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ABSTRACT
A new semi-empirical theory relating aerodynamic wall shear
stress to the mean voltage from a surface mounted constant
temperature hot film gauge is presented. High spatial resolution
thermal images of the sensor area are used to obtain values for the
mean sensor temperature and the thermal dimensions of the sensor.
These thermal dimensions are shown to be invariant with Reynolds
number. This data is used in the derivation of a new theory that
effectively decouples the convection and conduction and hence
removes the need for a fully conjugate analysis. The correct form of
the relationship between sensor voltage and wall shear stress is a
necessary prerequisite for gauge calibration and hence the
quantification of aerodynamic wall shear stress. A calibration
methodology is presented in an accompanying paper.

NOMENCLATURE
a,b
CP
d

First and second calibration constants
Specific heat at constant pressure
Distance

dp/dx

Pressure gradient

dq
dQ
dx
H
i
K

Heat transfer per unit area
Heat transfer
Small distance in x direction
Thickness of substrate
Current
Thermal conductivity

KJ/Kg K
m

N/m'
W/m2
W
m
m
A
W/mK

L

Sensor length

m

N„ 1
Pr
QT
Rh
Re

Nusselt number = (V, 2 -Vo)/(R hWK f (T,- T-))
Prandtl number
Total Convective heat transfer
Hot Sensor Resistance
Reynolds number

W
S^
—

T
U
V

Temperature
Velocity
Voltage

K
m/s
V

W

Sensor width

m

x,y,z

Cartesian coordinates

m

Boundary-layer thickness
Y/st
Temperature shape parameter
Dynamic viscosity
Density
Wall shear stress

m
—
—
Kg/ms
Kg/m3
N/mz

Greek

S
Il
A
µ
p
T w,
Suffices

act
b
eff
f
L
max

Actual
Fluid temperature in thermal boundary-layer
Effective
Fluid
Mean temperature over thermal length
Maximum temperature for the x direction profile

s

Sensor

TA
Th
Th'
x,y
1,2
_,0

Mean temperature of the thermal area
Thermal length
To the point of interest along the thermal length
x and y Directions
Substrate 1, Substrate 2
Free-stream and zero flow conditions

INTRODUCTION
Since the 1960's thin film surface mounted gauges, operating at
a constant temperature, have been used to investigate aerodynamic
shear stress. All such gauges need calibrating before they can be used
to quantify this stress and consequently they have not generally been
used for quantitative work. They have instead found many applications
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A SEMI-EMPIRICAL THEORY FOR SURFACE MOUNTED AERODYNAMIC
WALL SHEAR STRESS GAUGES

theories. The values of wall shear stress, fluid properties, and equation
constants a and b, were assumed to be constant over the sensor length.
However, nothing was known of the streamwise variation in surface

signal. However, the need has not gone away for an experimental
method of finding the aerodynamic shear stress and surface mounted

to fluid temperature difference or heat transfer coefficient, so the
equation could not be solved.

gauges offer many advantages over other methods such as surface
pitot tubes. Measurements of this stress gives an insight into drag and

To solve equation (1) Bellhouse and Schultz (1966) used an
assumption that the temperature difference and the convective heat

loss mechanisms and a virtually non-intrusive measurement of a
significant boundary-layer parameter for comparison with

transfer were constant over the sensor length. Mathews (1985) pointed
out, that if both of these quantities are constant over the sensor then

computational predictions.

the differential on the left hand side of equation (1) equals zero and the

The first requirement for the calibration of a shear stress gauge
is a theory linking the sensor voltage to the shear stress and this issue
is addressed in this paper. The aim here is to produce a calibrating

equation does not describe the flow over the sensor. It will be shown
that there is in fact a very significant variation of surface temperature
over the sensor, although the heat transfer coefficient is approximately

equation so that subsequent calibrating experiments can be used to

constant when the sensor is mounted on substrates with large thermal
conductivities.

find the unknown parameters. As will be shown it is not expected that
this calibration will work for all sensor geometries and overheat
temperatures. What is shown is that a semi-empirical method, relying

