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ABSTRACT
The subject of this paper is a numerical method for the calcu-

lation of the transonic flow field of multistage turbines taking
high coolant flow into account To reduce the processing time, a
throughflow method based on the principels of Wu is used for the
hub-to-tip calculation. The flow field is obtained by an iterative
solution between a three dimensional inviscid hyperbolic timedependent algorithm with an implicit finite volume method for
the blade-to-blade calculations using C-meshes and a single
representative meridional S_-stream surface. Along the S beplane
with respect to non-orthogonal curvilinear coordinates, the stream
function equation governing fluid flow is established The cooling
air inflow inside the blade passage forbids the assumption of a
constant mass flow along the main stream direction. To consider
the change of the aerodynamic and thermodynamic behaviour, a
cooling air model was developed and implemented in the algorithm, which allows the mixing of radially arbitrarily distributed
cooling air in the trailing edge section of each blade row. The
viscous effects and the influence of cooling air mixing are
considered by the use of selected loss correlations for profile-, tip
leakage, secondary flow and mixing losses in the S-plane in
terms of entropy. The method is applied to the four stage high
temperature gas turbine Siemens KWU V84.3. The obtained
numerical results are in good agreement with the experimental
data.
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Relative flow angle
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Superscripts
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INTRODUCTION

Continuous improvements in gas turbine development and
thermodynamic cycle process are needed to conserve energy
resources, cut back emissions and lower costs. To reach these
goals, current development tend towards an increase of the
turbine inlet temperature with a concurrent rise in the mass flow
to increase the power/weight ratio of the machines. For this, the
maximum power output and the overall thermal efficiency play
major roles in the development of modem heavy duty high
temperature gas turbines. The rise of the aerodynamic load of the
blades in combination with the influence of modem cooling air
configurations due to the high turbine inlet temperature hinder the
aerodynamic design. Under these preconditions further improvement of the efficiency requires not only the investigation of
single blade rows, but also the analysis of the flow field of
complete transonic cooled turbomachine components.
In the early 1990s, several methods to calculate multistage
turbomachinery components were developed which were based on
solving the three dimensional Navier-Stokes equations (Ni and
Bogoian, 1989, Dawes, 1990, Denton, 1990, Adzunczyk et al.,
1990, Chima, 1991, Hah et al., 1994, Amone et al., 1994, 1995,
Fan et al., 1995). Even taking into account the rapidly rising
computer capacities, this is a very extensive and computer-time
consuming method and still requires a long calculation time.
To reduce the processing time, throughflow methods are still
in use, especially when, during the design process of a turbomachine, several calculations become necessary. The described
numerical code is based on the publication of Wu (1951), in
which he reduced the three dimensional flow problem into several
two dimensional problems. In case of a pure subsonic flow
pattern, the stream function equation can be solved with the finite
difference method iteratively on Sr (blade-to-blade) and one
representative Sun-plane (hub-to-tip) using non-orthogonal body
fitted H-grids. In the case of transonic flow, especially when the
flow is choked on several blade-to-blade planes, this procedure
fails due to the non-uniqueness of the density in the stream
function formulation. Therefore Wu's approach in the described
code for S,-planes is replaced by an inviscid hyperbolic algorithm
with an implicit finite volume method using body fitted C-meshes
(Benetschik et al., 1995). The interactive coupling of the three
dimensional calculation of the single blade rows is performed on
the S,,,-stream filament, which covers all blade rows of the
turbomachine component The S hn-stream surface contains
circumferentially averaged flow variables requiring that the S r
planes are surfaces of revolution. The geometry of the S,,,-stream
surface shape and the thickness are to be updated from the last
cycle calculation on S 1 -stream surface family.
Using the Artificial Compressibility Method (Hafez et al.,
1978) on the S,-steam surface the discretization of the partial
differential equation is carried out by use of the standard central
difference formula and hence the procedure is greatly simplified.
In order to overcome the non-uniqueness of density in transonic
flow on Sun-planes by use of the stream function equation, Hafez
and Lowell (1981) proposed a technique. According to this

