (Hou et al. ) and higher order

function is sufﬁciently smooth, and the ﬁrst derivative,

numerical schemes (Díaz et al. ; Navas-Montilla & Mur-

with respect to the controllable parameter, drives the optim-

illo ). Also, the emerged discontinuous Galerkin method

ization method to the optimal value. On the contrary, and

has been used to compute them (Xing et al. ; Kesserwani

when local minima exist, these methods can be inefﬁcient

& Liang ; Kesserwani et al. ). Despite the apparent

and may also provide non-optimal solutions. These situ-

good properties of these methods, the enormous compu-

ations can be avoided using other global optimization

tational need may be a drawback when dealing with

methods not based on gradient information, such as stochas-

practical applications. In addition, not only the accuracy,

tic methods. While they can probably more easily detect the

but also the quality in terms of conservation and well-balan-

optimal interval in the global solution space, they are

cing of the numerical solution is desirable when dealing

expensive in terms of evaluations.

with these equations (Noelle et al. ). The use of a ﬁrst

In this case, the use of Lagrange multipliers within vari-

order upwind (FOU) scheme, such as that of Murillo &

ational principles leads to the deﬁnition of adjoint variables

García-Navarro (), has been demonstrated to be a

and the corresponding differential equations governing

good option because of the acceptable trade-off between

them. Their solutions can help to obtain the sensitivity of

numerical quality and computational requirements. In the

a pre-deﬁned objective function. This family of methods

context of SWE, the use of ﬁrst-order schemes is common,

has largely been developed over the last 30 years (Giles &

since in the majority of the ﬂows concerning realistic appli-

Pierce ). However, and due to increasing computational

cations, the source terms dominate over the convective

capacity, adjoint methods have been applied in different

terms, second-order diffusive terms are not included in the

forms in many ﬁelds: from airfoil shape optimal design

formulation and the difference between the numerical

(Castro et al. ; Bueno-Orovio et al. ) to estimating

results from ﬁrst- and second-order models becomes negli-

Greeks in the ﬁnancial derivatives industry (Giles & Glasser-

gible (Petaccia & Savi ; Murillo et al. ). In this

man ). In the context of free surface ﬂow hydraulics, the

work, forward solver and adjoint solver are both based on

use of the adjoint method to obtain the adjoint system of

a well-balanced and exhaustively tested FOU ﬁnite volume

equations intended for control was described in Sanders &

scheme.

Katopodes (), Piasecki & Sanders (), and Ding &

The objective of this work is to compare two widely used

Wang (). Interesting applications have also been recently

approaches for the calibration of a computational model

described for data assimilation (Lai & Monnier ; Lacasta

based on the SWE. On the one hand, a gradient descent

& García-Navarro ) and ﬁeld data reconstruction

(GD) method is used as an example of gradient-based optim-

(Lacasta et al. a). Such works highlight the capacity of

ization. On the other hand, the use of MC following the

the adjoint method for providing an estimate of the gradient

method of Burguete & Latorre () is included as an

that can be used for control purposes. Regarding hydraulic

example of brute-force calibration methodology. In this

model calibration, the widest application is the identiﬁcation

work, the calibration is aimed at the estimation of a discharge

of roughness parameters. There are several works on this,

coefﬁcient in order to model the outﬂow from a lateral

such as Fread & Smith () and Wasantha Lal (). In

hydraulic structure. In order to evaluate the performance of

addition, in Pappenberger et al. (), an application of

each technique, three cases different in nature are proposed.

a

They are related to the calibration of (1) an approximately

Monte

Carlo

(MC)-based

optimization
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reachable situation (the error in the optimal solution is not

where the conserved variables (h, q) are the water depth and

equal to zero), (2) an affordable target level at some point,

unitary discharge, respectively deﬁned in space x ∈ [x0 , xL ]

and (3) an affordable target level located in a position separ-

and time t ∈ [0, T] and g the gravitational acceleration.

ated by an internal boundary condition (a sluice gate). The

In addition, Sf is related to the friction slope, rep-

structure of the paper is as follows: below, the mathematical

resented by the empirical Gauckler–Manning’s law, and S0

model and the adjoint formulation are described. The next

is related to the bed slope:

section includes the numerical scheme used to obtain a discrete solution for both problems and then the mathematical
optimization problem is formulated, emphasizing the gradi-

Sf ¼

qjqjn2
4=3

h2 Rh

,

S0 ¼ 

@z
@x

(2)

ent-free optimization method used in this work as well as
the gradient formulation based on the adjoint information.

where n is the Gauckler–Manning’s roughness coefﬁcient,

This is followed by a section in which the gradient-based opti-

and the bed slope depends on bottom depth z. Additionally,

mizer and MC method are compared in three different cases,

the hydraulic radius Rh ¼ A=P is the ratio of the channel’s

and ﬁnally, conclusions are drawn.

