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1 Introduction
Structural acoustics involves the interaction between a vibrating
structure and the pressure ﬂuctuations in an acoustic ﬁeld, and it can
be useful in identifying the noise radiated from a structure or how a
structure responds to acoustic waves. Applications of coupled structural acoustics include shock loads on ships [1,2], tire–road interaction [3–5], and aero-structures [6–9]. Computational structural
acoustics is used at Sandia National Laboratories to predict structural responses in various acoustic environments. Figure 1 shows
a weapons system in an acoustic loading environment. There are
also a multitude of well-studied academic problems, including
plates, spheres, cylinders, and other basic structures suspended in
acoustic media [10–12]. Many applications include unbounded
domains where special treatments are required to solve a ﬁnite
sized problem: Inﬁnite elements [13] and perfectly matched layers
[14] are two possible ways to calculate the acoustic response in a
unbounded or non-reﬂecting region of interest.
Various computational schemes can be used to calculate structural acoustic responses [15]. Typically, ﬁnite elements are used
for the structural domain, and either ﬁnite elements or boundary elements are used for the acoustic domain [12]. Structural acoustics
problems can be solved in the time domain, the frequency
domain, or with modal superposition which requires solving a quadratic eigenvalue problem. This work focuses on the solution of the
structural acoustic problem in the time domain.
When the behavior of the ﬂuid is minimally affected by the structure, the ﬂuid problem can be solved a priori, and the solution to the
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ﬂuid problem can be used to load the structure in a one-way coupling
scheme. Complex ﬂuid–structure interactions necessitate two-way
coupling, where the ﬂuid and the structure mutually inﬂuence each
other and must march forward in time together. For two-way coupling, the governing equations can be solved in a monolithic
approach or a loosely coupled approach [16,17]. Structural acoustic
implementations using monolithic coupling methods solve the discretized governing equations with all the degrees-of-freedom in
both the structural and acoustic models [15,18,19]. These fully
coupled methods provide second-order accuracy, are well studied,
and are simple to implement. However, fully coupled systems can
induce poorly conditioned linear systems due to vast differences in
the material properties between a solid such as steel and a ﬂuid
such as air. While a direct linear algebra solver can handle these differences, parallel iterative solvers struggle (relative residual order of
magnitude). Many parallel solvers are optimized for symmetric
dynamic matrices; however, the coupling terms between the two
domains break the symmetry of the system. Issues of solve time
and solver convergence become signiﬁcant obstacles when solving
large, massively parallel, real-world structural acoustic software.
An alternative to solving the fully coupled system is to use an iterative loose-coupling approach.
While loosely coupled time integration implementations are relatively uncommon in structural acoustics applications [18–22], they
are common in ﬂuid–structure problems that solve the full Navier–
Stokes system of equations [16,23]. This is often because ﬂuid
applications and structural applications are developed independently and then coupled in an multiple program-multiple data
(MPMD) method that prohibits solving the governing equations
monolithically. Historically, second-order accuracy has been
achieved in these applications using iterative methods at each
time step of the coupled system. Farhat et al. have developed the
generalized serial staggered coupling algorithm and show that it
is second-order accurate in time [16,17]. Rather than iterating to
solution convergence, the loosely coupled ﬂuid–structure interaction problem is solved with exactly one prediction and one
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We expand the second-order ﬂuid–structure coupling scheme of Farhat et al. (1998, “Load
and Motion Transfer Algorithms for 19 Fluid/Structure Interaction Problems With NonMatching Discrete Interfaces: Momentum and Energy Conservation, Optimal Discretization and Application to Aeroelasticity,” Comput. Methods Appl. Mech. Eng., 157(1–2),
pp. 95–114; 2006, “Provably Second-Order Time-Accurate Loosely-Coupled Solution
Algorithms for Transient Nonlinear Computational Aeroelasticity,” Comput. Methods
Appl. Mech. Eng., 195(17), pp. 1973–2001) to structural acoustics. The staggered structural acoustics solution method is demonstrated to be second-order accurate in time, and
numerical results are compared to a monolithically coupled system. The partitioned coupling method is implemented in the Sierra Mechanics software suite, allowing for the
loose coupling of time domain acoustics in SIERRA/SD to structural dynamics (SIERRA/SD) or
solid mechanics (SIERRA/SM). The coupling is demonstrated to work for nonconforming
meshes. Results are veriﬁed for a one-dimensional piston, and the staggered and monolithic
results are compared to an exact solution. Huang, H. (1969, “Transient Interaction of Plane
Acoustic Waves With a Spherical Elastic Shell,” J. Acoust. Soc. Am., 45(3), pp. 661–670)
sphere scattering problem with a spherically spreading acoustic load demonstrates parallel
capability on a complex problem. Our numerical results compare well for a bronze plate
submerged in water and sinusoidally excited (Fahnline and Shepherd, 2017, “Transient
Finite Element/Equivalent Sources Using Direct Coupling and Treating the Acoustic Coupling Matrix as Sparse,” J. Acoust. Soc. Am., 142(2), pp. 1011–1024).
[DOI: 10.1115/1.4045215]