HUB-TO-TIP CALCULATION
S -STREAM FUNCTION EQUATION

Newton's 2nd Law of motion is initially cast into a cylindrical
coordinate system rotating about the x-axis at an angular speed 0.
For a steady, adiabatic, inviscid flow the equation of motion
reads as follows. Radial direction:
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The stream surface shape can be described by m = cpR, Ty The
barred signs are used to denote, that a quantity q following the
motion along S,,,-stream surface with respect to I and F lines on
the meridional plane. The relations between these partial derivatives and ordinary spatial partial derivatives are given by:
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method the velocities in the flow field are first obtained by
integrating the momentum equation and then the density is
determined by the energy equation.
Due to the results of a comparison of different loss correlations
with a single stage Navier-Stokes calculation applied to the
Siemens V84.3 (Mildner and Gallus, 1993), the correlation of
Craig and Cox (1970) shows the best coincidence with the
experimental data and is therefore integrated in the numerical
code.
Effective turbine blade cooling is necessary to enhance the
efficiency of gas turbines. Usually the coolant is mainly ejected
through the trailing edge of the blades. In addition to the desired
temperature reduction at the trailing edge, there is a three dimensional aerodynamic interaction between hot gas and the coolant.
The complex mechanism of the mixture is a main problem in the
numerical prediction of the flow field of cooled turbomachine
components. The cooling air inflow inside the blade passage
forbids the assumption of a constant mass flow and constant
rothalpy along the main stream direction. While such phenomena
are predictable with new Navier-Stokes solvers (Bohn et al.,
1995, Michelassi et al., 1994) there is still a lack of methods
when cooling air effects should be considered in Q3D-algorithms.
Therefore, a cooling air mixing model will be presented within
this paper which allows the mixing of radially distributed cooling
air in the trailing edge section of each blade row.
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A stream function equation can be introduced, which is obtained
from the continuity equation for flow along a S im-stream surface
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MESH GENERATION
As the equation to be solved is expressed with respect to a
non-orthogonal curvilinear coordinate system, the discretization
can be done directly on a arbitrary type mesh. In the present
calculation a body fitted H-type mesh was used. Figure I shows
an example for a two stage gas turbine with 143 x 25 grid nodes.
To consider strong flow variable gradients due to the implemented loss- and cooling air mixing model, mesh refining near hub
and shroud is utilized.

where b is the thickness of the stream filament. Using the condition that the circumferential velocity component has to follow the
52n-stream surface
Wu =

112W,

(10)
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the principel stream surface equation can then be obtained from
Eqs. (1)-(10). By taking into account that the formulation is
transformed into a non-orthogonal curvilinear s,n-coordinate
system the formulation reads:
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Fig. 1: Non-orthogonal coordinates and computational
grid
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DETERMINATION OF DENSITY
In the stream function formulation the density is not a unique
function of the mass flu; and for subsonic flow the density is
updated by using the following iteration procedure, where the
entropy is taken into account in the density calculation:
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The terms on the right hand side are updated consistently with
the main calculation of 0. The distribution of vir, from hub to
shroud may be determined by integrating Eq. (24) along the
radial direction after transformation into the s,n-coordinate
system. The integration procedure proceeds from an assumed
value of w„ on an initial data curve. Since the supersonic flow
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To calculate the density in mixed flow domains, Eq. (I) is
rewritten as a velocity gradient equation:
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= -rb pw,

regions of the circumferential averaged S,,-flow normally do not
extend to the hub for rotors and to the casing for stators in case
of transonic turbines, the integration direction can be selected as
shown in Fig. 2. Along an initial data curve near hub or shroud,
where the flow is subsonic, the distribution of p and wx along the
corresponding curve may be obtained by use of Eq. (23) like in
subsonic flow.

values at the grid points in the form:

After integration w, is updated from

atIr
=w

(25)

=

aF

BLADE-TO-BLADE CALCULATION

After knowing w‘ and w„ the density p can then obtained from
Eq. (23).

GOVERNING EQUATIONS

The three dimensional, compressible, inviscid and unsteady
flow is described by the Euler equations. For the correct computation of the propagation speed and the intensity of discontinuities, a conservative formulation in a rotating cartesian frame
of reference is used. Transformed into a general curvilinear
system the Euler equations are defined as follows:

direction of integration
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where the state vector Q comprising the conserved quantities, E
f, O are the Euler fluxes and cl describes the source term:
j

j tong.
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Fig. 2: Location of transonic regions

