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ABSTRACT

A potable water network hydraulic analysis is presented in
this paper. A mathematical model was developed, the model
treats looped network. A computer program is developed in
order to facilitate water distribution system design, which
satisfies all constraints including pipe diameter and nodal
pressure.

An optimization technique is developed in order to evaluate
the optimum network configuration and cost, the parameters are
pipe diameter, flow rate, corresponding pressure and hydraulic
losses. A non-linear technique was adopted in the solution. The
model uses the sequential unconstrained minimization technique
(SUMT) of Fiacco and McCormick (1964) to solve the optimal
design of network. The adopted optimization technique
decreases the required number of design iterations which for
example may reach 1.48 billion iterations for a network with 8
pipes and a set of 14 available commercial pipes.

The initially assumed pipe diameters are successively
adjusted to suit the existing standard commercial pipe
diameters. The technique was applied on a simple case study of
gravity-fed network.

The objective of the present investigation is to present a
practical tool to help in the optimization of water distribution
system, design and operation.

INTRODUCTION

The optimization of pipe networks has been studied and
various researchers have proposed the use of mathematical
programming techniques in order to identify the optimal
solution for water distribution systems. The optimal solution
always means minimum cost of the network. The word

"minimum" is only relative. With different criteria or objective
functions; different values for "minimum cost" can be obtained
for the same system. Depending on the situation, one objective
function may be appropriate for one system and totally
inappropriate for another system. The specific form of the
objective function is often determined by the operating policies
of a particular company.

The optimization techniques can be categorized as follows:
deterministic ~ optimization techniques (including linear,
dynamic, and non-linear programming) and stochastic
optimization techniques (such as genetic algorithms and
simulated annealing).

Linear programming is used to optimize a design of a pipe
network two principal approaches have been developed
(Alperovits and Shamir, 1977, and Quindry et al.,, 1981).
Alperovits and Shamir’s (1977) approach has the ability to
consider various components in a distribution network: however
it is severely limited in the size of the system and the number of
loads which it can handle. Quindry et al. (1981) improved the
method allowing for a larger system to be considered, but
difficulties arise when analyzing multiple loads. The limitation
of this method is that it considers only pipe portion, it does not
consider any other component as pump, reservoir, etc. Sarbu
and Borza (1997) proposed a model based on the method of
linear programming to treat looped networks which have
concentrated outflows or uniform outflow along the length of
each pipe.

For branched pipeline networks, Karmeli et al. (1968)
presented a method for solving the equations using the theory of
linear programming to minimize the total cost by determining
the optimal commercially available pipe size for each link, and
for the head at each node. Chiplunkar and Khanna (1983)
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presented an optimization algorithm for design of branched
rural water supply systems using the Lagrangian multiplier
technique. Hathoot (1986) presented three formulas for
designing inclined pipelines of optimum diameter with equally-
spaced, similar pumping units. Fujiwara and Dey (1988)
presented a method for design branched networks on flat terrain
by using the Lagrange multipliers method to obtain optimal pipe
size, this method is limited to branched networks location flat
terrain with a single source node and equal head for each end
node. For looped networks, Featherstone and El-Jumaily (1983)
presented a method to get the minimum cost of the network by
equating the first derivative of the total cost equation with zero.

The equivalent pipe diameter method for network
optimization has been developed by Deb and Sarkar (1971)
using the pressure surface profile capital cost functions for
pipes, pumps, and reservoirs. Swamee and Khanna (1974) have
shown that this method has two major drawbacks: first it lacks
mathematical justification for cost equivalent pipes; and second,
a hydraulic pressure surface over the network must be
artificially created.

Non-linear programming is applied to pipe network
optimization problems and many researches have been reported.
Jacoby (1968) proposed a nonlinear programming method with
continuous variables, thus obtaining a solution with theoretical
diameters, to be rounded off to commercial values. The author
applied this very complex method to a simple network with two
loops and five branches, excluding complex networks.
Cenedese and Mele (1978) proposed an optimal method
assuming that the most economical distribution system is always
an open network and adding some connections, so it increases
the total cost than the optimum cost. This method is applicable
only to a system with a constant input head without pumping. In
practice, this can only be the case where the supply is from a
high level water reservoir. Samani and Naeeni (1996) proposed
a non-linear optimization technique coupled with the Newton-
Raphson method to minimize the design total cost with
constraints in pipe diameters, flow velocities and nodal
pressures.

