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Evolutionary polynomial regression approach to predict
longitudinal dispersion coefﬁcient in rivers
Mohammad Rezaie Balf, Roohollah Noori, Ronny Berndtsson,
Alireza Ghaemi and Behzad Ghiasi

ABSTRACT
The fate of pollutants in rivers is mainly affected by the longitudinal dispersion coefﬁcient (Kx). Thus,
improved Kx estimation could greatly enhance the water quality management of rivers. In this regard,
evolutionary polynomial regression (EPR) was used to accurately predict Kx in rivers as a function of
ﬂow depth, channel width, and average and shear velocities. The predicted Kx by EPR modelling was
compared with results obtained by more conventional Kx estimation formulas. Initial data analyses
using general linear models of variance revealed that all input variables were statistically signiﬁcant
for Kx estimation. The calibrated EPR model showed good performance with coefﬁcient of
determination and root mean square error of 0.82 and 79 m2/s, respectively. This is better that other
more conventional estimation methods. Application of sensitivity analysis for the EPR model
indicated that channel width, average velocity, shear velocity, and ﬂow depth were the main
variables in descending order that affected Kx variability. The introduced EPR estimation model for
Kx can be incorporated in one-dimensional water quality models for improved simulation of solute
concentration in natural rivers.
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sensitivity analysis

INTRODUCTION
Rivers are some of the most important water resources

where C is cross-sectional averaged concentration, U is

exposed to pollution loads from natural and anthropogenic

mean velocity at cross-section of river, t is time, x is longi-

sources. Therefore, having a good knowledge on fate and

tudinal coordinate along the direction of mean ﬂow, and

transport of the pollutants is crucial to properly manage

Kx is longitudinal dispersion coefﬁcient (Deng et al. ;

river water quality (Noori et al. ). The behaviour of a pol-

Sahay & Dutta ).

lutant instantaneously introduced in rivers can be described

The advection-dispersion equation has been widely used

by the three-dimensional advection-diffusion equation

to investigate the behaviour of pollutants originating far

(3D-ADE) resulting from Fickian diffusion concepts. How-

upstream from non-steady point sources (Seo & Cheong

ever, in the far downstream mixing zone, where variation

). When applying Equation (1) for simulation of solute

concentrations in the vertical and horizontal directions are

concentration in rivers, Kx determination is important. The

negligible, averaging the 3D-ADE over depth and width

regular approach to determine Kx for rivers is tracer measure-

yields:

ments. However, although tracer measurement approaches
have been extensively performed for determination of Kx,

@C
@C
@ C
þU
¼ Kx 2
@t
@x
@x
2
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their performance is conﬁned by several limitations (Noori
et al. ). For this reason, empirical methods for Kx
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estimation have been widely applied by researchers. These

a formula-based user-friendly method, researchers and prac-

methods include both user-friendly regression methods and

titioners can apply the developed method to predict Kx in any

more sophisticated black-box models based on artiﬁcial intel-

river type while applying their own datasets.

ligence techniques (AIT) (Najafzadeh & Sattar ;
Haghiabi , ; Najafzadeh & Tafarojnoruz ;
Alizadeh ; Alizadeh et al. a; Parsaie & Haghiabi

MATERIALS AND METHODS

a, b; Wang et al. ). Since AIT are black-box
models, their results are less applicable compared to more

Kx determination methods and data

general techniques such as user-friendly regression methods
for Kx estimation. In other words, it is not possible for other

In general, there are three methods for Kx determination in

users to directly apply calibrated AIT to other cases of Kx esti-

natural rivers: the ﬂow structure method that directly quan-

mation (i.e., different natural rivers) (Ebtehaj et al. ;

tiﬁes the governing physical processes for dispersion; the

Noori et al. ). Thus, there are problems involved in

method of moments based on measurements of a conserva-

directly combining AIT with a physically based 1D model

tive pollutant concentration along the river; and empirical

to enhance the accuracy of the spatiotemporal simulation

equations that are derived by correlation between Kx and

of solute concentration in water bodies.