Q=
Since Eq. (II) is of mixed type in the transonic regime, the
artificial density is introduced to ensure the stability of the
computation in the supersonic regions. This method consists of
modifying the density so as to introduce numerical dissipation.
The modified density is obtained as follows:
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This set is closed by the assumption of a perfect gas:
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where c is ranging from 1.5 to 2. The discretization scheme for
the density at grid point (i,j) takes the form:
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The lacobian 1 represents the volume of the discretization element In these equations u, v, w denote the absolute cartesian
velocities. The contravariant relative transport velocities are given
by:

m

BOUNDARY CONDITIONS AND SOLUTION METHOD

The boundary conditions of flow along the Shestream surface
should be specified. At the inlet boundary the stagnation pressure,
stagnation temperature and the mass flow rate are given. At the
solid walls, the stream function value should be equal to zero (at
hub), or fit (at shroud). At the outlet boundary, the relative flow
angle is given.
Standard finite discretizing Eq. (II) leads to a large system of
nonlinear algebraic equations in the unknown stream function

=

• (v flz)g y (w - fly,

w" =

(v + flz)ny • (w - fly)fl,

(33)

wC = u(s + (v + IZz)(y • (w - ny)C,
To solve the Euler equations, a quasi -conservative formulation is
used. This formulation results from the Euler equations by
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(29)
IA f =
The coefficient matrix A contains only metric quantities and
remains unchanged, while the right hand side contains the density
/5, the independent thermodynamic properties entropy ; and the
stagnation rothalpy h must be updated during the iteration
process. Together with the discrefized boundary conditions, the
formulation of the discrete problem is complete, and a direct
matrix method is utilized to solve the nonlinear algebraic equation.

where A t, ifand e t are the 5x5 Jacobiarts of the inviscid
fluxes, which are computed from Roe's scheme first order of
accuracy. To avoid excessive computational complexity, the Roe
matrices, e.g. with respect to a cell face erconst AtIAtiCI are
not linearized in time.

exchanging the fluxes by products of the flux-Jacobian-matrices
and the spatial derivatives of the vector of dependent variables:

or

• V- •
at
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2(

with the flux-lacobian-matrices following from:

BOUNDARY TREATMENT

(35)

For a correct physical formulation of the boundary conditions,
the method of characteristics is used. If the Eigenvectors of the
characteristic equations run out of the computational domain, they
have to be replaced by explicit boundary conditions. The added
conditions are upstream total temperature, total pressure, inflow
angle and downstream static pressure. Due to the fact, that the
Euler algorithm is embedded into the multistage calculation
procedure, the downstream boundary condition has to satisfy the
conservation of mass of the turbomachine component. For that,
the static pressure in combination with the radial equilibrium
between the radial stream sheets in the axial gap is updated
during the iteration procedure. For supersonic upstream or
downstream conditions, the influence of the corresponding
prescribed values is modified. On the profile the slip condition
for inviscid flow is utilized, which means, that the flow is tangent
to the blade and the component of the flow velocities normal to
the blade is equal to zero.

NUMERICAL ALGORITHM
The numerical solution follows a Godunov-type upwind
scheme, fomulated in node centered finite volume technique
using body fitted C-meshes. Assuming initial states Q' to the
right and Qi to the left of each finite volume cell face being
defined, fluxes are computed using Roe's approximate Riemann
solver (Roe, 1981). Across a cell face La j.k the numerical flux
function reads:

Et.

112,a)

iF E ( Obi 112j.k)

(36)

- AtIMILt(Q, 1.
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QI

where ge, Et and At are the matrices of right and left Eigenvectors and the diagonal Eigenvalue matrix with respect to the
Jacobian matrix of the inviscid flux vector.
The described scheme is only rust order accurate. To reduce
the diffusive character of first order schemes and to obtain a high
resolution result an extension to higher order has to be made.
This is possible by replacing the piecewise constant data in the
discretization cells by linear varying initial data (van Leer, 1979)
and leads to the MUSCL technique (Monotonic Upstream
Schemes for Conservation Laws). A third order accuracy can be
achieved with this technique. The flux-functions are still evaluated using only right and left states, but these states are second
or third order accurate in space.
The disadvantage of a higher order scheme is its liability to
oscillations in case of a discontinuous solution. To prevent this, a
switch is needed, which reduces the extrapolation to first order in
such regions. The scheme mostly used is the TVD-scheme (Total
Variation Diminishing, Marten, 1983). It contains a limiter
function based on sensors for strong changes in the flow values
and reduces the order of extrapolation in these regions. A differentiable flux-limiter function following van Albedo was chosen
here, which is a compromise between the claim on stability and
the claim on smooth extrema.
The solution is advanced implicitly in time using the deltaform:
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shape of the overall
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cooling air
mixing