In the present investigation a non-linear programming is
applied for pipe network optimization. An optimal solution for
looped water distribution networks by using computer facilities
is developed. The model uses the sequential unconstrained
minimization technique (SUMT) of Fiacco and McCormick
(1964) to solve the optimal design of network. This model is
presented for new or partially extend water distribution
networks, which operate with gravity (Elevated Tanks).

NOMENCLATURE

C Hazen-Williams coefficient
c(D,,L,) cost of the pipe /

¢,(x) constraints

D, diameter of pipe /, (m)
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D_ maximum diameter, (m)

D,. minimum diameter, (m)

H, head at node j, (m)

H, in minimum required head at the node j, (m)

h, head loss, (m)

K number of loops in the network

L objective function

L length of pipe i, (m)

M total number of nodes in the network
m number of constraints

N total number of pipes in the network
0, demand at the junction node, (m®/s)
0 flow in pipe i, (m®/s)

0, flow into of the junction node, (m*/s)
0., flow out of the junction node, (m’/s)
¥ scale factor, Eq. (10)

OPTIMIZATION MODEL FORMULATION

The optimization of the network design problem is the
identification ~of the commercial pipe size diameters
combination that give the minimum cost under certain
conditions such as the specified demands and prescribed range
of pressures at given nodes.

The performance of the proposed approach is tested on a
simple network which do not contain pumps. The existence of a
reservoir is taken as a water source node of fixed head.

The minimization of cost for a gravity-fed network is
expressed by the objective function which is assumed to be a
function of pipe diameters and lengths, (Savic and Walters,
1997):

f(DuresDy)=Ye(D,.1,) M

where ¢(D,,L,) is the cost of the pipe i with the diameter D,
and the length L, and N is the total number of pipes in the
network.

The minimization of cost for a gravity-fed network is
characterized by the following conservation laws and
constraints:

(1) Mass conservation at each junction node:

>0, 0w =0, )

where Q, and Q,, are the flow into and out of the

out

junction, respectively, and O, is the demand at the junction
node.
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(2) Energy conservation in each loop for a gravity-fed network
can be written as:

S h =0 3)

That is, the sum of the head losses /4, around a loop must

be zero. The head loss in the pipe is expressed by the
Hazen-Williams or Darcy-Weisbach formula. The Hazen-
Williams formula is selected to represent the head losses in
the pipes:

10.675 L 0'**
= —EE %704 “)
' p

where O, is the pipe flow and C is the Hazen-Williams

coefficient.
For more than one source node (reservoir) available in the
system, additional energy equations are written for paths
between any two of the nodes.

(3) Minimum pressure head requirements ateach node in the
network is given in the form:

H 2H, Jj=l.,M )

where H is the head at node j, H,,, isthe minimum

required head at the same node and M is the total number of
nodes in the network.

(4) Minimum and maximum diameter requirements are defined
by:

Jumin

D, <D, <D, i=1..,N ©6)

min
where D, and D, are the minimum and maximum

diameters, respectively. The diameter of each pipe is chosen
from a specified set of commercial pipes.

The SUMT Method

The Sequential Unconstrained Minimization Technique
(SUMT) was first suggested by Carroll (1961) and thoroughly
investigated by Fiacco and McCormick (1964). The formulation
of the constrained minimization problem is in the form:

z=f(x) (N
c,(x)20; j=12,..m ®)

minimize
subject to

where ¢ (x) presents the constraints and m is the number of

constraints. Fiacco and McCormick (1964) used the following
formulation to generate a sequence of feasible vectors to the

original problem for a strictly decreasing sequence of » values
tending to zero:

o1
mimize  L(xr)=
minimize xr=f(x)+ rél e

®

In the above expression, when the constraints are in the
allowable ranges, r should be considered equal to zero, which
means it does not affect the objective function.