cross-sectional area A to the wetted perimeter P. The lateral
discharge is considered as a mass sink term that can be formulated as:
pﬃﬃﬃ
ql ¼ Kg G0 h

MATHEMATICAL MODEL

(3)

Shallow water equations
where h is the upstream water depth at the gate location and
The 1D SWE or Saint-Venant equations derive from the

G0 is the gate opening. Figure 1 illustrates a channel includ-

cross-sectional-averaged Navier–Stokes equations of mass

ing a lateral gate as described. It is important to take into

(G1 ) and momentum (G2 ) under the hypothesis of incom-

account that (3) deals with the formulation of a simplistic

pressible ﬂow and mild bed slope. They form a 2 × 2

Bernoulli-based formulation of the ﬂow assuming atmos-

hyperbolic system of equations (Cunge et al. ; Chanson

pheric pressure downstream of the gate. This implies that

; Chaudhry ). A one-dimensional ﬂow in a unitary

the discharge rate depends only on the water depth

ﬁxed-width channel can be expressed as follows:

upstream of the gate. Kg can be used to account for some
uncertainties related to losses due to different causes such

@h @q
þ
 ql ¼ 0
@t @x


@q @ q2 gh2
G2 :
þ
þ
 gh(S0  Sf ) ¼ 0
@t @x h
2

as construction irregularities, and obstruction or bed

G1 :

Figure 1

|

Sketch of the channel.
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conservation equation (G2 ) by the adjoint variable σ 2 (x, t):

assumed that it will vanish in the rest of the channel. It is
important to note that some authors (Piasecki & Sanders

|

ð T ð xL

P¼

0

ﬂow inﬂuence in the momentum equation, whereas others,

[σ 1 (G1 ) þ σ 2 (G2 )]dxdt

(5)

x0

P can be integrated by parts leading to:

such as Malaterre et al. (), Ding & Wang (), and
Xu et al. (), prefer to neglect that effect. In this work,
the lateral offtake is considered a point mass contribution
(lg ! 0) without effect on the momentum equation.

Performance function
The aim of the optimization problem is to reach an objective
which can be deﬁned as the target water depth h(x, t)obj . A
functional that includes the target is deﬁned as follows:

J¼

ð T ð xL
0

¼

1
2

0

E(x, t; h, q)dxdt

x0

Assuming ﬁrst order optimality condition for Jþ
δJþ ¼ δJ þ δP ¼ 0

(7)

These variations δJþ on (7) can be formulated taking increments with respect to h and q. Since in this case we need to

x0

ð T ð xL

 2

ð T ð xL 
@σ 1
@σ 1
@σ 2
q
gh2 @σ 2
h
q
q

þ
@t
@x
@t
h
2
@x
0 x0

σ 1 ql  σ 2 gh(So  Sf ) dxdt
 2
xL
ðT 
ð xL
q
gh2 
T
[σ 1 h þ σ 2 q]j0 dx þ
σ1q þ σ2
þ
þ
 dt (6)
h
2
0
x0
x0

P¼

adjust the discharge coefﬁcient Kg , variations of (6) with respect

(h(x, t)  h(x, t)obj )2 dxdt

(4)

where (0, T ) is the simulated time period and (x0 , xL ) are the
coordinates of the reach under consideration. The error
metric E may be deﬁned by considering Np measured
water depths. A very typical function to measure the deviation between an estimation and a measurement is the
mean square error (MSE) which may include saddles, but
no local minimum; this may be convenient for some mini-

to its dependent variable Kg are also included leading to:
ð T ð xL 

@σ 1
@σ 1
@σ 2
 δq
 δq
@t
@x
@t
0 x0


2
q
q
@σ 2
 σ 2 gδh(So  Sf ) þ σ 2 gh
 2 δq  2 δh þ ghδh
h
h
@x




@Sf
@Sf
@ql
@ql
δKg dxdt
δq þ
δh þ σ 1
δh þ
@q
@h
@h
@Kg
ð xL
[σ 1 δh þ σ 2 δq]jT0 dx
þ

δP ¼

δh

x0


xL
ðT 

2q
q2
þ
δq  2 δh þ ghδh  dt
σ 1 δq þ σ 2
h
h
0
x0

mization methods.

