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Rh = inner diameter of disk

ABSTRACT
In this paper, the effect of blade crack on the mode
localization of a rotating blade-disk is studied. Pretwisted taper
beams are used to simulate blades of a blade-disk. The crack on
the blade can be regarded as a local disorder of this periodically
coupled blades system. An application of Hamilton's principle
and Galerkin's method is used to formulate the equations of
motion of the mistuned system. Effects of pretwisted angle,
rotating speed and crock depth of the blade on the in-plane and
off-plane mode localizations of a rotating system are
investigated. Numerical results indicate that the increase of
rotating speed, pretwisted angle and crack depth could enhance
the localization phenomenon significantly.
Keywords: Mode Localization, Crack, Blade-Disk

r = arbitrary position on the blade

s =the number of blade
= thickness at the root of the blade
4 = thickness at the tip of the blade
us(r,r), vs(r,t)= deflection in transverse direction of the sth
blade for the rotational plane and out of plane
u(r,t), v(r,r)= deflection in transverse direction of the cracked
blade for the rotational plane and out of plane

(r) = comparison functions for the sth blade
= coefficient
p = Poisson' s Ratio
4 = the number of cracked blade
= the pretwisted angle of blade
p = density of blade
n = rotation speed
cd = excitating frequency on the system

NOMENCLATURE
A = cross section area of the each blade
a = depth of crack
ho = width at the root of the blade

= width at the tip of the blade
= Young' s modulus of material of blade

IFI

= external force vector

lcs = the stiffness of coupling for sth blade
L = length of blade

N = total number of blades
F6 = bending monent at crack

pf (0, qi(s). determined coefficient for transverse direction
for the sth blade, i = 1, ...., in
r =arbitrary position on the blade
re = position of coupled spring
= cracked position on the blade

Li

ab,

con =

reference and natural frequency of the system

1. INTRODUCTION
The localization phenomenon may be observed in a weakly
coupled periodic structure with local structural or material
irregularities. Such localization may in turn localize the
vibrational modes and thereby confine the vibrational energy. A
number of studies were conducted to introduce the mode
localization phenomenon in mistuned periodic structures
[Bendiksen (1987), Pierre and Dowell (1987), Wei and Pierre
1988a, 1988b)I. However, Different models and parameter
values used in the above analyses have yielded different and
even conflicting conclusions.
(
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MODE LOCALIZATION OF A CRACKED BLADE-DISKS

4

X

(a) Geometry of the blade-disk system

Design of turbomachinery trend toward more and more high
efficiency, so complex shape of blade in turbomachinery is
unavoidable. To consider the shape effect of blade on the
dynamic behaviors of a turbo-disk, periodically coupled taper
beams are used herein to simulate blades of the turbo-disk. For
the sake of simplicity, the tapered pretwisted beams are
approximated as Euler-Bernoulli beams. Similar models were
proposed by those of Rao (1977), and Young (1991). Most of
these studies on mode localization are limited to stationary
mistuned structures. The shrouded effect, commonly treated as a
massless spring effect, is considered in this study in order to
introduce the constraint between blades. The effects of crack
size, pretwisted angle and rotation speed on the in-plane and
off-plane mode localizations in the shrouded blade-disk have
been investigated in this study.

(b) Geometry of the pretwisted taper blade
Figure 1 Geometry of a rotating blade-disk

is able to occur. The kinetic energy, due to the bending
vibration, of the rotating sth taper blade is given by

2. EQUATIONS OF MOTION

=—

The periodic shrouded blade structure at a constant rotating
speed
is shown in Fig. 1(a). It consists of a rigid hub with
radius Rh and a cyclic assembly of N coupled blades. Each blade
is coupled with the adjacent one through a shroud. The length of
cantilever beam is L, and every blade is coupled by a shroud
ring to the adjacent one at position re . The individual blade
modeled as the tapered pretwisted beam is displayed in Fig. 1(b).
The thickness and breadth at the root of the blade are to and bp.
The deflection components vs (r,t) and us (r,t) denote
respectively the transverse flexible deflection of the 5th blade in
the rotational plane and perpendicular to the rotational plane.