geometric ﬂow characteristics of the river. Due to the limit-

In this study, we suggest an alternative method for the

ations of the ﬁrst two methods (Wallis & Manson ),

prediction of Kx, evolutionary polynomial regression

engineers tend to apply empirical approaches for Kx esti-

(EPR). The EPR is a hybrid regression method that was

mation. In this regard, the majority of developed empirical

ﬁrst introduced in the ﬁeld of water resources by Giustolisi

equations have supposed Kx as a function of geometry

& Savic (). Abdul-Ghani et al. () used EPR to pre-

(including channel width B and ﬂow depth H ) and hydrau-

dict the load of sediment in Malaysian rivers. Reyhani

lic conditions (including U and shear velocity U ) such as

et al. () investigated the EPR performance to compute

Equation (2) (Seo & Cheong ; Kashefipour & Falconer

the normalized ﬂux, relative fouling and turbidity rejection

; Noori et al. ; Zeng & Huai ):

in a wastewater treatment plant. EPR has also been applied
in the ﬁeld of water supply and river discharge prediction

Kx ¼ g(B, H, U, U )

(2)

(Mounce et al. ; Rezaie-Balf & Kisi ).
Reported results from EPR applications have revealed its

Table 1 lists some of these empirical equations for Kx esti-

advantages, especially where there is a small subset of noisy

mation. Therefore, the aim is to ﬁnd a function g using the EPR

or missing input data. In fact, EPR can be adapted to predict

method so that a best ﬁt between observed and predicted Kx

any arbitrary function in spite of missing input data. Mean-

can be found. To apply EPR, a dataset including 149 patterns

while, due to the difﬁculty in collecting all relevant input

consisting

data and the limited number of available datasets, Kx predic-

measured in typical rivers was used (Supplementary material,

tion does not include necessary input information (such as

Table S1, available with the online version of this paper).

of

hydraulic

and

geometric

characteristics

cross-mixing effect, transient storage, shearing advection

There are some general guidelines in modelling to assure

and lateral mixing) that inﬂuence this parameter in rivers

the modeller that the tuned model is comprehensive and can

(Lanzoni et al. ). Excluding this information often results

be used for other situations (new datasets). In our case, both

in major differences in predicted Kx as compared to measure-

calibration and validation patterns were selected so as to

ments. Therefore, the EPR may be an appropriate technique

include high and low extreme values of Kx. In general, to

for Kx estimation in natural rivers. In view of this, the paper

have a representative model requires representative data. In

ﬁrst aims to present a prediction model for Kx based on the

a strict sense, this is only possible to check by using a variety

EPR method. Thereafter, the introduced EPR model per-

of databases. However, Table 2 shows descriptive statistics

formance is compared to some other more conventional

of the datasets used in calibration and validation. The table

methods for Kx estimation. Note that since the approach is

shows that the largest Kx (1,486.5 m2/s) is about twice the
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Empirical equations for estimation of Kx

Author (s)

Equation

Elder ()

Kx ¼ 5:93U H

Fischer ()

Kx ¼ 0:011((BU)2 =HU )

Liu ()

Kx ¼ 0:18U H(B=H)2 (U=U )2 (U =U)1:5

Seo & Cheong ()

Kx ¼ 5:915U H(B=H)0:62 (U=U )1:428

Kashefipour & Falconer ()

Kx ¼ 10:612UH(U=U )

Sahay & Dutta ()

Kx ¼ 2U H(B=H)0:96 (U=U )1:25
(
15:49U H(B=H)0:78 (U=U )0:11
Kx ¼
14:12U H(B=H)0:61 (U=U )0:85

Etemad-Shahidi & Taghipour ()

B=H  30:6
B=H > 30:6

Li et al. ()
Kx ¼ 2:282U H(B=H)0:7613 (U=U )1:4713
Zeng & Huai ()

Kx ¼ 5:4(B=H)0:7 (U=U )0:13 HU

Wang & Huai ()

Kx ¼ 17:648HU (B=H)0:3619 (U=U )1:16
(
5:319HU (B=H)1:206 (U=U )0:075
Kx ¼
9:931HU (B=H)0:187 (U=U )1:802

Alizadeh et al. (b)