2 Theory

Fig. 1 Weapons system in an acoustic loading environment

correction step. In this work, the general serialized staggered (GSS)
algorithm is extended to present a loose structure–acoustic coupling
algorithm that is second-order accurate in time. This decouples the
structural and acoustic equations and alleviates the scaling and condition problems associated with the strongly coupled problem.
Other advantages of this method include optimization of solver
parameters on each subdomain and faster computation time, while
maintaining the accuracy of the strongly coupled solution.
An added beneﬁt of this approach is that in massively parallel
applications with legacy software, this approach can be used to
couple separate ﬁnite element programs without needing to mix
source code. Furthermore, the ﬂexibility offered by loosely coupling allows both the ﬂuid and the structure codes to be interchanged depending on the needs of the particular application.
The monolithic coupling was implemented in the massively parallel structural dynamics ﬁnite element code SIERRA/SD [24–27]. The
loosely coupled algorithm was implemented ﬁrst by launching two
instances of SIERRA/SD and communicating through an MPI-based
MPMD coupler [28]. The coupler necessitated communication
only on the structural-acoustic interface. That is, processors that
contained only structural elements and no interface with acoustic
elements needed no MPI communication, and vice versa. Processors that contained the structural acoustic interface need only to
communicate the nodal locations on the interface, as well as the
pressures, velocities, and accelerations at those nodal locations.
In addition to the coupling method discussed above, there are a
number of application speciﬁc algorithmic decisions that are made
when solving a structural acoustic problem. These include the
choice of ﬁnite elements versus boundary elements for the acoustic
domain, and conforming of mis-matched meshes at the domain
boundary, and one-way or two-way coupling. While not the
primary subject of this work, some context is provided to show the
decisions made in this implementation. As such, it is understood
that boundary elements, conforming meshes, and one-way coupling
are all valid algorithmic approaches that are not the focus of this work.
One-way coupling can be used in an application such as aerostructure analysis, where a ﬂuid ﬂow is used to load a structure,
011012-2 / Vol. 142, FEBRUARY 2020

2.1 Governing Equations. We consider a simply connected
three-dimensional domain Ω that consists of disjoint subsets Ωs
and Ωa such that Ω = Ωs ∪ Ωa and Ωs ∩ Ωa = ∅. We refer to Ωs
as the structural domain and Ωa as the acoustic domain. The boundary of each of these domains is divided into disjoint Dirichlet,
Neumann, and structure–acoustic coupling partitions. As such,
N
∂Ωk = ΓD
k ∪ Γk ∪ Γsa for k = {s, a}. The boundary of the complete
domain of interest is the union of the Dirichlet and Neumann components of each subdomain.
2.1.1 Structural Dynamics. The equation of motion for (possibly damped) structural dynamics is the standard linearized elastodynamics equation
ρs ü + Cs u̇ − ∇ · TR = ρs b

(1)

where ρs is the mass density, u is the displacement ﬁeld, Cs is the
damping coefﬁcient, TR is the ﬁrst Piola–Kirchhoff stress tensor,
and b is a mass-speciﬁc body force. The subscript “s” is used to
denote a structural quantity when the same symbol is used for an
acoustic quantity. The constitutive equation is
TR = C[Sym(∇u)] = λ tr(∇u)I + 2μ(∇u + (∇u)T )

(2)

where C is the elasticity tensor and λ and μ are the Lamé parameters.
Initial conditions are
u(X, t = t0 ) = u0

∀X ∈ Ωs

(3a)

u̇(X, t = t0 ) = u̇0

∀X ∈ Ωs

(3b)

Dirichlet and Neumann boundary conditions are speciﬁed as
u = gs

on ΓD
s

TR [n] = ts = hs

on ΓNs

(4a)
(4b)

where n is the outward normal vector on the boundary and ts is the
traction.
2.1.2 Acoustics. The linearized Euler equations are combined
into a single equation for velocity potential as
1
ψ̈ + Ca ψ̇ − ∇2 ψ = 0
c2a