2

a

.1 pA {Nib,

+p,(rit)

+Env, (r,1)1 2 }ctr

(1)

0

The cross sectional area of the taper beam at position r is

A(r)= bp tpil—a—r 11— fi—r )

(2)

and
bo —

t o —t i

(3)
(4)

0
where h1 and ti denote respectively the breadth and thickness
at the blade tip.

2.1 Blades without crack

In this paper, it is assumed that the cross-section of the blade is
symmetric about two principle axes and only the flexural
bending

The total strain energy of the sth blade consists of three
terms, and each will be considered separately. The first is due to
the bending moment and is

2
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Due to manufacturing flaws or cyclic fatigue during
operation, cracks frequently appear in the rotating machinery.
Especially for the turbo-disk, numerous cracks were observed
after severe operation [Bernstein and Alien (1992), Walls,
deLaneuville and Cunningham (1997)]. The local structural
irregularity caused by cracks on the blade may change the
dynamic behavior of this mistuned system. The effect of crack
on the dynamic and static behaviors of structures have been
studied by a number of papers [Rizos. Aspragathos and
Dimarogonas (1990), Broke (1986), Tada et al. (1973)]. More
recent papers by Chen etal. (1988) and Grabowski (1980) also
dealt with the effect of crack on a rotating machinery. The
shrouded bladed disk of a turbo-rotor can be regarded as a
periodic system if all the blades are assembled periodically. The
dynamic behavior of such shrouded blade-disk system has been
studied by Cottney and Ewins (1974), whereas the fundamental
aspects of mode localization in mistuned turbomachinery rotors
have been studied by Bendiksen (1984) and.Kaneko et al (1994).
More recent studies by Cha and Pierre (1991), and Orgun and
Tongue (1994) have dealt with vibrational localization in the
mistuned system with multi-mode subsystem.

The coupled blades are constrained with each other at tips

tl=fEtlyy (4) 2 + 24),( 4)041+ 1,, (6) 2 1dr

(5)

0

icsivs(rc ,1) —

where a symbol prime 0 denotes a partial derivative with
respect to r. In this equation. E is the Young's modulus of the
blade and /xx , ivy and Ixy are the moments of area. Consider

ffl

u50- .0=Iptcore(r)
vs (r,t)=Iql(t) tpf (r)

+ in
fe)
s 2 (f t3)

where pr(t) and qf (0

(r)

( I a LI I—S L)

1ff

63 t
12

= n(1

are comparison functions. In order to simplify the

r
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where matrices

k
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q s

+(ks +lcs_a[As ]fl — ksks+111
q s
q s+1

The third and last term is the strain energy due to the elastic
deformation of the shroud constrainer. This part is
k

(16)
(17)

for / = /,2,•••,rn

I - kR-II P

..} + (Pt 4
[nd s b
tq s

(8)

p s is the centrifugal force, and is written by
+ Rh) rtr

cos

By using the Galerkin's method, the equation of motion of the
sth blade can be derived in matrix form as

r

pg =1 p AS2 2(r

s

and [0) 1

s

are given as

(19a)

Combining the three terms, the total strain energy of the sth
blade can be obtained as follows.

R e]

Us =U.; +UP +U!.
(II)
By means of Hamilton's principle, the equation of motion of
the sth blade can be derived as

S

=[ ker Ply ]
[lee ]tm' Eke ]

,

pstii, — 012 [5 24(r + Rh}dr u; + 01yysic + Isyvii) =0 (12a)

[frclu 0
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(19c)

0 VI
II

.

pAvs — pf2 2 1 Av s +[f Afr + Ri2 )dr v's ] + E(Iss v; + Isyttl = 0
r

with

(m)ri

=

=

r=0
at r = L
at

A(7)4); (7)0/ (7)dr

(20a)

0

(12b)
and the boundary conditions are

ii„."= 41= vsm= 0,

(19b)
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sin Xi +sinh

L
UP =if pe[(4)2 4- ( 14) 2 1d7

and V = r /

(F) = (cosh Ai— cos AM .o

(7a)

3

a

L

Ø (F) in this article. They are

comparison functions

The strain energy component due to the centrifugal force caused
by the rotational speed n can be derived as

where

are coefficients to be determined and

are introduced. The deflection modes are used to approximate the

y3

IXx =

(15b)

notations, two dimensionless variables 7 =r/

= (1 — tre)sirt1 01cosi 0)
L1
)

where

(15a)

1.1

. 2(
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cos 2 (

vs+ (re• 1)1+ Ics _i[vArc,t)— vs_ Arc 41= 0

Solutions of the above eigenvalue problem, i.e., Eqs (12a) and
(12b), are assumed in the form

the taper beam to be pretwisted with a uniform twist angle 0,
and then the moments of area at the position r can be derived
as

/,„ =

r=rc .