Table 2

|

(B=H)  28
(B=H)  28

applied in the general structure of EPR to deﬁne structure

Statistical indices of the parameters used for EPR model

(e.g., number of mathematical terms, coefﬁcients) of the

B (m)

H (m)

U (m/s)

U* (m/s)

Kx (m2/s)

Maximum

196.6

8.2

1.73

0.33

1,486.5

EPR model, the most common mathematical equation

Minimum

1.4

0.14

0.029

0.0016

0.2

whose coefﬁcients are optimized by means of GA, is written

Average

44.55

1.25

0.45

0.08

81.61

as (Laucelli & Giustolisi ):

Maximum

253.6

8.07

1.29

0.55

836.13

Minimum

10.97

0.32

0.08

0.0079

1.7

Parameters

Training stage

mathematical expressions along with numerical regression
(Najafzadeh et al. ; Bonakdari et al. ). Through the

Validating stage

Average

60.83

1.55

0.51

0.09

87.04

y¼

m
X

F ðX, f ð XÞ, ai Þ þ a0

(3)

i¼1

where y is the output, ai are the parameters to be justiﬁed, F
size of the second largest Kx. A common way is to exclude

and f are functions that are calculated by the process and

such outliers (Tayfur & Singh ; Li et al. ; Disley

deﬁned by the user, respectively, X is the input matrix, and

et al. ). Although removing the largest Kx value may

m is the number of terms of the expression excluding a0 .

enhance Kx model performance, it limits the developed

In the modelling process, the dataset is divided into the

model application. Thus, this study aimed to develop a Kx esti-

calibration and validation part. To select the best model,

mation model using the EPR method while keeping outliers.

focusing on the model performance during the validation
is important (Najafzadeh et al. ). Note that different fac-

Development of EPR model

tors such as number and range of inputs and type of selected
functions (e.g., natural logarithmic, tangent hyperbolic, and

The EPR is a non-linear global stepwise regression method

exponential) play a key role in the EPR model performance

that provides mathematical structures on the basis of the

(Najafzadeh et al. ). In EPR, the least squares approach

evolutionary computing. In fact, genetic algorithm (GA) is

is used to determine the setting parameters. The least square
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method assesses the setting parameters using the minimiz-

In this study, the software package EPR-MOGA-XL,

ation of the sum of squared errors. However, having the

working in MS-EXCEL environment, was used for appli-

calibration and validation dataset, a primary population of

cation of EPR in the Kx estimation. The EPR model for

solutions is generated by application of GA and each

prediction of Kx based on inputs B, H, U and U was used

parameter is known as the individual’s chromosomes.

according to Equation (2). The setting parameters used to

The setting parameters are then assessed by minimizing

evaluate Kx estimation are given in Table 3. Figure 1

the sum of squared errors. Finally, the general form of the

shows the different steps for developing the Kx estimation

EPR model is expressed as:

model using EPR.
It is worth noting that a sensitivity analysis was performed

^y ¼ a0 þ

m
X

to determine the importance of each input for Kx estimation. In

ai ðX1 ÞESði,1Þ . . . ðXK ÞESði,KÞ f

this regard, one parameter of Equation (2) was eliminated each

i¼1





ðX1 ÞESði,Kþ1Þ . . . f ðXK ÞESði,2KÞ
^y ¼ a0 þ
^y ¼ a0 þ

m
X
i¼1
m
X

time to evaluate its effect on the EPR performance.



ai f ðX1 ÞESði,1Þ . . . ðXK ÞESði,KÞ

Criteria for evaluation of model performance

ai ðX1 ÞESði,1Þ . . . ðXK ÞESði,KÞ f

In this section, to compare the EPR results with those

i¼1



ðX1 ÞESði,Kþ1Þ . . . ðXK ÞESði,2KÞ
^y ¼ f a0 þ

m
X

obtained from more conventional regression methods,
three indices were used: coefﬁcient of determination (R 2),

!

ai ðX1 ÞESði,1Þ . . . ðXK ÞESði,KÞ

root mean square error (RMSE), and discrepancy ratio

(4)

(DR) according to Seo & Cheong ():

i¼1

R2 ¼
2

where ^y is model predictions, K is number of independent

32
PM

6
7
i¼1 (Kxi(Actual)  Kx(Actual) )(Kxi(Model)  Kx(Model) )
ﬃ5
4qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
PM
2 PM
2
i¼1 (Kxi(Actual)  Kx(Actual) ) :
i¼1 (Kxi(Model)  Kx(Model) )

predictor variables (inputs) and ES is user-deﬁned function
f matrix (coded as integers in the GA), whereas each
element is a candidate used for each single input.