Fig. 3: Flowchart of the 03DM-algorithm
In a first step, each blade row is calculated with the Euler
algorithm to provide the thickness b and the stream surface
gradients A l and ;A.2 of the stream surface of the individual blade
row. The circumferential coordinate of the S,-stream surface
results from the circumferentially mass averaged primitive
variables of the Euler solution:

A(

_(41,2,hrk 1 1 a +
SC
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an

t

COUPLING OF THE FLOW SOLVERS
The coupling of the stream function solver on S 2a-stream
surface and the Euler algorithm is shown in Fig. 3.
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Trailing edge
Leading edge

After knowing the circumferential coordinate tp, the S-stream
surface gradients and a2 are determined by finite differences.
The S2.-stream sheet thickness b results from the blockage of the
blade profits and reads:

Mixing plane IK
n

j = NJ

Shroud

\,%\

Wit .1:4.111inill
IA

E

(39)

pitch

j+1/2

Subsequently the S bestream solver is utilized. Considering the
mixing of the cooling air and the losses described by the implemented loss model, the solution provides a realistic inflow
boundary condition to the next blade row. In this manner each
blade row is handled until the last one is reached. In a final step
the interaction between the single blade rows takes place by
calculating the whole turbomachine component with an overlapping S2a-solution of all blade rows.

j-1/2

WEEMMICIOMI
• BEESEMISIMII
=I
\N •

Hub
Schematic section of the computational grid of the
S,,-stream surface

Fig. 4:
COOLING AIR MIXING

plane IK downstream of the trailing edge shown in Fig. 4. This
yields to a jump in terms of mass, momentum and energy and
influences the dependent variable 0. For this, additional jump
conditions have to be introduced. The different signs at the grid
nodes in Fig. 4 represent the varying boundary and mixing
conditions in the computational domain described as follows.
Upstream the mixing plane 4' is given by:
o
= const.
o *ex
/27
Downstream the mixing plane the boundary conditions define the
grown mass flux:
I 41T
o
.11C.1
7111K-I.1
41 1K,N1
7 In k I 47T

MATHEMATICAL MODEL
The mixing of cooling air with the main flow can be described
by the conservation of mass, momentum and energy of a perfect
gas:
wx •1 PI Al - 1 =
/hi

wA ,-
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In these equations it is assumed, that the coolant is mainly ejected
through the trailing edge of the blades and the mixing takes place
at a constant static pressure. Moreover it is assumed, that the
coolant is ejected in the direction of the main gas flow, and does
not influence the deviation. The index 1 denotes the totally mixed
out state downstream of the mixing area, whose axial extension is
supposed to be small. The index g stands for the main gas flow
quantities, while the index k describes the coolant.
The set of equations is triple undetermined and can be closed
by the definition of the constants C, to C,:
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While C, depends only on geometry, C., and C3 are assumptions
based on empirical data and have to be updated during the design
process. The solution of this set of equations is found by applying a Newton-Raphson iteration where the given variable
combination (Inn T.1.11 }Vx,l/W u,1> Wx.11Wr.1) is transformed into the
state vector of the mixed out quantities (w x.i , p i , T,,p,)T.

1

•

rotor 1
stator 2

0.3

X.(
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AV

fk (A)
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f A

rotor 4

•
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Fig. 5:

Radial distribution of the cooling air of the V84.3

To consider the convective transport mechanisms across the
mixing plane the calculation of the stream function at the anodes takes place by integration of the continuity equation in the
radial direction:

NUMERICAL ALGORITHM
Due to the assumption, that the axial extension of the mixing
area is small, numerically, the mixing takes place in a mixing
6
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RESULTS
For validation of the developed code, called Q3DM, the
Siemens gas turbine V84.3 has been investigated. At design
conditions, the mass flow is 417 kg/s at a rotation rate of 3600
rpm. Due to the high turbine inlet temperature, the first seven of
the eight blade rows in the four-stage turbine are cooled, whereby
an intercooler is provided for more effective blade cooling in the
first turbine stage. Figure 6 illustrates a cross-section of the
described turbine. Referring to Fig. 6, it can be seen that the
rotating blades in the first stage are shrouded in order to reduce
the tip losses. The proven combination of convection and impingement was selected as the cooling method.
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Fig. 7: Isentropic Mach number distribution, blade row 1
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Fig. 8: Isentropic mach number distribution, blade row 8
Fig. 6: Cross-section of gas turbine V84.3
Figure 7 to 9 show the results of the three dimensional Euler
calculation. As expected, the Mach number level increases from
turbine inlet to turbine outlet While the Mach number distribution remains below the critical value in the first blade row (Fig.
7), choked flow can be found at the turbine exit (Fig. 8). The
contour plot of the Mach number at midspan in Fig. 9 gives a
survey of the location of the shock. In order to reduce the overall
CPU time, a coarse computational mesh (9x65x9 grid nodes) was
selected, which causes a non sharp resolution of the shock. Since
the result of the Euler calculation is circumferentially averaged to
generate the thickness and the shape of the S zestream surface, it
has been shown, that the resolution of the computational domain
is sufficient For brevity, a more detailed documentation of the
inviscid solution is omitted here.

