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A bankruptcy method for pollution load reallocation
in river systems
Ali Moridi

ABSTRACT
This study forms the basis and sets practical guidelines for developing river water quality
management strategies for resolving conﬂicts related to the allocation of pollution discharge permits
using bankruptcy methods. This approach was implemented by changing the concepts and
considering the river self-puriﬁcation potential (capacity) as an asset which is to be shared among
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various beneﬁciaries. The beneﬁciaries are the point sources which release their wastewater to the
river with minimum treatment costs. Four commonly used bankruptcy methods in the water
resources allocation literature are used here to develop new river bankruptcy solution methods for
allocating pollution share to the riparian parties of river systems. For this purpose, the Qual2 K river
water quality simulation model is integrated with a particle swarm optimization (PSO) model while
various pollution loadings discharge policies have been determined based on the bankruptcy
method. This method was employed in one of the most polluted rivers of northern Iran, which is the
source of eutrophication for Anzali International Wetland. The results show that the application of
this method could facilitate the conﬂict resolution among different beneﬁciaries in order to improve
the conditions of river water quality.
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INTRODUCTION
The discharge of different urban, industrial, and agricultural

; Huashan et al. ; Barati et al. ; Liu et al. ;

pollution, more than the river self-puriﬁcation capacity,

Joonwoo et al. ; Tavakoli et al. ; Hosseini et al.

leads to the deterioration of the river ecosystem and increase

; Jie et al. ; Shakibaeina et al. ; Wang et al.

of water treatment price in lower bounds. In allocating pol-

; Alizadeh et al. ; Chounlamany et al. ; Saberi

lution load to different pollutant sources, it is necessary to

& Niksokhan ; Zeferino et al. ).

take environmental standards as well as treatment costs
into consideration.

In recent years, with the development of game theory
application in water resource management, the use of

In common models of river water quality management,

conﬂict resolution approaches in river water quality man-

the permitted wastewater discharge rate for each pollutant

agement have been taken into consideration. Some recent

source is determined based on minimization of treatment

works which successfully implemented conﬂict resolution

costs by considering downstream water quality limitation

methods in river water quality management are discussed

as a constraint, or minimizing the water quality violation

as follows: Kampas & White () obtained certain rules

from the standard by considering a treatment budget limit-

for permitted agriculture pollution discharge using a bar-

ation as the constraint (Niksokhan et al. ; Ghosh &

gaining solution. For this purpose, bankruptcy resolution

Mujumdar ; Barati ; Nikoo et al. , ; Barati

methods were applied for providing various types of
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allocation licenses for a small river basin in southwestern

Madani et al. (d) suggested bankruptcy optimization

England. The results showed that allocation rates depend

models for water allocation based on four bankruptcy rules,

on the beneﬁciaries’ power of bargaining. On the other

considering the critical importance of water delivery time

hand, it was found that different allocation rules, according

during the planning horizon. They studied the bankruptcy

to various interpretations of equity, have distinct effects on

method in resolving water disputes using a broad range of

beneﬁt sharing among different beneﬁciaries. Mahjouri &

rules in order to solve water conﬂicts over transboundary

Ardestani (a, b) and Mahjouri & Bizhani-Manzar

rivers. Moreover, Mianabadi et al. () analyzed the

() established certain river water quality management

relationship between the bankruptcy theory and shared

policies by using conﬂict resolution methods and optimiz-

river problems. They implemented PR, CEA, CEL, and AP

ation models. The comparison of the two approaches

methods and developed a program for fair water allocation

represents the importance of cooperation performance to

in transboundary rivers.

achieve maximum beneﬁt from using surface water

As mentioned before, in recent years, game theories

resources when considering the qualitative and quantitative

have developed signiﬁcantly in developing policies of pol-

aspects of river water. Based on the results, the cooperative

lution loading discharge into the river. Accordingly, the

participation of water consumers has a higher ﬁnal net

concept of the bankruptcy method among various beneﬁci-

beneﬁt in the game.