(5)

The inner functions of this model are considered to
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
PM
2
i¼1 (K(Model)  Kxi(Actual) )
RMSE ¼
M

be linear, although they can be non-linear if the
exponents are different from one. The initial validation of
models produced by EPR is conducted on the basis of
phenomena physical knowledge (Giustolisi & Savic ).



Further details on EPR are described by Giustolisi & Savic

DR ¼ log

().

Table 3

|


Kxi ðModelÞ
Kxi ðActualÞ

(6)

(7)

Details of setting parameters for development of EPR model

Description of parameter

Setting of parameters

Function set

Exponential

Type of model
Type of presentation

Statistical
m




X
^y ¼ a0 þ
ai ðX1 ÞESði,1Þ . . . ðXK ÞESði,KÞ f ðX1 ÞESði,Kþ1Þ . . . f ðXK ÞESði,2KÞ

Exponents range

[2, 1.5, 1, 0.5, 0, 0.5, 1, 1.5, 2]

i¼1

Number of mathematical terms

4

Bias (a0 ) value

0
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Different steps for development of the Kx estimation model using EPR method.

Downloaded from https://iwaponline.com/aqua/article-pdf/67/5/447/481777/jws0670447.pdf
by guest

Journal of Water Supply: Research and Technology—AQUA

|

67.5

|

2018

M. R. Balf et al.

452

|

Prediction of dispersion coefﬁcient in rivers

Journal of Water Supply: Research and Technology—AQUA

|

67.5

|

2018

where Kxi(Actual) and Kxi(Model) are the predicted (i.e., network

EPR results and comparison with other Kx estimation

output) and observed (i.e., target) values for the i th Kx in the

models

dataset, respectively. Kx(Actual) and Kx(Model) are the mean of
Kxi(Actual) and Kxi(Model) , respectively. M denotes the total

Different runs were performed by application of 103 datasets for calibrating the EPR model for Kx estimation; also,

number of observations.
For perfect ﬁt, R2 and RMSE should equal one and zero,
respectively. If DR is equal to zero, the model has a perfect

the rest of the data (46 datasets) kept away to validate the
model performance.

ﬁt. Otherwise, if DR is less (larger) than zero, the model

After training of the EPR model, it provided several

overestimates (underestimates) Kx, respectively. The accu-

equations, as shown in Table 4. Based on the statistical indi-

racy ranges of a model are deﬁned as the percentage of

cators and a trade-off between accuracy and parsimony,

DR that falls between 0.3 and 0.3 (Seo & Cheong ;

Equation (9) had the best performance among all models.

Kashefipour & Falconer ).

Note that GA population size, crossover probability rate
and mutation probability rate for the best tuned model,
i.e., Equation (9) were 40, 0.4 and 0.1, respectively.

RESULTS AND DISCUSSION

The statistical indices show that Equation (9) could predict Kx with high accuracy (calibration). R2 and RMSE were
equal to 0.80 and 90 m2/s, respectively, which shows that

Model analysis

calibration performed well.
A general linear model analysis of variance (GLM-ANOVA)

Similar to calibration, validation showed that EPR pro-

was applied to the results to statistically determine the

duced a Kx with good accuracy (R2 ¼ 0.82, RMSE ¼ 79 m2/s).

signiﬁcance of input variables. The GLM-ANOVA results

The EPR results for calibration and validation are summar-

revealed that the input variables B, H, U and U

ized in Table 5. In addition, error plot resulting from

were statistically signiﬁcant (p-value < 0.05) for the Kx

calibration and validation of the chosen EPR model

estimation.