Following the assumptions of Bellhouse and Schultz (1966),
equation (1) may be manipulated to give a relationship between wall

on a known surface temperature distribution, can be used for a given

shear stress and convective heat transfer from the sensor:

gauge and substrate at a particular overheat temperature.

p. 113

21/3

The new theory developed is for a Dantec 55R47 glue on gauge
connected to a constant temperature anemometer (CTA), mounted on

p } W L 3 K f (TT) r b L - QT (2)
µ S W dx 2 N^

a relatively large aluminium surface. The purpose of the CTA circuit
is to keep the sensor resistance and hence the sensor temperature
constant with varying air flow. A review of hot film anemometry is

There are further problems encountered when equation (2) is used.
Firstly, the values of the constants a and b are unknown and must be

given by Lomas (1986). The Dantec 55R47 gauge consists of nickel

empirically, Curle (1961) or numerically, Menendez and Ramaprian

film deposited on a kapton (polyimide) substrate and covered with a
quartz coating. As it may be considered a thin film, with a thickness of

(1985). Secondly, the sensor dimensions are present in equation (2)
but no account is taken of heat spread around the sensor. This problem

approximately 1µm, film edge heat transfer is ignored and theories

is addressed herein.

obtained by similarity approximations, Liepmann (1958), or

based on convection to the fluid and conduction into the substrate are

For flows with no pressure gradient, equation (2) gives the

sufficient. Radiation is neglected as it contributes less than 0.5% of the
power dissipated at zero flow.

standard relationship between V 5 2 and t °3 :

vs = A r w'1/33 . vo

Several theories exist where the wall shear stress is related to the
convective heat transfer for steady flow, Bellhouse and Schultz (1966)

1/3

A P W L v3Kf Rh(TS- T.) al/3 (3)

and Brown (1967), and for unsteady flow, Menendez and Ramaprian
(1985). However, there are questions as to the correctness of some
assumptions made in the development of these theories and also
uncertainty over the values of some constants contained in them.

The sensor voltage squared is related to the power dissipated by the
sensor. Parameter A is associated with the forced convection losses

These problems limit their usefulness when it comes to the

and may be considered as a measure of flow sensitivity and is found

quantification of wall shear stress on arbitrary shapes. Curie (1961)

experimentally to be invariant with local Reynolds number (Duffy

first presented the relationship, given by equation (1), developed from

al 1995). As all parameters other than the sensor area, are known or

3
d ax W Kf (T s T ) 3dx
4
(

dx

dq 22
dq a
KITS T„)

—)

dq

2 dq

3pKfPr

I

= 2 f nnn )d^ ; b= 0

assumed to be constant, it indirectly implies that the thermal area
remains constant with increasing local Reynolds number. Although

q

f (T T m)-

et

this would appear to be a reasonable assumption to make, indeed
Menendez and Ramaprian (1985) have done so in extending their

(1)

I

theory to unsteady flow, there are no experimental results to directly
substantiate it. V 0 2 is assumed to represent the conductive heat loss to

x3 f n 21(n )dTj
0

the substrate. The measured value is not the same as the value found
by plotting experimental data in the form of equation (3) as reported

the thermal energy integral equation, which is the basis for many

by Mathews (1985). This problem is discussed by Duffy et al (1995)

2
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on isolated aerofoils and turbomachine blade rows in finding the
position of boundary layer transition, Hodson (1985) and Schroeder
(1989), usually by the qualitative interpretation of the real time gauge

EXPERIMENTAL SET UP

who address gauge calibration.
The measurement of wall shear stress in flows with no pressure
gradients are not of the greatest interest. Therefore equation (4):
2

VS = A T

w

-

dp E L

dz 2 a.