Fig. 9: Math contour 8. blade row (midspan)
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where the function .4 describes the radial distribution of the
cooling air. Figure 5 shows the implemented distribution for the
calculated Siemens gas turbine. Due to the jump of the density in
the mixing plane, Eq. (II) is not steadily differentiable across the
mixing plane. Therefore ally-nodes were discretized in upstream
direction with first order in space, while the a-nodes were
discretized in downstream direction with first order in space. All
•-nodes are approximated with a central differential scheme.
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Fig. 14: Static pressure at hub

Fig. 12: Computed Mach number distribution
NEM

Figure 10 illustrates the streamline pattern through the turbine,
obtained from the solution of the stream function equation. As
demanded in the cooling air mixing model, the coolant does not
influence the direction of the main flow. Contrary to this, the
contour plot of the total temperature (Fig. II) shows the strong
influence of the coolant, in terms of total temperature drops in
the mixing planes. The tip leakage of the coolant and the cooling
air flow through the sealings at hub produce an inhomogeneous
distribution of the coolant over the span. This leads to strong
temperature gradients in the radial direction.
Figure 12 shows the contour plot of the relative Mach number.
The change of the reference frame coincides with the location of
the mixing plane. The highest Mach numbers up to Ma=I.22 are
located near the hub in the stators due to the blockage of the
blades, whereas the peak Mach numbers appear near tip in the
rotors due to the high circumferential velocity.
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Fig. 15: Static pressure at tip
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Fig. 10: Computed streamlines on S 2„,-stream surface

distribution, whereas for the total temperature plots some small
discrepancies between measurement and computational data are
found. A reason for this seems to be the simplicity of the mixing
air model. This question still needs to be examined.
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A new analysis method for multistage transonic turbines with
coolant mass flow addition has been developed. This procedure
combines the advantages of a throughflow method with the
advantages of a three dimensional calculation. By replacing the
calculation on S,-planes by a three dimensional inviscid hyperbolic time-dependent algorithm, the iterative coupling of Wu's
approach between blade-to-blade planes and hub-to-tip planes can
be dropped. Due to the character of the hyperbolic algorithm,
transonic flow can be calculated on the S,-planes without an
artificial density model, which can become instable, when choked
flow with high Mach numbers occurs. To avoid expensive
Navier-Stokes calculations, like in the mixing plane approaches,
and to achieve short computation time, the three dimensional
algorithm calculate only the inviscid flow field, while the viscous
effects and the influence of the cooling air mixing can be considered in the fast stream function algorithm. The circumferential
averaging of the flow variables in the S,-plane leads to smaller
peak Mach numbers in the S,-plane than in the blade-to-blade
planes occurs. Therefore the artificial density approach can be
used, even when choked flow occurs in the S 1 -planes. This
method can be applied to machines, whose circumferential
averaged peak Mach numbers do not extend Ma=1.15.
This method needed for the calculation of the four stages of the
Siemens gas turbine about 20 minutes CPU time on a Siemens/Fujitsu S600 machine.
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Figure 13 shows the comparison between calculated and designed
mass flux. Due to an agreeMent with Siemens, Fig. 13 shows
only the qualitative development of the mass flux along the flow
passage. The highest mass flow rates are ejected in the first four
blade rows, while the last ones are less influenced. The obtained
numerical results are in good agreement with the design as long
as the circumferential averaged peak Mach numbers in the S_calculation do not extend a value of about 1.15. Up to this Mach
number the artificial density ji represents the real density in the
transonic region in a good manner. Higher peak Mach numbers
lead to an increasing numerical dissipation p and therefore to an
increasing difference between the real density and the artificial
density A. This effect causes a small difference between the
calculated and the designed mass flux in the end stage of the
calculated gas turbine.
Finally, the computed pressure and total temperature distribution are compared with experimental data according to Fig. 14 to
Fig. 17. The overall agreement is best for the static pressure
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