(8)

Adjoint formulation
Increments are also taken in the objective function J:
Depending on the kind of optimizer used to perform the
minimization,

information

regarding

sensitivities

is

required. In the gradient-based methods, the gradient is

δJ ¼

ð T ð xL 
0

x0


@E
@E
@E
δh þ
δq þ
δKg dxdt
@h
@q
@Kg

(9)

used as a sensitivity measurement that is able to conduct
the optimizer to the minimum. The adjoint system can be
obtained introducing a Lagrange multiplier ﬁeld and assuming ﬁrst-order optimality conditions (Cassel ). Then, an
augmented

functional

is

deﬁned

based

on

(4)

as

Jþ ¼ J þ P, where P is obtained by multiplying the mass conservation equation (G1 ) by the adjoint variable (also known
as Lagrange multiplier) σ 1 (x, t) and the momentum
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 2

@Sf
@σ 1
q
@σ 2
~
G1 : 
þ 2  gh
 gσ 2 (S0  Sf ) þ gσ 2 h
@t
h
@x
@h
þ σ1

@ql @E
~ 2 :  @σ 2  @σ 1  2 q @σ 2 þ σ 2 gh @Sf þ @E ¼ 0
þ ¼ 0G
h @x
@h @h
@t
@x
@q @q
(10)
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similar way. The ﬁrst is system (1), comprising (G1 , G2 ).
This system can be written in a non-conservative form as:

(a)

ðzﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{
xL
δJ ¼
[σ 1 δh þ σ 2 δq]jT0 dx

@U
@U
þM
¼S
@t
@x

x0

(15)

(b)

zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{

 2
 xL
ðT 

2q
q
δq  2  gh δh  dt
þ
σ 1 δq þ σ 2
h
h
0
x0
ð T ð xL
@ql
@E
þ
σ1
δKg þ
δKg dxdt
@Kg
@Kg
0 x0
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}

where

(11)

 

h
0
, M¼
q
c2  u2


ql
S¼
gh(S0  Sf )

U¼

(c)

Imposing initial conditions for δh, δq and ﬁnal conditions for σ 1 , σ 2 in (11a):
σ 1 (x, T) ¼ 0, σ 2 (x, T ) ¼ 0,
δh(x, 0) ¼ 0, δq(x, 0) ¼ 0 ,

x0 < x < xL
x0 < x < xL

(12)

(13)

0<t<T
the ﬁnal expression of (11) leads to the evaluation of δJ as
(11c):

δJ ¼

0

x0

@ql
@E
σ1
δKg þ
δKg dxdt
@Kg
@Kg

pﬃﬃﬃﬃﬃﬃ
gh the wave celerity.
~ 1, G
~ 2 ):
The second is the adjoint system (10) comprising (G
where u ¼ q/h is the velocity and c ¼



@Ψ
@Ψ
þΓ
¼R
@t
@x

(17)

!
0 u2  c2
, Γ¼
,
Ψ¼
1
2u


0
1
@Sf
@E
@ql
þ
gσ
S

S

h

þ
σ
2
0
1
f
B @h
@h
@h C
C:
R¼B
@
A
@Sf
@E

 ghσ 2
@q
@q


δh(x0 , t) ¼ 0, δq(x0 , t) ¼ 0, δh(xL , t) ¼ 0, δq(xL , t)

ð T ð xL

(16)

where

as well as boundary conditions for δh, δq in (11b):

¼ 0,


1
,
2u

σ1
σ2



(18)

Equations (15) and (17) can be solved using the same
(14)

numerical technique. In this case, both are solved using a
ﬁnite volume formulation using an explicit Euler scheme
for the time integration and a FOU scheme for the spatial

Equation (14) is then deﬁned as the sensitivity of the

integration (Burguete & García-Navarro ). For a given

error and will be very useful in the development of the gra-

cell i with edges i  1=2 and i þ 1/2, a locally linearized

dient expression to be included in the optimization method.

problem is formulated. Using an upwind Riemann solver,

Due to the dependence on (14) with respect to σ 1 , (10) must

the updating expression for the physical equations follows

be solved numerically.

the scheme:
Unþ1
¼ Uni 
i

NUMERICAL SCHEME

2
2
X
Δt X
þ

~)pi1=2 þ
~)piþ1=2
(~λ γ e
(~λ γ e
Δx p¼1
p¼1

!n
,

(19)

where Δt is the integration time step and Δx the
There are two systems to be solved: the physical equations

distance between the center of each computational cell.

(1) and the adjoint equations (10). Both have the same
aspect from the mathematical point of view since they are

The updating procedure (19) takes into account the
±
sign of the contribution ~λ ¼ 0:5(~λ ± j~λj) from each

hyperbolic systems of equations and can be treated in a

edge, where the approximate eigenvalues can be deﬁned
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1
2
~  ~c, ~λ ¼ u
~ þ ~c and the eigenvectors are
as ~λ ¼ u
2
2
T
T
~2 ¼ (1, ~λ ), e
~2 ¼ (1, ~λ ). This compact formulation requires
e
~ ~λ)p with:
one to deﬁne γ~p ¼ (~
α  β=