1/3

The Dantec 55R47 gauge, operated at an overheat of 383 K
above a reference air temperature of 293 K. was mounted on an
aluminium flat plate designed with an elliptical leading edge ratio of

2

Ve

the semimajor axis to half the plate thickness, s/t, equal to 3, based on

(4)

which introduces the pressure gradient into the relationship is required
and consequently the second unknown, parameter b, is introduced.
Despite these reservations there has been a considerable amount
of experimental work, in zero pressure gradients by Bellhouse and

THERMAL IMAGING

Schultz (1966), Pope (1972), and Brown (1967) and in flows with
pressure gradients by Bellhouse and Schultz (1966), that verify the

An Agema Thermovision 880 infrared scanning system
comprised of, a scanner unit, control unit CU 800 V, and a COMPAQ

form of relationships given in equations (3) and (4) respectively. To
precede with gauge calibration it is necessary to break equation (4) into

286 PC, was used to analyse the surface temperature of a Dantec
55R47 hot-film gauge. The scanner unit was fitted with a microscope

its individual parameters and to quantify each so that the constants a
and b may be found experimentally. If this were not possible then

lens which had a temperature resolution of 0.7 K with an accuracy of
± 0.72% at 333 K. The lens had a field of view of 2.56 mm 2 giving a

experiments, varying the shear stress and pressure gradient
independently, could be used for calibration, but no physical meaning

spatial resolution of 11 pm. This allowed the detection of the surface

could then be assigned to the calibrating constants.

which is very important considering the size of the sensor, see Fig. 2.

temperature variations across the sensor with high spatial resolution

The approach taken in this paper is to use high spatial resolution
radiation thermography to obtain the sensor temperature distribution

Sensor Area

Tabs

and hence its effective dimensions. This is then used as a boundary
condition in the solution of equation (1), both removing the need to
assume constant temperature over the sensor, and for a fully conjugate

Flow Direction

solution. The heat transfer coefficient is still assumed spatially constant
and evidence from conjugate solutions are used to support this. Duffy

Kapton (Polyimide

Tab

free-stream pressure gradients and used calibrated gauges to measure
Plthe aerodynamic wall shear stress on a two dimensional turbine blade.

——

—

--

P2

—

P3

Flat

Wind Tunnel
^^ + +
Thermal
Diffuser

I

L act = 0.1

0.434

Dantec 55R47 Gauge

^

Flow
Direction

W act = 0.9

0.206

et al (1995) have evaluated the unknown parameters for flows with

120 mm

Leads

Area
Plate

Pressure Tappings

---

P5
P6 [P7
-Tab 0.046

Z Direction

S

4

X Direction
2t=10 mm
-

Coordinates

Scanner Unit

All Dimensions in Millimetres

FIG. 2 DANTEC 55R47 GAUGE SHOWING THE
EXPERIMENTAL TEMPERATURE PROFILE POSITIONS
P1 TO P7 ON THE SENSOR AREA
Although thermal imaging is a non-contact operation the
microscope lens has a focal length of only four millimetres. To ensure

FIG. 1 FLAT PLATE AND SCANNER UNIT

that the scanner lens did not interfere with the flow a number of test

3
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work by Davis (1980), to prevent leading edge separation. The plate
was mounted in the jet of a low velocity atmospheric wind tunnel, see
Fig. 1.

runs were performed with and without the scanner unit in place. Plots

obtained from the images, Fig. 4, taken with varying local Reynolds

of sensor voltage versus local Reynolds number, shown in Fig. 3,

number, are plotted in Fig. 5. The percentage variation of the mean

provide a sufficient indication that the interference effect was

temperature over the thermal area about its mean was found to be

negligible.

±0.85%. This is largely explained by the accuracy of the lens.

Mean Sensor Voltage Vs (V)
320

1.245

318

1.225

316

1.215
314
1.205

--- - - -- ............ .. ........._.....___......

312
1.195

The Mean For All Re . Of The Mean Temperature Over
The Thermal Area 315.33 K Deviation = t 0.85%
310

1.185
0

50000
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150000

0

200000

35000

70000

105000

140000

Reynolds Number Re.