The flows in all pipes, Eq. (2), can be written as function of
Q, and/or Q,. The restrictions on the flows in pipes 2 and 4
are given by the minimum and maximum flows which could
pass through:

Qz,mm = Qz s Qz.max 4 Q-l min < Q4 = QA.rna.\ (10)

where Q,.. =0, Q... = 1020m’h, Q, . =-650 m’/hand
O, o =900 m*/h.
Similarly, the head at each node H, is expressed by the head

losses in the pipelines from the source node to the prescribed
node. Hence, the generalized objective function for the cost can
be introduced as;

r=1

N 1 N 1
L(DI,Qz,QJ,r)=f(D,)+r[Z D,
=l &= Ly max =

& 1 1 1
> + + +
J=l H/ - H/.mm Qz.max - Qz Qz - Qz.mm

1 1 & 1
11
Q4.m.m —Q4 * QA —Q4,mln +;€"thd ( )

It could be observed that these simple modifications reduce the
dependent variables to the diameters of pipes and two flow
rates. The last term in the previous equation; in which gis a
very small number; is a simplification to overcome the equality
restriction of the energy conservation in each loop. The
objective function given by Eq. (11) is minimized by the SUMT
method to obtain the minimum cost.

Computational Analysis

The optimization analysis of network can be summarized as
follows:
1) Assume the diameters of the pipes.

2) Solve the equations for the hydraulic analysis to obtain the

pressure heads at nodes, discharges and head-losses of all
pipes. The diameters should be assigned feasible values, i.e.
values for which ¢ (x) 2 0.

3) Compute the objective function of Eq. (11).
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100 m*h

~

100 m*h (150
150 m)
2 '5’\ 1

210m

2 1
Y EToom Y [Ciwom ~

(160 m)
7 3
L= 1000m L= 1000 m
270 m*/ 120m’/h
4
D
(150 m) L= 1000 m assm
8 5
L= 1000 m L= 1000 m
200 m*h 330m’h
6
7 6
(160 m) L= 1000 m (165 m)

Diameter Diameter Cost
(in.) (mm) (units)

1 254 2

2 50.8 5

3 76.2 8

4 101.6 11
6 152.4 16
8 203.2 23
10 254.0 32
12 304.8 50
14 355.6 60
16 406.4 90
18 4572 130
20 508.0 170
22 558.8 300
24 609.6 550

Fig. 1 Test problem network (Alperovits and
Shamir, 1977)

4) Use the SUMT method to minimize the cost objective

function. If the objective function is not minimum, pipes
diameters should be changed. Then, repeat the cycle from
stage (2).

Case Study

The performance of the Newton-Raphson method for the
hydraulic analysis with the SUMT method is tested on a simple
two-loop network which do not contain pumps or valves, Fig.1.
This network is originally presented by Alperovits and Shamir
(1977) and taken as a model network by many investigators
(Quindry et al., 1981; Goulter et al., 1986; Fujiwara etal,
1987; Kessler and Shamir, 1989; Bhave and Sonak, 1992;
Sonak and Bhave, 1993; Eiger et al., 1994; Savic and Walters,
1997; Sherali et al., 1998; and Cunha and Sousa, 1999). 1t is fed
by gravity from a constant head reservoir (210 m). There are
eight pipes, 1000 m long each. The demands given in cubic
meters per hour and the ground level (m) at each node are
shown in Fig. 1.

The cost in arbitrary units per one meter of pipe length for
the 14 commercially available diameters in inches are presented
in Table 1. The mixed units (SI and foot-pound-second) are
used in this study since they were applied by Alperovits and
Shamir (1977) and other researchers.

COMPUTATIONAL RESULTS AND DISCUSSION

The previous optimization model is applied to the case
study. The computer program for the network analysis and
optimization was written in Fortran and was run on a Pentium
MMX 330. Although the simplicity of the studied network, it
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Table 1. Commercially available pipe sizes and cost
per meter, Alperovits and Shamir (1977)

should be mentioned that for this simple network with eight
pipes and a set of 14 commercial pipes, the total number of
designs is 14° = 1.48 x 10°. Therefore, it is very difficult for any
mathematical model to test all these possible combinations of
design and a very small percentage of combinations can be
reached.

The optimal solution is obtained for the set of diameters of
18, 10, 16, 4, 16, 10, 10 and 1 inch for the links 1 to 8§,
respectively. Table 2 gives the diameters and the optimum cost
obtained by the current study in comparison with other authors.
It can be noticed that this optimal is identical to that obtained by
Savic and Walters (1997) and Cunha and Sousa (1999). In their
studies and the present study, identical pipes for each link are
used. The first four researches used the split-pipe design which
considers that each pipe could be divided into two or more
different pipes, with different diameters. This kind of design is
less realistic as noted by Savic and Walters (1997).