The constraint of the sth blade is

E r
=4 j
0

ev

(norm (pima

(26)

Pb =

(20c)

a
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ofindi
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Adapting Eq . (24) gives
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14 = 3E

assumed for the individual blade of disk, i.e.,

- p 2 )100
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(200
For the sake of convenience, the same comparison function is

(29)
where 6(7— 7*) is the delta function and

44(i)e0j(7).

So, matrices [As —I], [As] and [As+ 1 ] are identical, and the
vector POOL =
(F),
[Øf
rewritten as
[As-1]

=

ro
= [0

(28)

ccs(lill
2
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defined. They can be

Similarl y , equations of motion for the 4th cracked blade can be
derived by using Hamilton's principle. It leads to

] = [As+, ]

= [A]

(21)

/1

pAii - pf22

0

{o}s{0}7,1=7

+ E(Irui + .Fryve) =0 (31a)

Afr + Rh kir

(22)

pQ2

Av 4 +[5A(r+ Rh ) dr vd

2.2 Blade with a crack
Considering a crack be located at 7= F* of the 4th blade,

- 6E1,„(1 - p 2 )10 0 -13 F *)Q67

it may be re garded as a mistuned s ystem. The total strain ener gy
of the defective blade will consist of four terms.

e
k
114 .11
4+U4 +114

-U4c

where Ui is the released ener gy of the crack for the

=0

(23)

(31b)

Boundary conditions and constraint condition of Eqs (31a) and
(31b) are the same as the sth blade, i.e., the blade without
crack. Based on the Galerkin method, the e quation of motion of

blade. If

the crack is initiated b y the bendin g fatigue, the mode I loadin g
will dominate the stress field. Accordin g to Dimaro gonas's
(1983) and Krawczuk's (1993) investi gations, alteration of
elastic deformation ener gy in places of the crack caused b y
bending moment is the onl y important change in the case of
slender beams. Therefore, the released ener gy of this crack ma y
be written in the form:

the 4th cracked blade can be rewritten in matrix form as
follows,

c'14,1q
\ IP}

ind4{ P. +(frcek +[knk
}

+(k4 + /c4_1 )[A4

c_
) 2
U4 - 60 (1- a *) ( 1-112Kj
da
(24)
E
0
where a, p are the depth of crack and the Poisson's ratio of
blade, and IC1 is the stress intensit y factor under mode I

q

- k_[P i p

- k4 [Pi ]{"}

4

q 4+1

= 0(32)

where

[e] s = [

loading. In this case the mode I stress intensit y factor K1 can
be approximated b y Tada et al. (1973) equation as

=

[vF(F - *)]

0 0
0
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(33)

and

6ph
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Irri2

where the variables for a near root crack can be approximated b y

4
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2.3 Equation of motion of the mistuned system

rotational plane

—

out of plane

For simplicity, the same comparison function is assumed
for each blade. The equation of motion of the entire disk system
can be expressed as

[MIM-FEKNXI =0

(35)

[K] are
0
[m]2

0
0

0

0 .
0 .
[m]3 .

0
0

o

0

0

0 5 10 15 20 25

0
(36a)

[M]=
0

0

0

0

0

0

0

0

- [a],

[In iN-2

0

•
.
.

0
0

0

.

0

-MA]

-MA]
[a]2

4 2[A1

0

-k2[1t)

[a) 3

•
.

0
0

0
0

•
0
0
0

•
0
0
0

-kN [lt.]

0

0

[m ]N,
0
[mtv _
0
0
0

. [44_2 —kN_ 2 [A]
. 4c1q_ 2 [A] [ak_
.
0
— kN _ i[Al

rotational plane
1-

1 IPIT 'PI T

L lq

. 147'

lq 2 '-".

IT

0.8kN[A]

a2.

o
0

lab!

(36c)

N-I . lq N j

5

10

15

.41 ti..