Reynolds Number Rex

FIG. 5 THERMAL IMAGE EXPERIMENTAL RESULTS

FIG. 3 SCANNER UNIT EFFECT
To determine the invariance of the thermal area around the sensor

Temperature Profiles And Thermal Area

with local Reynolds number, thermal images were taken in the range,

To obtain correct temperature profiles the sensor area had to be

0<Rex<1.33x10 . Extension of the analysis to higher velocities was not

coated with a material of known emissivity, in this case black paint,
giving an emissivity value of approximately unity. The software was

possible due to vibration of the scanner unit. Fig. 4 indicates that the
thermal dimensions of the sensor are invariant with Reynolds number.

used to check the accuracy of this by area averaging the sensor
temperature. This gave a sensor temperature of 401 K, see Fig. 6,
compared to a mean sensor temperature of 403 K set by choosing the
appropriate hot sensor resistance to balance the CTA bridge. This
verifies that the blackened gauge is at the correct temperature. The
sensor overheat temperature was set to the highest allowable value to

tl

(a) Rex 0

`

give maximum sensor sensitivity (Lomas, 1986).

LP

(b) Rex 1.33x10 5

FIG. 4 THERMAL IMAGES, FLOW FROM LEFT TO
RIGHT, EMISSIVITY = 1
An emissivity of 1 was assigned to the surface because of the
inability of the analysis software to handle the number of different
emissivities of the different materials making up the gauge. Therefore
it should be noted that the temperatures indicated by these thermal
images are incorrect but this does not effect the conclusion drawn

FIG. 6 THERMAL IMAGE OF BLACK COATED SENSOR
ZERO FLOW, T TA = 324.4 K, T s= 401 K, EMISSIVITY= 1

above. The values of the mean temperature over the thermal area,

4
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1.235

Mean Temperature Over The Thermal Area Tv. (K)

Temperature profiles were taken at five sections in the x direction
and two sections in the z direction as defined in Fig. 2. These are
shown in Figs. 7 and 8. The gauge thermal area is defined by the line

2

where the thermal gradient is zero. This is at ±28 and ±57 pixels in

2 Tx dx

1

Figs. 7 and 8 respectively. Following this definition the thermal
dimensions, L n, x Wj, are 0.65 mm x 1.31 mm, in comparison to 0.1

o

1
nE a 2n- 2
1 n
_
- = ap*n - 1 2n-i a ^
)

TL
L (6)
(

480

480
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FIG. 8 Z DIRECTION TEMPERATURE PROFILES
FIG. 7 X DIRECTION TEMPERATURE PROFILE
11CLC

Curve Fit Of The Temperature Profiles. To enable the
experimental temperature profile data to be used in the development
of the new theory the temperature profiles at positions 3 and 6, see Fig.
2. were curve fitted using a Fourier series. The general form of the
curve

fit is given in equation (5), which can be applied to either
direction by substituting the appropriate values.

T. or Tz = a o + a 1 Cos

ltd

+ a 2 Cos

2itd

d mdm

....

(5)
+ a n Cos

fl 7T dm

d 7h

The variables d., and d in equation (5), are the thermal length
and the distance to the point of interest measured from the edge of the

i wcrrwICry i . r yht CUU H I I UI NJ (b) NNU

a„

x Direction

z Direction

a7
a,
a2
a3
a4
a5
a6
a;

339.1368
-002.99437
-051.03279
003.59448
022.67281
-002.09791
-009.82153
000.69924

378.0696
000.59619
-064.57404
-001.26771
-014.84869
002.30796
005.77572
000.03539

a,

003.11049

004.79954

a9
a. 0

000.01227
-001.00563

-001.15428
001.28302

a„

-000.16796

000.56560

a1.
a 13
a 14
a 15
3 16
a, 7
a 19

000.48610
000.52962
-000.33533
-000.56442
-000.18523
-000.23873
000.41647

-004.06787
-001.09321
-001.49434
000.52768
000.45599
000.95049
000.18162

thermal area respectively. The equation coefficients and the thermal
lengths for both directions are given in Table 1. Comparison of the

a19

curve fits, for the x and z directions, with experimental data are given
in Figs. 7 and 8.

a,
a,33

a30

-000.34637

000.46905
-000.733
-000.29499

x Direction:- d n, =1.; ,, = 0,6514285 mm; m = 9
z Direction:- d a , =W.,= 1.3142857 mm ; m - 11
For both directions:- 0 s d' n , s

Integration of equation (5) gives the mean temperature over the
sensor thermal length where the appropriate values of the coefficients
and the numbers of terms, m, for the x and z directions, are chosen
from Table 1. Equation (6) gives the integral for the x direction but the

CALCULATION OF EFFECTIVE AREA

equation form is exactly the same for the z direction and can be
obtained by substituting the appropriate values.