~1 ¼
α

1
~ þ ~c)δh  δq),
((u
2~c

~2 ¼
α

1
~  ~c)δh þ δq),
((u
2~c

(20)

and
1 ~
1
~f ),
 ΔxS
β~ ¼ gh(δz
2c

(21)

where the source term contribution β~ satisﬁes β~ ¼ β~ . It is
2

1

also worth mentioning that the linearized source terms β p
are discretized using an upwind scheme.
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1
2
2
1
(23) satisfy ~λΨ ¼ ~λ
and ~λΨ ¼ ~λ
implying
2
1
1
2
T
T
~Ψ1 ¼ (~λΨ , 1) ¼ (  ~λ , 1), e
~Ψ2 ¼ (~λΨ , 1) ¼ (  ~λ , 1)
that e
and γ~p ¼ (~
αΨ  β~Ψ =~λΨ )p with:

for

Ψ

1
~ þ ~c)δσ 2 þ δσ 1 ),
((u
2~c
1
1
~2 þ R
~ 1 ),
~ þ ~c)R
β~Ψ ¼ ((u
2~c
~ 1Ψ ¼
α

1
~ þ ~c)δσ 2  δσ 1 )
((  u
2~c
1
2
~2  R
~ 1)
~ þ ~c)R
β~Ψ ¼ ((  u
2~c
(24)

~ 2Ψ ¼
α

with
~ hS
~0  S
~f  h@
~ f ] þ σ 1 @h q
~ 1 ¼ Δx(g~
~l )
σ 2 [S
R
~ σ 2 @q S
~f ):
~ 2 ¼ Δx(  gh~
R

(25)

The terms denoted δ() refer to differences between the
right and left states of each cell δ() ¼ ()r  ()l , while (~) are

Additionally, contributions regarding (@h E) are inte-

averaged values (~) ¼ 0:5[()r þ ()l ]. It is important to note

grated in the cell i where measurement takes place. One

that this notation is valid only in the numerical scheme fra-

may write:

mework and it is different from the one used in the adjoint
system deduction where δ() denoted the variation operator
in time–space domain.


@h E i ¼

2(hi  hobj,i ) if xi ¼ xim
0
otherwise:

(26)

On the other hand, the lateral discharge can be considered centered in the cell as a variation of water depth:

As information from the SWE is required for the adjoint
equation, ﬁrst the forward-in-time SWE and then the back-

hnþ1

qn Δt
¼ hnþ1=2 þ l
Δx

(22)

integrated in the time step as an update after contributions
are computed (hnþ1=2 ) considering the previous water
depth for the estimation of the outlet discharge qnl .
The same discretization can be applied to the adjoint
system (17), leading to the expression:
Ψni ¼ Ψnþ1
i
þ

2
2
X
Δt X
þ

~Ψ )pi1=2 þ
~Ψ )piþ1=2
(~λΨ γ Ψ e
(~λΨ γ Ψ e
Δx p¼1
p¼1

ward-in-time adjoint system can be solved leading to the
ﬁnal value problem. Due to the similarities in their eigenvalues, they can be solved using the same time step size.
The explicit Euler integration requires a suitable Δt bounded
by the Courant–Friedrichs–Lewy (CFL) condition to ensure
the numerical stability (LeVeque ). For the numerical
scheme presented, this restriction requires that in cell i the
wave celerity λp satisﬁes:

!nþ1

Δt ¼ CFL min
i,p

(23)

Δx
j~λ jiþ1=2
p

!
,

CFL  1:

(27)

One of the most representative drawbacks when solving
the adjoint PDEs is the requirement to store information

where several differences from (19) can be observed. First,

about the physical system at all points in time. The impact

the time integration must be performed by a forward Euler

in terms of memory requirements can be estimated as

scheme, marching back in time. It is important to appreciate

O(n2 ) taking into account that, in the one-dimensional

the superscript related to the dependence on the previous

case, not only the number of cells, but also the required

time step. On the other hand, the approximate eigenvalues

time steps to perform the computation are not too large.
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Typically when using the 1D approach, problems that model

Sedaghatdoost & Ebrahimian ). These methods include

tenths of kilometers using hundreds of cells require minutes

adaptive stochastic methods such as MC inspired methods.

to simulate days.