1

23 25 30 35 41 45
Na ofblade
(b) system with crack
(i7 = 0.1, 0 211020 = 2.299)

Figure 2 Tip displacement pattrens of the
mistuned system with different crack depth (for
the 1st mode)

ratio 0.)„/010 is employed. The frequency ro„ is the natural frequency of the mistuned system, and ctio is a reference frequency

{q
and

ko = kN

out of plane

0A-

•
0
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0.6-

{X} =Pne ian
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Due to the cyclic arrangement of blades, it leads to

[a], =

35 43

0
=45°
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=0.01

—

(36b)
.

33

Nacf blade
(a) system without crack
= 0.0, mi/wo = 2303) .

s

+

s

—
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s
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that is defined as 020= 0.01

.

7 pL2
t
As a crack propagates on a blade, it may not only alter
the dynamic behavior of this blade, but may also introduce the
so called mode localization phenomenon in the whole mistuned
system. In this numerical example, a crack is assumed at the
root of the 23rd blade.

(38)

3. NUMERICAL RESULTS AND DISCUSSIONS

A rigid hub attached to 46 uniform blades, which are modeled
as tapered pretwisted beams, is used to approximate the bladed
disk. In this article, the existence of mode localization for a
mistuned, tapered pretwisted blade-disk system with a cracked
blade is studied. The effects of rotational speed, depth of the
crack, and pretwisted angle of the blade on the mode
localization have also been studied. The following non
dimerisional parameters (Rh/L)= 0.2,
(be IL)= 0.1,

3.1 Free vibration analysis

An assembly of 46 pretwisted taper beams interconnected at
blade tip is considered, i.e., 7c. = /. An interblade coupling
stiffness Es =0.01 is assumed for the shroud ring. The dimen-

(10114 = 0.02, a = = 0.25, 0= 45° and P =0 are

sionless stiffness is defined as

specified for the blade. For the convenience of specifying the
mode localization frequency, a non-dimensional frequency

Es = (121c3L11 E boa.

vibration of this pretwisted blade-disk system consists

5
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The system mass matrix [M] and the system stiffness matrix

rotational plane

out of plane

rotational plane

= 0.0

=450
=0.1
ks
= 0.01
w1 /c00 2299

=0.01
oh /coo= 2282

=

I

I

I

Al Ilis

I

I

0 5 10 15 23 25 30 35
Nadliack
(a) at speed 12/coo = 0.0
rotational plane

4I3

0 ;

45

out of plane

I
10 15 20 25 30 3:5
Nacftlade
(a) pretwisted angle 9 = 00
rotational plane

43 45

out of plane

I1(of Iwo = 4231

0

oh coo = 2356

I
/
III
0 5 10 15 23 25 33 35 40 45
Nacfblade
(b) at speed C1Icoo= 5.0
I

I

I

I I

0

/

jilt

I

I

I

0 5 10 15 23 25 30 35 43 45
Nacfblade
(b) pretwistecl angle 9 = 90 0

Figure 3 Tip displacement patterns of the
mistuned system under different rotating speeds
(for the 1st mode)

Figure 4 Tip displacements of the mistuned
system for different pretwisted angles (for the 1st
mode)

of two parts, one of which is vibrated in the rotational plane
and the other is in the out-of-plane. Blade tip displacement
patterns of the tuned system at the lowest natural frequency are
illustrated in Fig. 2(a). The figure shows that the magnitude of
tip displacement of the individual blade in a tuned system is the
same. Figures 2(b) is illustration of the occurrence of modal
localization in this mistuned system. Results indicate that the
tip displacement pattern may change from a weak localization
to a strong localization as the crack depth y is increased.
Figures 3(a) and (b) display that the mode localization is
affected by the rotational speed. As expected, because of the
centrifugal force, the localization frequency oh of the mistuned
system is increased. It is also observed that the localization
vibration in the rotational plane is enhanced and the vibration
in the out of plane is depressed simultaneously as the rotational
speed is increased. The effect of pretwisted angle on the mode
localization has also been studied in this investigation. Figures
4(a) and (b) display the variation of the tip displacement pattern
for blades with different pretwisted angle. It indicates that the
localization in the out of plane is enhanced as the pretwisted
angle is increased.