By inspection of Figs. 2,7 and 8, it can be seen that the x direction
temperature profile is not constant over all of the sensor thermal width

5
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mm x 0.9 mm for the sensor metal dimensions.

due to end effects. Therefore, the assumption that the x direction
= 1 : Tb=T m ;

temperature profile at position 3, see Fig. 2, is representative of the
streamwise variation in temperature across the entire thermal width of

tl =0 T b =Tx ;

the sensor is incorrect. A heat balance is therefore used to define the
effective width. W., which is used as the width dimension for heat
transfer in the subsequent analysis.

ay

=0

aTb

ay

_

(11)

- dQ

,—=0
=0

Kf W^ dx ay e

The value Tx is the measured surface temperature distribution in the x
direction over the sensor. Following Bellhouse and Schultz (1966) a
fourth power temperature distribution is assumed. Evaluating the
coefficients gives:

TTA - T(7)

TL - Tin

(T b Tin

The convective heat transfer is therefore modelled as being from
a surface with the position three temperature profile and of dimensions
L, ff x W. Therefore the effective length, L., is 0.65 mm and the

3

)

(TT)

3

4

4

= (1-4T1 .3^) . ,L(r)-3r) .2i ) =J)

(12)

d a

Where : rl = y
a tKf W^ dx (T x - Tin)

effective width, Wes , is given by equation (7). These are the
dimensions used in the theoretical section.

Substitution of (12) into (10) gives:
T

2 r,, Kf a dp K f b

f

NEW SEMI EMPIRICAL THEORY

d[Tx T )
in

T

-

h2

dx h3

Le

The following analysis develops the relationship between wall
shear stress and convection heat loss for a hot film gauge from the
thermal energy integral equation:

)

2 2 µ2 h
J

(T,-T,) dx

p Kf

Pr

i(13)

d

f (Tb T.) U dy
p

C dQ

dx

Where

(8)

a-

.L 2 ('r), f (tl )di1 - A 1 * X
r0

5 15

1

The theory is developed on the assumptions of steady

b =

incompressible flow over a one dimensional sensor. The heat transfer
coefficient, pressure gradient, and the wall shear stress, are all assumed
to be constant over the sensor effective length.

;L3

f T1 2.f(*1 )d _ A 3 2
0

* ;L

21 28

incompressible laminar flow, is derived from the solution of the

The fluid properties are evaluated at the film temperature. As the
sensor effective length is small, it is reasonable to assume that all terms
except the surface temperature are constant in the flow direction. To

momentum equation, with the assumption that in the region where the

perform the integrals of equation (13) all parameters except the surface

thermal boundary layer exists the inertia terms can be ignored. The
implications of this assumption are covered by Menendez and

temperature will be shown to be essentially constant in the flow
direction.

The approximation for the velocity distribution near the wall, for

Ramaprian (1985). The velocity distribution near the wall is then:

U

w

µ

y'

For the gauge shown in Fig. 1 simple flat plate analysis gives only
a 0.3% variation in the surface shear stress over the sensor, therefore
in equation (13) is constant.

I
4 2(9)
2s dx

Conjugate analysis by Sugavanam et al (1994) has shown, for an
isothermal heat source embedded in a large substrate, that as the ratio

Equations (8) and (9) can be manipulated to give:
T w fy(Tb Tm) dl' ' 2 dx Jy2(Tb T) d1' _
0
0

of thermal conductivities of the substrate to the fluid increases the
streamwise variation in heat transfer coefficient over the thermally
affected area becomes more uniform. In this case the sensor has a
multilayered substrate consisting of kapton (polyimide) and aluminium

(10)

µ 2 dQ

which may be approximated as a single layer substrate by using
orthotropic components of conductivity (Simeza and Yovanovich

p Kf PrW $ dx
To solve (10) an expression for the temperature distribution in the y

1988). Series and parallel conductivity components, given in equation
(14), represent the conductivities for the one dimensional heat flow
through and in the plane of the substrate, respectively.

direction is required which must satisfy the following boundary
conditions:

6
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I

_W

aTb

The ohmic heating of the sensor is considered to be dissipated in two

Series: Ht'2-Hl + H2 .. K y=40.2 W/mK
K K 1K2

ways, convection to the free-stream fluid and conduction into the
substrate which the sensor is mounted upon.