aries in water quantity allocation has been developed but

Abed Elmdoust & Kerachian () established two

it is not used in water quality management. The novelty of

cooperative fuzzy games for equal and effective modeling

this paper is an application of the bankruptcy method in

of river water allocation among the consumers inside and

river water quality management. So, by integrating the

outside the basin by considering the water quality conditions

Qual2K quality simulation model with particle swarm

in their research. In this regard, they used Hukuhara-Shap-

optimization (PSO) model, different policies of pollution dis-

ley for allocating the created beneﬁt by crisp through fuzzy

charge to the river are determined based on the bankruptcy

attributes functions. In their study, Malakpour et al. ()

method. Therefore, the application of bankruptcy rules in

expanded the environmental penalty functions for river

the context of water quality management and the array of

quality management using an n-person evolutionary game.

technical tools (e.g. water quality simulation, PSO, etc.)

The results of the model show that the penalty functions

employed is the contribution of this work.

can force pollutants to treat their released wastewater to
meet river water quality standards. Finally, they recommended a sustainable treatment strategy in which the

METHODOLOGY

pollutants are in mutual agreement.
In recent years, a few researchers have studied the appli-

In this study, an approach based on the bankruptcy problem

cation of bankruptcy theory in various natural resources and

resolution rule has been offered for waste load allocation in

allocation problems, such as underground water resources

river systems. Considering the non-uniform spatial and tem-

management, multi-objective resources allocation, and ﬁsh-

poral variability of water ﬂows and wastewater discharged

eries (Ansink & Ruijs ; Sheikhmohammady & Madani

to the river, non-linear optimization models were proposed

; Ansink & Weikard ; Madani & Zarezadeh ;

for solving river bankruptcy problems. In order to simulate

Madani & Dinar ; Madani et al. a, b, c;

the superposition of wastewater discharge from different

Mianabadi et al. ).

point sources, and also considering the re-aeration and dis-

Ansink & Weikard () determined different water

posal of the pollution along the river, a river water quality

allocation scenarios for border rivers by using four classic

simulation model is linked with the optimization model.

rules of the bankruptcy method. Proportional Rules (PR),

In this study, a river water quality simulation model

Constrained Equal Award (CEA), Constrained Equal Loss

(Qual2k) used is coupled with the optimization model in

(CEL), and Talmud Rule were used as different methods of

order to simulate the dissolved oxygen (DO) variation

bankruptcy resolution.

along the river due to different pollution discharge scenarios.
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where Oij represents the observed values, Pij is regarded as
the simulated values, m indicates the number of observed

In this study, the Qual2kw model is utilized for the simu-

and predicted values, Wi is the weight coefﬁcients and n is

lation of river quality variables based on different waste

considered as the number of different existing variables in

load allocation scenarios developed by the optimization

RMSE (root mean square error).

model. Qual2kw is a one-dimensional model for the simulation of river and stream water quality variations. This
model simulated the transport and fate of several constituents using the advection-diffusion equation. The model
uses the ﬁnite-difference numerical method for the solution
of the adjective-dispersive mass transport and reaction
equations. Equation (1) shows the variation of constituent
concentration variation based on a general mass balance
equation for a water column (Pelletier et al. ):
Qab,i
dci Qi1
Qi
Ei1
ci1  ci 
ci þ
(ci1  ci )
¼
dt
Vi
Vi
Vi
Ai
Ei
Wi
þ Si
þ (ciþ1  ci ) þ
Ai
Vi

Pollution load allocation using bankruptcy method
The main question frequently asked is how to allocate available

resources

among

the

members

during

system

bankruptcy. There are various solutions to this problem.
The theory of bankruptcy is regarded as one of the analytic
methods which could be used in source allocation disputes.
The aim of this method is to distribute an asset to a group of
creditors when this amount is not adequate to meet their
credit’s claim. In recent years, several bankruptcy rules

(1)

have been developed. Some of these rules are based on
the cooperative bankruptcy game. Among the most fre-

where Qi is the ﬂow at reach i (L/day), Qab,i is the abstrac-

quently

used

bankruptcy

rules,

we

can

refer

to

tion ﬂow at reach i (L/day), Vi is the volume of reach

Consistency, Constrained Equal Losses (CEL), and Con-

i (L), Ai is the area of reach i (m ), Wi is the external loading

strained Equal Awards (CEA) rules, which are in equal

of the constituent to reach i (mg/day), Si is the sources or

proportions of claims, losses, and awards.