They look for the solution by random sampling. Instead of
locating the optimal value by means of the information of
the gradient, it is possible to cover the domain to seek the

MATHEMATICAL OPTIMIZATION

minimum and recursively reduce that domain. This
reduction occurs when a set of the best options among all

Mathematical optimization can be understood as the pro-

those evaluated is found. There is an interesting discussion

cess of searching for the optimal value that minimizes a

of MC methods in Atanassov & Dimov ().

given functional. This searching can be done using different

These stochastic methods are usually described as non-

techniques. They are usually classiﬁed into two main groups:

deterministic and the MC method is one of the most repre-

gradient-based and gradient-free optimizers. The former

sentative.

option requires the evaluation of the gradient for use as a

Considering an initial interval I 0 ∈ (Kg0 min , Kg0 max ), Ntrials

The

method

is

illustrated

in

Figure

2.

guide when looking for the optimum. This is very efﬁcient

random values of Kg are generated within this interval.

when dealing with convex problems. Gradient-free methods

Then, the functional (4) is evaluated for every single trial

perform the operation over the whole domain and they are

and the best of them deﬁnes the new sub-interval I 1 ⊂ I 0 .

very convenient when multi-modal and noisy functions

This process is iterated until the maximum number of iter-

need to be minimized. These methods offer a suitable tech-

ations is reached or until the functional fails to reach the

nique to cover the domain where the variable to be

target value. Further details can be found in Algorithm 1.

calibrated can be found.
The most relevant detail when dealing with the MC

Result: A new value for Kg closer to the solution that
minimizes J

method is the brute-force-based methodology which is

input: Niter , Ntrials , I 0 , tolJ output: Kgm m ¼ 0;

based on ﬁnding the optimum. In contrast to the gradient-

while m  Niter ∧ Jm > tolJ do

based methods, MC just reduces the window for ﬁnding
the optimal solution. Another important difference from

/* Generate Ntrials random trials within the interval
I

m

*/

the gradient-based methodology is the non-deterministic

Kg  ∈ r and (Kg inf , Kg sup )j(Kg inf , Kg sup ∈ Im );

character of MC calibrations.

m
m
, Kg2
deﬁnes the new interval
/* Best values Kg1

MC method

m
m
I mþ1 ← (Kg1
, Kg2
)j(JKm , JKm  JKm ∀Kim ∈ I m );

*/
Jm ← min(JKm , JKm );
1

Gradient-free methods usually deal with global optimization
problems where the whole process is based on heuristic and
stochastic algorithms (Moles et al. ; Zabinsky ;

Figure 2

|

1

2

i

2

Kgm ← arg minKg Jm ;
m þ þ;
Algorithm 1: MC method.

Scheme of the MC-based optimization method. First iteration for a given interval I 0 (left) and following iteration with the sub-interval I 1 (right).
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The whole computational cost of this method includes
the evaluation of each trial. If the method has not converged
before tolJ or Niter is reached, the computational cost is
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method (Nocedal & Wright ) following the pm ¼ ∇Jm
direction by means of:

CMC ¼ Niter × Ntrials in terms of the number of simulations.

Kgmþ1 ¼ Kgm  ϵm pm

While the method does not require additional parameters,

where m denotes the iteration of the method and ϵm denotes the

the complexity comes from the deﬁnition of the number of
seeds that the method has to include at each time. The
trade-off between the maximum number of iterations, Niter ,
and the number of elements generated per iteration, Ntrials ,
is not easy to balance.

(30)

step-length used by the method. The optimization procedure
using this method is illustrated in Figure 3. Considering the
initial value of Kg0 and obtaining the value of ∇J0 , descent is performed with step-size ϵ0 , leading to the new value of Kg1 .
The integration of (30) in the full optimization procedure is detailed in Algorithm 2.

Gradient-descent method

Result: A new value for Kg closer to the solution that

For gradient-based optimization, information about the sensitivity of the performance function with respect to the
calibrated variable (Kg ) is required. In other words, the error
and the parameter to be controlled need to be related in
some way. Using (11c), and recalling that perturbations are
not introduced for (h, q), the relation between the error and
the parameter Kg to be controlled can be expressed as follows:

δJ ¼

ð xL ð T
x0

0

σ1

@ql
δKg dtdx:
@Kg

minimizes J input: Kg0 , ϵ0 , tolJ , tol∇J,max , tolδKg ,max , Niter
output: Kgm
m ¼ 0;
while m  Niter ∧ J(Kgm ) > tolJ do
Kgmþ1 ← Kgm  ϵm ∇Jm ;
if jj∇J(Kgmþ1 )jj  tol∇J,max then
/* converged on critical point

/*

return;
else

(28)

if jjKgmþ1  Kgm jj  tolδKg ,max then
/* converged on an Kg value

/*

return;
Then, ∇J can be calculated as:


ðT 
δJ 
@ql 
¼
σ
dt,
∇J ¼
1
δKg x¼xc
@Kg x¼xc
0

else
if J(Kgm ) < J(Kgmþ1 ) then
(29)

/* It has diverged
ϵ

mþ1

¼ 0:5ϵ ;
m

else
considering xc as the position of the lateral gate. Using (29) it

ϵmþ1 ¼ 1:1ϵm ;

is possible to perform the calibration with a gradient-based

m þ þ;

optimizer. The simplest is the implementation of the GD

Figure 3

|

Algorithm 2: Gradient-descent method.