(5)

where ψ is the velocity potential such that va = ∇ψ, and the acoustic
wavespeed is ca. The damping coefﬁcient is Ca. The subscript “a” is
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and the displacements, accelerations, or stresses of the structure
are the quantity of interest, and it is assumed that the movement
of the structure has minimal effect on the ﬂuid ﬂow. However, if
the quantity of interest is in the ﬂuid domain, and the movement
of the structure is expected to have an effect on that quantity,
two-way coupling is necessary to capture that behavior.
Having the same mesh density in the acoustic ﬂuid and solid may
be very inefﬁcient, since the two domains typically require signiﬁcantly different mesh densities to achieve a given level of discretization accuracy. Perhaps, more importantly, it is also impractical in
many applications since the mesh generation process may be performed separately for the two domains. Generating conforming
meshes on the wet interface may be very difﬁcult, if not impossible,
even given the most sophisticated mesh generation software. Illustrative examples include the hull of a ship [29] or the skin of an aircraft. In these cases, the structural and ﬂuid meshes are typically
created independently and have very different mesh density requirements. Joining them into a single, monolithic mesh is often impractical. The node-on-face structural acoustic coupling method is used.
For a detailed description of the procedure, see Ref. [17].

used to denote an acoustic quantity when the same symbol is used
for a structural quantity. The acoustic pressure is obtained via
p = ψ̇, which is slightly different from the typical velocity potential
equation for linearized acoustics. This choice was made based on
linear solver considerations of our monolithic coupling formulation,
described in Sec. 2.4. Initial and boundary conditions are given as
ψ(X, t = t0 ) = ψ 0

∀X ∈ Ωa

(6a)

ψ̇(X, t = t0 ) = ψ̇ 0

∀X ∈ Ωa

(6b)

ψ = ga

on ΓD
a

∇ψ · n = ha

on ΓNa

(6c)

on Γsa

(7a)

ts = ta = −pn

on Γsa

(7b)

where Γsa is the structure–acoustic boundary.
2.2 Semi-Discrete Form. The standard Galerkin ﬁnite
element method is used to discretize (1) and (5) in space. The resulting semi-discrete system is given as

  
  
 
ü
Cs Csa
u̇
Ks 0
u
Ms 0
+
+
Cas Ca
0 Ma ψ̈
0 Ka ψ
ψ̇
 
f
(8)
= s
fa
where M, C, and K are mass, damping, and stiffness matrices. The
matrices Csa and Cas enforce the coupling conditions on the interface; expressions for the other sub-matrices of the system can be
found in ﬁnite element textbooks, e.g., Refs. [30,31]. The structure–acoustic coupling matrix is determined by integrating the
stress term of (1) by parts, and substituting (7b) on the resulting
term deﬁned over the structure–acoustic boundary. Similarly, the
acoustic–structure matrix is deﬁned when (5) is integrated by
parts and (7a) is enforced on Γsa.
2.3 Time Integration. Newmark beta time integration

θ̇

n+1


(Δt)2 
n
n+1
(1 − 2β)Ü + 2βÜ
2



n
n
n+1
= θ̇ + (Δt) (1 − γ)θ̈ + γ θ̈

(10)

pPa = pa (tn )

(11)

which results in ﬁrst-order accuracy. Loose coupling with interﬁeldparallel solutions results in ﬁrst-order accuracy: the loading is never
corrected with updated solution data. As such, results are presented
using serial solution strategies.

(9a)
(9b)

2.6 Serial Solution Strategies. Serial solution strategies solve
the acoustic and structural equations sequentially. This requires predictions of either structure acceleration or acoustic pressure. The
load on the second solve is corrected with information from the
ﬁrst solve. Numerous combinations of predictors/correctors have
been proposed for the ﬂuid–structure interaction. However, there
is a gap in the literature for loosely coupled structural acoustics.
The predictions currently available in the structural-acoustic literature result in ﬁrst-order accuracy.
The GSS procedure from Ref. [16] was designed as a coupling
algorithm to preserve accuracy of the time integrator for moving
meshes. Figure 2 shows the logic ﬂowchart for the GSS algorithm.
Even though our meshes are not moving, we have found the GSS
algorithm essential for maintaining time accuracy.
To solve (8) in a partitioned manner, we apply a predictor–
corrector algorithm as in Ref. [16]. We apply the second-order accurate (Adams–Bashforth) predictor for the structural velocities as
suggested in Refs. [16,23]
P
3
1
u̇n+1 = u̇n + Δt ün − Δt ün−1
2
2

(12)

The corrected pressure is taken to be the end-of-step value, i.e.,
C

C

pn+1 = ψ̇ n+1 = ψ n+1

(13)