As noted in a number of papers, the degree of localization
depends significantly upon the magnitude of disorder and the
modal coupling effect. The modal coupling effect in this bladedisk system is determined by the spring stiffness constant Es .
the blade mode number, and the modal deflection at the blade
tip. The above study has shown that strong localization occurs
in all modes for a small coupling stiffness, e.g., Is = 0.01 in
this case. It is of interest to investigate what happens in the
large coupling case. Figures 5(a) and (b) display selected
mistuned systems connected at their tips for Es =1.0. As the
coupling stiffness is increased up to Es =1.0, localization may
turn out to be weak at the first order frequency ail as shown in
Fig. 5(a). However, strong localization may reappear in the
groups of modes whose primary component mode has a node
near the constraint location 7, =1. Figure 5(b) shows the
localization at the second order frequency and it shows a strong
localization occurs in this mode.

6
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0

out of plane

3.2 Forced response

rotational plane

out of plane

miler° = 2302
The response of the mistuned blade-disk system depends upon
the disk structure, the excitation frequency and magnitude, the
crack depth and the interblade coupling. The effects of blade
twist angle, crack depth and rotating speed on the localization
response have been studied. Consider a uniformly distributed

as
Q6
Q4

blades of the mistuned system. The maximum amplitude
responses of the tuned and mistuned systems are shown in Figs

02

6. Only a single peak at (0)//0)0)= 2.303 is observed for the

0
o

tuned system. It indicates that every individual blade possesses
identical frequency at this peak. Contrary to the single peak in
the tuned system, multiple peaks are found for the cracked blade.
A group of peak amplitudes are appeared for this mistuned
system in a wider frequency range. The lowest resonance
frequency of this mistuned system, i.e., the so called

10 15 23 25 33 35 43 45
Na cfblade
(a) /st order mode Es = 1.0
rotational plane

out of plane

localization frequency (rodato) =2.299, is close but lower

= 01

than the corresponding lowest natural frequency of a tuned
system. From the tip pattern as shown in Fig. 2(b), it shows
that the vibration at localization frequency is confined only in a
few numbers of blades.

e

=4.5°

0.1coo =0.0
coilcoo =16.120

Figure 7 displays the displacement frequency responses of the
mistuned system with different pretwisted angles. Results
indicate that the higher localization frequency is observed for
the mistuned system with large pretwisted angle. Figure 5 shows
the corresponding tip displacement patterns. It show that the
localization in the out of plane has been enhanced for the
mistuned system with a larger pretwisted angle.

02

..r
5 10 15 33 25 3() 35 43 45
Na cf blade
(b) 2nd order mode Es = 1.0

4. CONCLUSIONS

Figure 5 Displacement patterns of the mistuned
system with strong modal coupling for the 1st and
2nd order modes

The effect of crack depth, twist angle and rotational speed
on mode localization in a pretwisted blade-disk system has been
investigated. The following conclusions can be drawn from this
study.

60
(I)

It can be observed that the localization phenomenon of a
pretwisted shrouded blade-disk system may be introduced
by a cracked blade. The strong localization appears for
the misturted system with weak interblade coupling. This
localization may disappear as the interblade coupling is
increased, but it will reappear in the higher modes.

-74 30
1

0

=0.1
(2)

The depth of a crack is one of the important parameters
for the modal localization of a rotating blade-disk
system. Results indicate that the localization may be
enhanced as the depth of the crack is increased.

(3)

The rotational speed of the mistuned disk has a
significant influence on the localization frequency: it will
shift the localization frequency towards a higher
frequency. The centrifugal force introduced by the
rotational speed may enhance the localization in the
rotational plane and depress it in the out of plane.

0

2. 1 5

2.275

2.3

2.325
Frequency oilcoo

2.35

Figure 6 Varation of frequency response of
systems with and without a crack
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harmonic force Ile' being applied on the tapered pretwisted

0 = 4.5°
= 0.1

=0.01
alo.)0 = 0.0

50 Es

at4 20-

-1

.

to

- -10
Q50
)
114:
.,

10
2.25 2.275 2.3 2.325 2.35 2.375 2 4
Frequency roiroo

Figure 7 Varation of frequency response of
systems with and without considering the
rotational speed effect

(4)

5.

The twist angle of the blade may also affect localization
in the mistuned pretwisted blade-disk system. A large
twist angle will enhance modal localization in the out of
plane.
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