Scheme of the gradient-descent method. Evolution of Kg from Kg0 (left) to Kg1 (right) following the direction ∇J0 .
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The algorithm includes a little modiﬁcation from the
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TEST CASES

classical gradient-descent method regarding the steplength used in the optimization. When using the ﬁxed

In order to benchmark the previously introduced optimiz-

step-length ϵm ¼ ϵ, convergence is not guaranteed. This is

ation methods, the gradient-based optimization method

because there are situations in which, when overshooting

based on adjoint equations is compared with a MC optimiz-

a long way using some value of the gradient, the method

ation method. Due to its stochastic nature, MC results can

may diverge. A typical strategy is the use of an initial ϵ

change between one repetition and the next. Nevertheless,

that may be increased by a constant factor (1.1 for

this effect has not been analyzed in this work. In addition,

example) or halved if the functional estimation is ampli-

the computational cost of both methods is deﬁned as the

ﬁed. Nonetheless, more sophisticated step-sizes can be

number of simulations required to converge to the desired

applied (Yuan ).

state. Otherwise, the measurements may be misleading,

The cost of this optimizer considering the computation
of

the

gradient

using

the

adjoint

variables

because MC processes are intrinsically independent; thus,

is

they may be directly parallelized. In the case of the gradi-

CGD ¼ (csw þ cadj ) × Niter where csw is the computational

ent-based method, the computational optimization of the

cost of the forward shallow water model run and cadj is the

technique must be applied to the solver of both the direct

cost of the adjoint solver. The amount of computational

and the adjoint models. Due to this, performance of each

effort CGD can be approximated by CGD ≈ 2 × csw × Niter

method is evaluated in terms of the number of simulations

since each iteration needs to solve the problem forwards

required to reach their objective functions.

and backwards in time, and they require the same number

The benchmark canal with length L ¼ 1,000 m is deﬁned

of integration time steps as well as the same number of com-

by a constant rectangular unitary width section with

putational operations. Comparing both, the cost of the

x ∈ [ 500, 500]. The channel is deﬁned with a constant

stochastic method CMC and the cost of the gradient-based

Gauckler–Manning’s

method CGD , the performance in terms of evaluations

n ¼ 0:01 s=m1=3 and a constant slope of 0.011 (see Figure 4).

roughness

coefﬁcient

of

varies depending on: (1) the convergence ratio: whether

The optimizers are conﬁgured using the same tolerance

MC employs the best trials or the gradient method uses

tolJ ¼ 105 and, in the case of GD, that tolerance is also

faster directions will determine the number of iterations

used for tolδKg and tol∇J . The initial interval for MC covers

required to ﬁnd the optimum; and (2) the initial guess/initial
interval: the distance of the initial guess to the optimal sol-

the entire search domain for the coefﬁcient Kg that is
pﬃﬃﬃﬃﬃ
I 0 ¼ (0, 2g). Furthermore, it is conﬁgured to perform the

ution as well as the deﬁnition of the adequate interval may

calibration with Niter ¼ Ntrials ¼ 8.

have an important impact on the performance of the method.

The step-size range for the gradient method is

Additionally, and for each method, the correct choice of

ϵ ∈ (0:0001, 50:0) and the initial step-size is deﬁned differ-

the step-size in the gradient-descent method, or the number

ently in each case.

of trials used in each iteration in the case of stochastic
optimization, may also degrade or improve the performance
of the method.

Test case I

The gradient-based method shows an intrinsic weakness
compared with the MC method. While each trial of the MC

In the ﬁrst test case, one lateral gate is located at xg1 ¼ 300 m

method can be performed in parallel (each simulation can

and the measured or desired water depth is deﬁned at

be computed independently), the parallelization of the gradi-

xm ¼ 250 m (see Figure 4). The target function hobj is also

ent-based method requires the parallelization of the

plotted in Figure 4.

numerical solver, which is more complicated. In this

A constant inlet of q ¼ 2:2627 m2 =s is assumed to deﬁne

work, both methods have been analyzed in sequential

the initial steady state condition for the simulated case and

mode, which means that each trial is run after the previous

is kept constant at all times. Regarding these conditions

trial has ﬁnished as in the case of the gradient method.

and using (3), it is possible to ﬁnd some Kg to adjust the
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Sketch of the conﬁguration used in Test case I and II, with the location xm of the probe and the location xg of the lateral gate (upper panel). The lower panel includes objective
water depth hobj at xm ¼ 250 m for Test case I and for Test case II and y2 axis represents gate opening (m).

results to the objective water depth hobj . This hobj is an

J ¼ 3:09335  101 and J ¼ 3:09335  101 when using the

invented analytic function which does not correspond to

MC method (see Figures 5 and 6). The last iteration ﬁnds the

any realistic water depth measurement and is used only

best Kg ¼ 2:46214 in the interval of Kg ∈ (2:45090, 2:50456).

for demonstrating that this method is able to adjust the par-

The functional is reduced until J ¼ 3:10645  101 . While the

ameter even when the measurement does not correspond to

MC method does not reach the stop-criteria, the GD method

any possible solution. The GD method is conﬁgured with

converges to a critical point due to ∇J  tol∇J .