The reliability of the network demands that each link of the
network must carry at least some minimum discharge, i.e.
implying the minimum link flow constraint. Suppressing this
constraint, some previous studies (e.g. Bhave and Sonak, 1992)
showed that the global optimal solution can be obtained by
canceling some links from the network. Therefore, a looped
network can be converted to a branching configuration, i.e. a
‘distribution tree’ (Alperovits and Shamir, 1977) which its total
number can be obtained by the graph theory. For the studied
case there are 15 trees and Bhave and Sonak (1992) showed
that the network has 15 local optimum solutions. The solution
corresponding to the tree without the links 4 and 8 (O, =0 and

O, =0) has the minimum cost of 400,129 units and therefore it
is the global optimum one.
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. Savic and Cunha
Alperovits and Goulter et al. Kessler and Eiger et al. and Present
Pipe Shamir (1977) (1986) Shamir (1989) (1994) Walters | goisa | Study
(1997)
(1999)
L@ | D@n) [ L(m) | DGn) | Lm) | D) | L(m) | DGn) | DGn) | DGn) | D (n)
1 256.00] 20 383.00] 20 1000.00] 18 1000.00] 18 13 13 13
__________ 74400, 18 | _ 617000 18 | ____ | _____| ___
3 99638] 8 1000.00] ~ 10 66,00 12 23802 120 [T 10 |7 o 1" o
I 362f 6 _ | _____1_____d__ 934001 _10 _ | _76198 _ 10 | -
3 __ [ 1opo.00f ~ 18”1~ 1000.00] "~ T6 ~7)_1000.00|" " 16 | 1000.00] 6|~ 16 | _“i6__|_"i6 _
4 31938 8 687.00] 6 71300 " 3 100000 1 [~ Y A A
__________ 680.62| _6__|__313.00] _ 4 _ i _28700f 2 | __ ———
5 1000.00] ~ 16 1000.00] ~ 16 83600 16 628.86] 16 | 16 | 6 1~ 16
e |_16400| 14§ 371.14) 14 ) ] __
6 78494] " 12 98.00] 12 10900 " 12 989.05| 10 | 10 | 10 |~ o ]
__________ 21506) 10 90200} 10 ) __8100) 10 ) 1095 8
7 1000.00[ ~ " & 492.00[ " 10 819.00] 10 921.86] 10 | 0 |7 o ]°" o
I NN REDUCRURUN S 50800f 8 _ | __18100f 8 | __ 78.14) 8
) 99093 ~ 6 20,002 92000 " 3 100000 1 [ 1T T1ITTTTTT
907 4 98000] 1 8000 2
Cost (units) 479,525 435,015 417,500 402,352 419,000 | 419,000 | 419,000
Table 2. Optimal solutions for the case study
The output of various runs of the computer program is
given in Table 3. This is a part of the results that satisfies the ACKNOWLEDGMENTS

constraints given in the problem. The diameters are greater than
1 inch and the pressure heads at the nodes are not below 30
meters. The given results are for costs less than 600,000 units.
The first result is the optimal one and the other values of cost
close to the optimal are presented. It can be observed that many
combinations of pipes set can give the same cost because of the
equality of pipes lengths.

CONCLUSIONS

The determination of the optimal design for water
distribution networks is computationally complex. In this paper
a nonlinear programming is applied for pipe network
optimization. The sequential unconstrained minimization
technique (SUMT) of Fiacco and McCormick (1964) is used to
solve the optimal design of network. The application of the
method on a simple fed-gravity network shows the capability of
the approach to solve such optimization problems. The first
evaluation of the method is satisfactory, although of the
shortcoming of the method, as in many other methods, is that
the inability of finding the global optimum.

In future studies, the optimization of networks with pumps
and reservoirs will be considered, as these are the actual real-
world problems.