(Equation (9)) conﬁrm these results (Figure 2).

Table 4

|

List of explicit equations given by the EPR model

Model

Equation

R2

RMSE (m2/s)

Kx ¼ þ8:224

U 1:5 H0:5 B0:5
exp ð2U Þ
U 0:5

(8)

0.76

93

Kx ¼ þ9:1941

U2
U1:5 HB
exp ð1H þ 2U  2U Þ þ 0:33128
exp ð0:5U Þ
2
U 0:5
BU

(9)

0.80

90

(10)

0.79

90

(11)

0.79

91

Kx ¼ þ17:8066

U2 H0:5
BU 2

þ 0:00018446
Kx ¼ þ17:8991
þ 0:006141

exp ð1:5H þ 2U  2U Þ

U 2 H0:5 B2
exp ðþ1:5U þ 2U Þ þ 40:5396U 1:5 H B0:5 exp ð2U  2U Þ
U 0:5

U2 H0:5
BU 2

exp ð1:5H þ 2U  2U Þ

U B1:5
exp ð0:5H  2U  1:5U Þ
U 2 H1:5

þ 37:6036U 1:5 H B0:5 exp ð2U  2U Þ þ 0:0002361

U 1:5 H0:5 B2
exp ðþ1:5U þ 2U Þ
U0:5
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et al. b). Figure 3 shows that most predictions agree

Results of Kx estimation models

well with observations and that these fall on an almost

Formula

R2

RMSE (m2/s)

EPR, calibration stage

0.80

89

greater than observations. The overall impression is, how-

EPR, validation stage

0.82

79

ever, that the model yields satisfactory results.

Elder ()

0.07

186

Fischer ()

0.32

568

Liu ()

0.05

420

Seo & Cheong ()

0.76

92

Deng et al. ()

0.76

82

Kashefipour & Falconer ()

0.61

104

GA proposed by Sahay & Dutta ()

0.68

96

MT proposed by Etemad-Shahidi & Taghipour
()

0.52

144

DE proposed by Li et al. ()

0.74

85

Zeng & Huai ()

0.73

95

Wang & Huai ()

0.75

97

Alizadeh et al. (b)

0.73

86

straight line. However, a few predicted Kx values were

The developed EPR performance was also compared
with other Kx estimation models, such as the equations proposed by Elder (), Fischer (), Liu (), Seo &
Cheong (), Deng et al. (), Kashefipour & Falconer
(), Zeng & Huai () and Wang & Huai (). This
comparison is shown in Table 5. In addition, scatter plots
of the equations for predicted and observed Kx in the validation step are shown in Figure 4. These results clearly
show that the Elder (), Fischer () and Liu ()
equations performed least well for Kx estimation with R 2
equal to 0.07, 0.32 and 0.05, respectively. Table 5 and
Figures 3 and 4 show that Kx estimation by the EPR
model has the best R2 and RMSE for validation.
The accuracy indicated by DR for the above-mentioned
models are presented in Table 6 and Figure 5. According to

Scatter plots of predicted and observed Kx for validation

these results, the accuracy for the EPR model (accuracy ¼

of the EPR model and the models developed based on evol-

67.39%) is the best among all considered models. Kashefi-

utionary algorithms are shown in Figure 3. These models are

pour & Falconer () and Alizadeh et al. (b) with

differential evolution (DE) model (Li et al. ), M5’ tree

accuracy equal to 56.51% are the second best models and

(MT) model (Etemad-Shahidi & Taghipour ), GA

the model proposed by Elder () is found to be the least

model (Sahay & Dutta ) and PSO model (Alizadeh

accurate model with accuracy equal to 2.17%.

Figure 2

|

Error plot using best-tuned EPR model during calibration and validation.

Downloaded from https://iwaponline.com/aqua/article-pdf/67/5/447/481777/jws0670447.pdf
by guest

454

M. R. Balf et al.

|

Prediction of dispersion coefﬁcient in rivers

Journal of Water Supply: Research and Technology—AQUA

Figure 3

|

Scatter plot of predicted and observed Kx for calibration and validation of the EPR model and the models developed based on evolutionary algorithms.