ϵ0 ¼ 1:0. Additionally, the initial guess for the method is
Kg0

Figure 7 displays the variation of the functional with the

¼ 1:35.

empirical value Kg . Note that the variation is smooth. In this

With this conﬁguration, the gradient method required ten

case, the MC method rapidly locates the region of the

steps to complete the optimization process, reaching

Figure 5

|

optimum.

Test case I: Evolution of the water depth at xm ¼ 250 m through the calibration process for MC (left) and GD (right) methods.
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Convergence of the error and Kg for Test case I using MC (left) and GD (right).

Figure 7

|

Test case I: Evolution of J with respect to Kg for each method. Dots represent the different MC evaluations.
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provides Kg ¼ 2:46214 and is unable to converge to a better

Test case II

result, obtaining J ¼ 9:79302  104 (see Figures 8 and 9).
For the second test case, the objective water depth history is

As in the previous case, the GD method shows a

deﬁned by the depths recorded during a previous simulation

higher convergence rate. Not only the speed that the GD

run with Kg ¼ 2:46027. The setup is essentially the same as

method reaches when obtaining the solution, but also the

the previous one, replacing designed conditions with simu-

quality of the method providing the gradient estimation is

lated results. Theoretically, the minimum of the functional

highlighted. While requiring the equivalent of two simu-

in this case should be min J ¼ 0. As the gradient method

lations for each gradient step, the convergence ratio for

may require some stop condition as a convergence criterion,

each iteration is higher than for the MC method. More-

the tolerance is established to tolJ ¼ 104 . Moreover, the

over, GD strictly converges to an optimal value of Kg

initial Kg for the gradient method is deﬁned further than

since tolδf,max is reached. In contrast, the MC method

in the previous case Kg0 ¼ 0:1.

reaches its maximum number of iterations without reach-

Using this conﬁguration, the GD method only requires
seven

steps

to

converge

to

Kg ¼ 2:46065

ing the tolerance.

with

In Figure 10, the functional J is plotted against the differ-

J ¼ 2:31662  10 , while using the MC method the optimizer

ent values of Kg obtained by each method. It is possible to

4
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Figure 8

|

Test case II: Evolution of the water depth at xm ¼ 250 m through the calibration process for MC (left) and GD (right) methods.

Figure 9

|

Convergence of the error and Kg for Test case II using MC (left) and GD (right).

Figure 10

|

Test case II: Evolution of J with respect to Kg for each method. Dots represent the different MC evaluations.
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A forward simulation using Kg ¼ 1:35 was performed

observe how the GD method describes the curve better and
faster than the MC method.

|

previously and the temporal evolution at xm ¼ 300 m is
used as the target water depth.

Test case III

This conﬁguration includes the inﬂuence of the internal
boundaries on the calibration process. The result of the cali-

The third test case is a variation of the second. In this

bration process for both the MC method and the GD

case, two transverse gates have been included. There

method is displayed in Figure 12.

are several techniques for dealing with such structures

The result of the calibration using the stochastic meth-

in the model. For instance, in Cozzolino et al. (), a

odology

provides

bounds

on

the

optimal

robust and efﬁcient numerical treatment is incorporated

Kg ∈ (1:2621, 1:2837) with the best option within the inter-

into the numerical method, providing a dynamic detec-

val of Kg ¼ 1:2639 with an error of J ¼ 2:49562  102 . The
Kg ¼ 1:35018

solution

tion of free and submerged regimes. In the present

GD

work, they have been formulated as internal boundary

J ¼ 1:067  104 . The number of steps for non-gradient

conditions following Morales-Hernández et al. (),

optimizations required in the process includes 64 forward

which provides a simpler method good enough for rela-

simulations, while in the case of the gradient-based simu-

calibration

calculates

with

tively uniform ﬂow regimes. The idea is to analyze the

lation only seven are required, and seven more for the

possible inﬂuence that these internal boundaries have

adjoint system integration. It represents an acceleration of

over the control.

sup ¼ 64=(7 þ 7) ¼ 4:57 of the GD method against the MC

The main channel is the same as in the previous cases.

method.

Additionally, two cross gates have been included at

This case has detected one of the most relevant weak-

x1 ¼ 333 m and x2 ¼ 333 m. The lateral gate is between

nesses of the MC method: it may not converge to the

these gates, located at xg ¼ 0 m. A sketch of the channel is

optimal solution. As in the previous case, the GD method

shown in Figure 11.

converges to an optimal value of Kg .