The authors wish to acknowledge the contribution and valuable
discussion of Dr. Hussam Abd El-Aziz, Irrigation and
Hydraulics Engineering Department, Mansoura University.
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Node
Cost Pipe 1 2 3 4 5 6 7 8

419000 | D (in.) 18 10 16 4 16 10 10 1
Q (m*h) 1120 | 33687 ) 68313 | 3257 { 530.56 | 20056 | 23687} -056
H (m) 5324 | 3046 i 4345 338 3044 | 3055

434000 1 D (in.) 18 12 16 2 16 10 10 2
Q (m*h) 1120 | 36407 | 65593 | 423 5317 | -2017 | 26407 -17
H(m) 5324 | 3717 | 4379 | 39.03 | 3078 | 30.83

450000 | D (n) 18 14 16 3 16 10 10 3
Q(m'/h) 1120 | 3639 | 65609 | 9.9 5262 | -196.2 | 2639 38
H (m) 5324 | 4038 | 4379 | 4225 | 3083 [ 3114

468000 | D (in) 18 14 16 3 16 10 12 3
Q (m*/h) 1120 | 37317 | 64683} 553 | 521.29) -1913 | 27317 | 87
H(m) 5324 | 4024 | 4391 | 4668 | 3100 | 31.52

474000 | D (in) 18 16 16 2 16 10 10 2
Q (m*Mh) 1120 | 368.78 | 65122 | 312 | 5281 | -1981 [ 26878 | 189
H(m) 5324 | 4171 | 4385 | 433 | 3087 | 3109

477000 | D (in) 18 16 16 2 16 10 10 3
Q(m'/h) 1120 137175 | 64825 | 319 | 52506 (195061 27175 | 494
H(m) 5324 | 4169 | 4389 | 43.1 3094 | 313

486000 | D (1n.) 18 14 16 3 16 12 12 3
Q(m’/h) 1120 | 37079 | 649.21 | 537 | 52384 |-193.84] 27079 | 615
H (m) 53.24 | 40.28 | 4388 | 4677 | 3094 | 34.05

489000 | D (in) 18 14 16 3 16 12 12 4
Q(m’fh) 1120 | 37618 | 643.82{ 574 | 51808 [-18808( 27618 | 1192
H (m) 5324 | 402 | 4395 | 4656 | 31.07 | 3428

550000 | D (in) 20 10 20 12 12 10 8 8
Q(m’/h) 1120 } 17977 | 84023 | 300.25 | 41997 | -89.97 [ 7977 | 110.03
H (m) 5596 | 4196 | 48.58 | 49.33 | 3067 | 3456

579000 { D (in) 18 18 18 14 14 8 8 8
Q (m*/h) 1120 | 21311 { 806 88 | 270.54 | 416.34 | -8634 | 113.11 | 11366
H(m) 5324 | 4293 | 4456 | 4791 ( 3089 | 3284

580000 | D (in) 18 14 14 14 16 14 14 14
Q (m’/h) 1120 | 45029 | 569.71 | 11675 | 332.96 | -2.96 | 35029 | 19703
H(m) 5324 39 4168 { 4633 | 304t 3541

582000 [ D (in) 20 10 16 16 12 12 12 12
Q (m*/h) 1120 | 237.24 | 78276 | 364.53 | 298.23 | 3177 { 137.24 | 231.77
H (m) 5596 | 3928 | 44.78 | 4828 | 30.58 | 3565

585000 | D (in.) 18 16 16 2 16 14 14 14
Q(m'/h) 1120 | 46738 | 55262 | 1.82 | 43079 -1008 | 36738 | 992
H (m) 5324 | 4087 45 4795 | 3296 § 377

586000 [ D (in) 18 16 16 16 16 10 10 10
Q (m*h) 1120 | 2979 | 722.09 | 19862 | 403.47 | -7347 | 1979 | 12652
H(m) 5324 | 42.21 4293 | 4744 | 31.12 | 3536

586000 | D (n.) 18 16 16 10 16 10 10 16
Q (m*h) 1120 |} 33241 | 68759 | 149.38 | 41821 | 8822 | 23241 | 11178
H (m) 5324 | 4198 | 4339 | 4555 | 3145 | 3538

590000 [ D (in) 20 14 14 14 14 14 14 14
Q(m*h) 1120 | 45454 | 565.46 | 15277 | 292.69 | 373 | 35453 237.3
H(m) 5596 | 4163 | 4448 | 489 | 3256 | 3761

Table 3. Diameters, discharges, node pressure heads
and the costs for the case study

Note: The initial directions for the flow in the pipes, Fig. 1, are

proposed as follows: fromnodes 1t02,2t03,3t05,5t07,2

to 4, 4 to 6, 4to 5 and 7 to 6. The negative sign in the results

means the contrary direction.
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