2

sinks of the constituent due to reactions and mass transfer

In the next section, the relationships and principles of

mechanisms (mg/L/day), Ei and Ei1 are bulk dispersion

certain current methods of bankruptcy games are discussed.

coefﬁcients between reaches i  1 and i and i and i þ 1,

The above-mentioned methods will provide satisfactory or

respectively (m2/day), ci is the concentration of water qual-

acceptable results while having convenience in compu-

ity constituted in reach i (mg/L), t is time (day) and S

tations. The difference between these methods is derived

includes the external sources (positive) or sink and pit

from their different deﬁnitions of equity in source distri-

(negative) as the constituents.
@c
is the concentration variation rate in time including
@t
the temporal variation of concentration based on diffusion,

bution among the players. The main players in this study

advection, reaction and rate of changes due to pollution
load discharged into the river. This model includes an automatic calibration system which minimizes the objective
function f(x) via the genetic algorithm. Based on this objec-

are river riparian point sources (consisting of wastewater
of urban areas and different industries) which discharge
their wastewater to the river with minimum treatment
cost. The current bankruptcy methods in specifying treatment level and permitted discharge rate for pollutant units
to include the rules discussed below.

tive function, differences between observed data and
simulated data are decreased for each water quality variable
simulated in the model.
8
9
>
>
>
>
>
>
>
>
>
<X
=
X  >
1
P
f(x) ¼
wi 
>
>
( oij =m)
>
>
>
>
wi  P
>
>
>
2
0:5 >
:
;
( p  oij ) =m)
ij
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2. The fully satisﬁed creditor is then excluded.

(including the ﬁrst stage) if the available resource is not suf-

3. After updating the remaining resources, the process con-

ﬁcient to satisfy the highest claim of the remaining creditors.

tinues with the remaining creditors considering their

At this stage, the remaining resource is split equally among

unsatisﬁed claims.

the remaining creditors.

In each stage, when the sum of allocated amounts to all
remaining beneﬁciaries (which are equal to the lowest claim)
is more than the remaining resources, the remaining resource
is distributed equally among all remaining beneﬁciaries.
This approach was implemented by changing the concepts and considering the river self-puriﬁcation potential
(capacity) as an asset which is to be shared among various
beneﬁciaries. The beneﬁciaries are the point sources which
like to release their wastewater to the river with minimum
treatment cost. In order to obtain the CEA rules, the objective
function is to maximize the permitted pollution concentration of each pollutant source (Equation (3)). Equation (4)
represents the permitted pollution concentration which
equals a minimum of CEA decision variables and pollution
concentration before treatment. The dissolved oxygen concentration at the control point due to discharged pollution
loads is obtained via the river water quality simulation
model which is shown as a function in Equation (5):
Max α

(3)

CiCEA ¼ min(α, cPi )

(4)

F Do (CiCEA )  Dos

(5)

where α is the maximum equal pollution discharge which is

In this state, the system reduces the pollutant concentration levels of each of the resources equally while the
dissolved oxygen concentration at the control point reaches
the standard limit. The objective function of this section is to
minimize the amount of pollution concentration reduction
in which each pollutant should reduce it from its initial
pollution concentration. Equation (7) represents the dischargeable concentration which equals the pollutant
concentration rate before treatment subtracted by the
amount of concentration reduction rate for each of the pollutant sources. The dissolved oxygen concentration at the
control point due to pollution discharged to the river is
obtained via Equations (6)–(8):
Min β

(6)

CiCEL ¼ max(CiP  β, 0)

(7)