Figure 4

|

Scatter plot of the EPR model and empirical equations for predicted and observed Kx in the validation step.
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DR results for Kx estimation models

Techniques

DR < 1

 1 < DR < 0.3

 0.3 < DR < 0

0 < DR < 0.3

0.3 < DR < 1

1 < DR

Accuracy %

EPR

0

17.39

28.26

39.13

6.52

8.7

67.39

Elder ()

93.47

4.34

2.17

0

0

0

2.17

Fischer ()

8.69

19.56

4.34

23.91

36.95

6.55

28.25

Liu ()

4.34

15.21

8.69

36.95

28.26

6.55

45.64

Seo & Cheong ()

0

15.21

10.86

32.6

30.43

10.9

43.46

Deng et al. ()

0

19.56

13.04

26.08

32.6

8.72

39.12

Kashefipour & Falconer ()

6.52

15.21

43.47

13.04

13.04

8.72

56.51

GA (Sahay & Dutta )

0

19.56

10.86

26.08

39.13

4.37

36.94

MT (Etemad-Shahidi & Taghipour )

17.39

41.31

23.92

15.21

2.17

0

39.13

DE (Li et al. )

0

10.86

10.86

30.43

19.56

28.29

41.29

Zeng & Huai ()

0

19.56

15.21

32.6

28.26

4.37

47.81

21.73

17.39

32.6

17.39

10.89

49.99

19.56

21.73

34.78

13.04

10.89

56.51

Wang & Huai ()
Alizadeh et al. (b)

Figure 5
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DR accuracy for Kx estimation models.

Sensitivity analysis
The statistical error parameters from the sensitivity analysis
are given in Table 7. These results demonstrate that B (R 2 ¼
0.46, RMSE ¼ 164 m2/s) was the most important variable in
the Kx estimation whereas U (R 2 ¼ 0.78, RMSE ¼ 86 m2/s)
had the least inﬂuence. Other important variables for Kx

Table 7

|

Sensitivity analysis results

Input parameters

R2

RMSE (m2/s)

Kx ¼ gðH, B, U Þ

0.74

93

Kx ¼ g(B, U, U )

0.69

1,001

Kx ¼ g(U, H, U )

0.46

164

Kx ¼ gðB, H, U Þ

0.78

86

estimation are U and H, respectively. Therefore, it is clear
that B, U, U and H in descending order are the most impor-

results of the MT model reported by Etemad-Shahidi &

tant variables for Kx estimation. This is in line with the

Taghipour () and Noori et al. ().
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CONCLUSIONS
In this paper, the EPR technique was applied to predict Kx
for natural rivers. In this regard, governing variables for
the Kx, i.e., H, B, U and U were taken into account to
develop the EPR model. The DE, MT and GA methods
and regression equations proposed by other researchers
were used in the comparison. Performance evaluation of
Kx estimation models based on multiple error criteria (R 2
and RMSE) showed that the developed EPR model had
the highest R 2 (0.82) and the least RMSE (79 m2/s) for validation and outperformed other suggested models such as
DE (R 2 ¼ 0.74 and RMSE ¼ 85 m2/s), Alizadeh et al. (b)
(R 2 ¼ 0.73 and RMSE ¼ 86), GA (R 2 ¼ 0.68 and RMSE ¼
96 m2/s)

and

MT (R 2 ¼ 0.52

and

RMSE ¼ 144 m2/s).

Additionally, results showed that the second best model
was roughly the one proposed by Deng et al. () with
R 2 and RMSE equal to 0.75 and 82, respectively. The
models proposed by Elder (), Fischer () and Liu
() provided the worst performance with RMSE equal
to 186, 568 and 420, respectively. Further investigations
based on DR statistic revealed that the Kx estimation
model developed by EPR and Elder () had the best
and the worst performance, respectively. In addition,
based on SA results, B, U, U and H were the most important determining variables in descending order that
affected Kx estimation for natural rivers, respectively.
Note, as we used data that have previously been used by
other authors, and by comparing the results of these different models, we can say that we have results that are
comparable to previously reported results.
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