(14)

Parallel: H 1 , 2Kz K 1 H 1 +K 2H 2 .. Ks=199.01 W/mK

igR h = - Q T + ipR h :. Vs = - R hQ T + V0

Therefore:

vS2 - vo2

thermal conductivity of the substrate to the air of approximately 1675.
The size of this ratio suggests that the heat transfer coefficient is

Tw =

3

+B

A

'

Where

essentially constant over the whole of the effective length of the sensor

2

1

(Sugavanam et al 1994).

3 Kf

A P

1

2

11

R hW^L 3 23(T^Tm)3( TTa

p2
(19)

The values of parameters a and b, equation (15), are defined in

]

terms of ), which by inspection of equation (13) is seen to be

P
d b L.

dependent on the product of heat transfer coefficient and thermal
boundary-layer thickness. For the values of a and b to be considered

B'=

constant in the x direction, this product must also be constant. As the
heat transfer coefficient and thermal boundary-layer thickness are

dx

2 a N. 2
n-9

TL 00+

inversely proportional to each other it would be reasonable to assume

2n-1

n. 1 2n -1

(

2
71

^

(_

1) n. 1

that the product of these values would also produce a constant value
in the x direction.
For moderate values of free-stream pressure gradient, the gradient
DISCUSSION

will not vary over the small sensor length.
Taking all these considerations into account equation (13) may

The theory presented here is limited to one gauge and substrate

be written as:

type and to a restrictive set of flow conditions. What has been

2TwaK
h

2T

2(d[Tx

demonstrated, however, is that it is possible to derive a semi-empirical

b Kf T.
TJ - dx h 3 f d[T- TJ _

equation for these conditions, and, in the companion paper, Duffy

(15)

Le

et

al (1995), it is shown that aerodynamic shear stress can be quantified

on a turbine blade using this equation. By non-dimensionalising the

2

final calibration equation (19), an equation can be derived that
suggests that a gauge may be calibrated without knowledge of its

- 2µ2 h f (Ts Tm)^

p Kf Pr o

thermal dimensions. This approach would have to be verified
Using the empirical temperature distribution, equation (5), it can be
shown:

experimentally, however, before it could be used.
The differences between the new and previous forms of the
relationship between the wall shear stress and convective heat transfer

2
2

can be seen by comparing equations (2) and (17). All sensor
dimensions are now defined as effective sizes which are considered

f w h (T,- Tm)d = h W L. (TL Tom) = QT
0(16)

:.N

known. There are also new temperature parameters defining the mean
and maximum temperature difference over the effective length of the

(V2-V02)
QTi2 Kf W $ (TL Tin ) R h W es .Kf (Ti T,)

sensor. Calibrating with this new equation will give different values of
the calibration constants than those found by previous authors.

Using equations (16) equation (15) may be written as:
1

1

P3

K W.

23

2

2

Leff (TL Tm) 3 (T T,,)

3.

1

iw

dx

2

NO

experimentally. It is also supported by the fact that the temperature
boundary-layer shape parameter, 1, is invariant with Reynolds

(17)

dp bL^ s
a

For the relationship of equation (18) to be correct the calibrating
constants must not vary with Reynolds number. This has been verified

1

number, Schlichting (1979), and that the calibrating constants are both
functions of this parameter.

QT

Integration of equation (12) gives a mean value for the shape
parameter which can be used to give mean values of the calibration

Equation (17) gives the relationship over the effective length of the
sensor between the wall shear stress and the convective heat transfer.

constants.
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The true value of conductivity would be between the series and parallel
value. Using the worst case, the series approximation, gives a ratio of

[

(18)

,l Q_^2 1
5

-

QT
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It may also be noted that because the sensor streamwise
dimension is small, it is reasonable to assume that the shape parameter,
A, will not be a function of the surface geometry. Hence the theory
may be applied to any shape of surface.
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