F Do (CiCEL )  Dos

(8)

where β is the amount of pollution that should be reduced by
each pollutant (it is equal for all point sources), CiCEL is the
pollution concentration after treatment. The other parameters and variables are as described previously.
Proportional bankruptcy rule (P-rule)

equal for all point sources, CiCEA is the permitted pollution
concentration discharge, cPi is the pollution potential of

In this method, the pollution concentration rate related to

point source i and Dos is the standard amount for dissolved

each of the pollutant sources is decreased equally with a

oxygen concentration at a control point. F

Do

is the DO con-

constant ratio, as presented in Equations (9)–(11):

centration at a control point obtained using the river water
quality simulation model.
Constrained equal loss rule (CEL rule)

Minγ

(9)

CiPR ¼ γCPi

(10)

F Do (CiPR )  Dos

(11)

The CEL rule can be viewed as the opposite of the CEA rule
because it gives priority to satisfying the highest claim (pol-

where γ is the ratio in which each pollutant should reduce

lution discharge permit) ﬁrst. Once the highest claim is

its pollution concentration in order to reach water quality

satisﬁed, the process is repeated with the remaining

standards in the river (it is equal for all point sources), CiP

resources and creditors. The process stops at any stage

is the pollution concentration of pollutant resource i
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before treatment and CiP is the pollution concentration of

one method to the others is simply an indicator of the degree

pollutant resource i after γ percent of pollution reduction.

of acceptance of that method (Madani & Dinar ).

Talmud rule (Tal rule)

suggested allocations and the difference in the notion of fair-

Acknowledging the possibility of the rejection of
ness by the beneﬁciaries (pollution source) who ﬁnd certain
This method is, in fact, a combination of two equations of

allocation rules of pollution permits unfair, there is a need

CEL and CEA. Each player’s share is estimated from

for evaluating the acceptability of different bankruptcy sol-

Equations (12) or (13):

utions. The popularity of each solution is a simple
indicator of its potential acceptability (in the case of asym-

CTR
i

¼

CEA(0:5CiP )

if

F

Do

(0:5CPi )

< Dos

(12)

metric powers), and the majority cannot necessarily
determine the feasible solution (when powerful parties do

¼ 0:5CiP þ CEL(0:5CiP )
CTR
i

if

F Do (0:5CPi ) > Dostandard
(13)

not support the most popular solution).
In some cases, a pollutant source located at a large distance from the other sources may have a negligible impact

where CEA(0:5CiP ) means to use CEA Rule in which CiP is

on the violation of the standard, and should therefore be

replaced by 0:5CPi , CEL(0:5CiP ) means to use CEL in

exempted from the application of a discharge reduction

which CiP is replaced by 0:5CPi .

factor. It is therefore necessary to ﬁrst evaluate the contri-

Finally, conﬁrming each of the bankruptcy methods is

bution of each pollutant source to the violation of the

not feasible for all beneﬁciaries and they may achieve the

standard, and to apply the bankruptcy method only to

highest allocation rate by employing different methods. In

those sources that signiﬁcantly contribute to it.

this way, the superior method seems to be distinguished
from each of the beneﬁciaries’ points of view. There are
different solutions for evaluating sustainability and accept-

CASE STUDY

ing a method in the game for conﬂict resolution.
In order to calculate Equations (5), (8) and (11), it is

In order to examine the efﬁciency of the recommended

necessary to run a river water quality model (Qual2k) coupled

method, one of the most polluted rivers of Iran recognized

with the optimization process model to simulate water quality

by the Environment Protection Organization was selected as

variation along the river. Therefore, the PSO algorithm is used

the case study. Zarjub River is one of the important rivers dis-

as the optimization method. Various stages of research oper-

charged into the Anzali international wetland in the north of

ation are presented based on the ﬂowchart in Figure 1.