Figure 11

|

Sketch of the channel and the location of the probe (xm ), the lateral gate (xg ), and the two cross gates (xxg1 , xxg2 ). The lower panel includes objective water depth hobj at
xm ¼ 300 m for Test case III and y2 axis represents gate opening (m).
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Test case III: Evolution of the water depth at xm ¼ 250 through the calibration process for MC (left) and GD (right) methods.

The GD method has been conﬁgured using the step-

the functional at iteration n þ 1 of the MC method Jnþ1 as:

length of ϵ0 ¼ 5:0. It is notable that, if using ϵ0 ¼ 1:0 as in
Test cases I and II, the number of steps required grows to

nþ1
)),
Jnþ1 ¼ min (J(K1nþ1 ), J(K2nþ1 ), . . . , J(KN
trials

(31)

16. On the contrary, the MC model does not converge to
an optimum solution (Kg ), not even using the predeﬁned
eight maximum iterations. In this case, and in one step, it
is found that the optimum probably lies within the interval
(1.2620925, 1.283715). In Figure 13, this fact can be particu-

the following property is satisﬁed:
Jnþ1  max J(Kα ) , Kα ∈ I n :

(32)

larly appreciated. Note that this behavior is the opposite of
that observed in the previous experiment and displayed in
Figure 10.
As this location has been found, it is not possible to go

When an interval that does not contain the minimum is
found, the method is not strictly convergent in the sense of
Jnþ1 < Jn but property (32) is always satisﬁed as can be

on from there and improve the solution, even by increasing

observed in the results of Figure 14. Nevertheless, this

the number of steps in the method, because each step will be

could be improved by increasing the number of MC pro-

a subset of the previous one. Considering the deﬁnition of

cesses used in each iteration, which implies more

Figure 13

|

Test case III: Evolution of J with respect to Kg for each method. Dots represent the different MC evaluations.
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Convergence of the error and Kg for Test case III using MC (left) and GD (right).

resolution in the searching lattice. In Dotto et al. (), a

cases, may vary the performance depending on the step-

deep analysis of the application of the MC method high-

length used. Other gradient-based methods such as BFGS

lights the dependence of the convergence ratio on the

or L-BFGS may be used with the previous information,

number of trials analyzed and the threshold used. This

including an optimal step-length that may improve the con-

also implies an increase in the number of simulations. Not

vergence rate of the method.

only the quality of the calibration in terms of convergence

On the contrary, MC methods are capable of obtaining

rate, but also the quantity of steps in the process, establish

good results with a simpler implementation for this type of

strong differences between these methodologies.

problem. Previous information, other than the range where

These results highlight a new possibility, where a combi-

the optimal solution may be found, is not required. This is

nation of these methods can obtain the solution more

an advantage when calibration is related to an ill-posed

quickly. The MC method can be used to generate the initial

problem or a complex functional, but not for such cases as

guess for the GD method, which then can be used to des-

those presented in this work.

cend more rapidly to the optimal solution.

The MC method provides two advantages: independence from the model to be calibrated and the intrinsic
capability of working in parallel. On the other hand, the

CONCLUSIONS

GD method shows a greater convergence rate, but it is sensitive to the initial guess used. Results suggest that a

In this work the comparison of a MC-based optimization

combination of these methods, the MC method for choosing

and an adjoint method-based optimization method to cali-

the initial guess and then the GD method for descending in

brate discharge coefﬁcients of lateral gates on 1D channels

the correct direction, may generate an effective optimization

is presented. The techniques have been checked using

method. The main disadvantage of the GD method based on

three test cases.

the adjoint formulation is that it must be carefully reformu-

The adjoint technique has the drawback of the non-gen-

lated in each different application.

eralized way of calculating sensitivities. However, when

Future work may include the advantage of MC in choos-

developing it for a particular PDE system, it offers a power-

ing an appropriate initial guess for use in the gradient-based

ful procedure for performing optimal control. Being a

optimizer. Moreover, the same technique may be applied to

gradient-based method, it requires the evaluation of the

the 2D system of equations. However, limitations on the

error gradient. The present work has been based on a

time–space dimension of the problem may be found due to

simple semi-ﬁxed, step-length algorithm which, in some

the memory storage requirements of the adjoint method.
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Nevertheless, more sophisticated objective functions and
optimization applications can be addressed in the twodimensional framework, where calibration is a very
common task in practical applications. It is also feasible to
develop a very similar technique for related uses, such as
the calibration of the friction coefﬁcient used in Manning’s
formula following the steps presented in the ﬁrst part of
the work and then comparing both methods for this
application.
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