Iran (Figure 2). This wetland is also severely affected by the
decline of river water quality. If not polluted, this river could

Implementing a pollution load allocation policy

be a suitable environment for ﬁsh propagation. It could also
have an economic signiﬁcance from ﬁshing, commercial and

The proposed bankruptcy optimization models provide

athletic aspects. The entrance of pollutions due to urban and

different pollution reduction scenarios, based on various

industrial activities into the river has not only destroyed the

notions of fairness. Therefore, acceptability of different sol-

river ecosystem, but it has also led to the extreme eutrophica-

utions are always questionable because there is always at

tion of Anzali Wetland. According to library and ﬁeld studies

least one point pollution source which ﬁnds one of the

conducted at Zarjub River basin, the main pollutants of this

given alternatives unfair (because they can gain more

basin are urban wastewaters which enter the river through

under another rule). As one of the most commonly used

local wastewater treatment systems. Due to the growth in

social choice (voting) methods, the plurality index can be

population and urbanization development in the Zarjub water-

considered as an indicator of potential acceptability of a

shed, urban wastewater constitutes over 90% of river pollution

decision rule in multi-participant decision-making problems.

loading. Extensive pollutions into Zarjub River justify the

Based on this index, the number of stakeholders who prefer

necessity of studying the quality of this river and analyzing
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Various stages of research operation.

the dissolved oxygen rate of the river when ﬂowing into Anzali

River was divided into seven reaches during which 11

Wetland. The main players of this study are 11 point sources

point pollutants discharge pollution into the river at differ-

which discharge their pollution with a low level of treatment

ent intervals. The river water quality model is calibrated

to the river. The point sources of pollution are listed in

based on observed data in the study area. Then, different pol-

Table 1 and are shown in Figure 2.

lution discharge scenarios were evaluated by coupling PSO
and bankruptcy models.

RESULTS
River water quality simulation model calibration
The present research aimed to study the quality analysis of
Zarjub River basin in Gillan Province of Iran. The Qual2k

According to the quality examination of Zarjub River, there

model was used for the simulation of river water quality

are 11 points of pollutant sources across the river. In current

changes in this area. In this regard, the length of Zarjub

conditions, the dissolved oxygen rate is 6 mg/L upstream of
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Study area map.

the river and approximately 1 mg/L downstream of the

Results of the optimization model with bankruptcy

river. The river water quality simulation model was cali-

approach

brated and veriﬁed for current quality conditions. The
results of the calibration and veriﬁcation of dissolved

The dischargeable concentration rate by each of the point

oxygen simulation along the river are illustrated in Figures 3

pollutant sources was determined based on different

and 4. Figures 5 and 6 display the calibration and veriﬁca-

approaches of the bankruptcy method. These methods

tion of BOD5 simulation along the river. The results

include:

represent an acceptable calibration and veriﬁcation for the

Talmud. Table 1 illustrates BOD5 permitted discharge

river quality simulation model.

rates for each of the pollutant sources. Based on different

Table 1

|

CEA,

CEL,

Proportional

Bankruptcy,

and

Biological oxygen demand (BOD) permitted discharge rates for each of the pollutant resources based on different approaches of bankruptcy method

Pollutant number

Initial BOD (mg/L)

Constrained equal award

Constrained equal loss

Proportional bankruptcy

Talmud

1

100

89.78

31.5

70

65

2

8

8

0

5.6

4

3

130

89.78

61.5

91

80

4

120

89.78

51.5

84

75

5

180

89.78

111.5

126

105

6

90

89.78

21.5

63

60

7

110

89.78

41.5

77

70

8

90

89.78

21.5

63

60

9

100

89.78

31.5

70

65

10

180

89.78

111.5

126

105

11

180

89.78

111.5

126

105
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Variation of dissolved oxygen along the river (simulated versus observed data).

approaches of bankruptcy including CEA, CEL, Pro-

rate of the primary concentration, along with the 68.46 mg/L

portional Bankruptcy, and Talmud, the dissolved oxygen

amount, can be discharged into the river. Further, in the

rate at the control (check) point, located downstream of

Equal Loss Rule, pollution source No. 2 fails to send any pol-

the river, is 4.02, 4.25, 4.6, and 4.1, respectively.

lution into the river and the remaining resources discharge

Based on the results in Table 1, according to CEA rules, if

their pollution with different proportions.

the BOD5 concentration is greater than 89.78 mg/L, the pollu-

According to the proportional bankruptcy rule, all dis-

tants must discharge 89.78 mg/L of biological oxygen

chargers must multiply the primary BOD5 concentration

demand; otherwise, its primary rate is entered into the river.

with 0.70 and can discharge wastewater with this amount

Based on the results, the pollution source No. 2 (which dis-

of BOD5 into the river.

charges the lowest BOD5 concentration into the river) does

In the Talmud rule, which follows a combination of both

not require treating its own wastewater based on the Equal

methods of Equal Award and Equal Loss, the requested

Award method, while it should completely treat its wastewater

amount is compared with the required rate. For this pur-

in the Equal Loss method. In the Equal Award method, all

pose, the river simulation model is implemented with the

pollutant sources except the second pollution source should

new BOD5, which equals to half of the initial BOD5, and

reduce BOD5 concentration up to 89.78 mg/L, which is con-

the resulting DO at the control (check) point is compared

sidered as a disadvantage for large pollutant units.

with the standard DO. Here, as the concentration of DO

According to CEL rules, the pollution sources fail to send

at the control point, obtained from half of the BOD concen-

any pollutants into the river if the BOD5 concentration is

tration, is slightly more than the standard DO, the CEA

lower than 68.46 mg/L. In case of greater rates, the difference

method is used for half the amount of waste load allocation.

Figure 4

|

Results of DO veriﬁcation.
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Variation of biological oxygen demand (BOD) along the river (simulated versus observed data).

Finally, the best-permitted discharge rate for each pollutant

damages river ecosystem and increase water treatment

resource that can be discharged into the river is estimated.

costs. As different decision-makers and stakeholders are

According to the obtained results, the CEA method is

involved in the water quality management in river systems,

better for those resources having fewer pollutant rates and

a new bankruptcy form of the game theory is used to resolve

consequently gains more awards (which means they should

the existing conﬂict of interests related to waste load allo-

pay less money for wastewater treatment). In the CEL

cation downstream. The river restoration potential can

method those resources which discharge higher pollutants

allocate to the conﬂicting parties with respect to their

experience better conditions. In the Proportional Bankruptcy

claims, by using the bankruptcy solution methods.

method, as an equal percentage is enforced for the discharge

In the present study, a new approach was introduced for

of all resources, they experience similar or equal conditions.

dispute resolution of pollution loading allocation to various

In the Talmud method, the results are between the CEA

pollutant sources based on the bankruptcy method. As was

and CEL approaches. The evaluation of the stability of differ-

also described in the review of the literature, different

ent bankruptcy allocation solutions for different pollution

methods of dispute resolution have been provided to deter-

discharge scenarios in this study suggested that the Talmud

mine the pollution share of each point source. However,

rules are more acceptable by beneﬁciaries.

the application of the bankruptcy method was evaluated for
the ﬁrst time in the area of river water quality management.
This method was already used among various beneﬁciaries

CONCLUSIONS

in the allocation of pollution share of each pollutant.

Various urban, industrial, and agricultural pollution dis-

cepts and considering the river self-puriﬁcation potential

charges,

(capacity) as an asset which is to be shared among various

This approach was implemented by changing the con-

Figure 6

|

more

than

river

self-puriﬁcation

Results of BOD veriﬁcation.
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beneﬁciaries. The beneﬁciaries are the point sources who

In the presence of multiple point sources of pollution

like to release their wastewater to the river with minimum

along a river, several control points should be considered,

treatment costs. It should be noted that the suggested

and for each of them the bankruptcy should be applied con-

method does not necessarily minimize the total cost of

sidering only those sources that signiﬁcantly contribute to

wastewater treatment in the basin and may result in sub-

the violation of the limit at the same points.

optimal

allocations

from

an

economic

optimization

method. However, it should be emphasized that this
method can be used to develop practical solutions when utility information is not available or reliable, side payments
are not feasible, and parties are not highly cooperative.
Considering the non-uniform spatial and temporal variability of water ﬂows and wastewater discharged to the river,
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