With the predictor (12) and corrector (13), (8) is rewritten as

  
  
 
Cs Csa
Ks 0
Ms 0
ü
u̇
u
+
+
0 Ma ψ̈
ψ̇
0 Ka ψ
0 Ca
  

f
0
P
= s −
(14)
fa
Cas u̇n+1
Equation (14) can now be solved for ψ independently of u; hence,
it is a partitioned algorithm. Since the predictor (12) and the
Newmark beta time integrator (9) are second-order time accurate,
the resulting partitioned algorithm is second-order accurate in
time. Numerical results in Sec. 3.1 demonstrate the temporal accuracy of the method.

is used to advance the solution from time t n to t n+1 with a constant
time step size Δt. θ is used to denote either u or ψ. The implicit,
second-order time accurate and unconditionally stable version of
the scheme is used, which requires β = 1/4 and γ = 1/2. The
system in (8) is solved for displacement rather than acceleration.
2.4 Monolithic Coupling. Monolithic coupling of the structural and acoustic response is achieved by solving (8) combined
with (9) as a single algebraic system for each time step. This
results in a tightly coupled structural–acoustic response and is
second-order accurate in time. Matrix ill-conditioning can occur
when the densities of the acoustic and structural materials are
severely disparate.

Fig. 2 GSS algorithm
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vs = va = ∇ψ

n

u̇Ps = u̇s (t n )

(6d)

2.1.3 Coupling Conditions. The structure and the acoustic are
coupled (in the strong sense) through velocity (v) and traction (t)
continuity:

θn+1 = θn + (Δt)θ̇ +

2.5 Interﬁeld-Parallel Strategies. Interﬁeld-parallel [32] strategies solve the acoustic and structural equations simultaneously.
This requires predictions of both the structure velocity and acoustic
pressure. One simple predictor is

3 Numerical Examples
3.1 Veriﬁcation in One Dimension: A Piston Example.
Figure 3 illustrates a one-dimensional piston in an acoustic ﬂuid.
The veriﬁcation problem consists of exactly one degree-offreedom on the structural mesh and exactly one degree-offreedom on the acoustic mesh. It can also be produced by using a
three-dimensional stiff plate on the structural mesh, and hex elements on the acoustics mesh. The exact solution for this problem
is speciﬁed as
u(t) = e−dt (a cos ωt + b sin ωt ) + ν(t − β)

 

x
x
va (t) = u̇s t −
H t−
ca
ca

(15)

pa (t) = p∞ + ρa ca va (t)

(17)

(16)

Figure 4 shows the convergence plot for the strong coupling solution. As expected and discussed in the literature, strong coupling
gives second-order convergence with time.
Figure 5 shows the convergence plot for the loosely coupled solution. Following the GSS algorithm, we are able to show that the
convergence plot for the loosely coupled system is also
second-order accurate in time.
3.2 Huang Sphere. The Huang sphere [10] example is the
response of an elastic shell sphere in an acoustic ﬂuid. Figure 6
shows the sample problem of an elastic shell sphere in an acoustic
medium. The shell is made up of a homogenous isotropic elastic
material. Elastic motion of the shell is initiated by a incident
shock wave, which is scattered by the shell. To see the speciﬁc
details of the SIERRA/SD spherically spreading wave, see the users
manual [24]. The acoustic medium is meshed with 1,340,623 tetrahedral (TET4) elements, and the elastic shell is meshed with 1944
four-noded shell elements (NQUAD). Furthermore, the acoustic

Fig. 6 Huang sphere—elastic shell in an acoustic medium (t =
1e − 4)

Fig. 3 1D structure attached to a semi-inﬁnite acoustic ﬂuid.
Motion is constrained to move in the horizontal direction only.

medium is surrounded by 31,940 eight-order inﬁnite elements
based on the Astley–Leis formulation using Legendre polynomial
basis functions [13]. The problem is solved with a time step Δt =
1e − 6 for 2000 time steps. The spherically spreading load is
applied at an origin of (0, 0, −30) and a reference location of (0,
0, −10). The load spreads outward along the acoustic–structure
boundary with time. Figure 7 shows the velocity in the X direction
at a node on the sphere with coordinates (10, 0, 0). Figure 8 shows
the velocity in the Y direction at a node on the sphere with coordinates (0, −10, 0). These ﬁgures show that the loosely coupled
approach matches the tightly coupled simulation.
3.3 Bronze Plate Example. The bronze plate example is
detailed in Ref. [11]. It consists of a solid bronze plate submerged
in water, with a drive point near one corner and an accelerometer
in the middle of the same edge. The setup is depicted in Fig. 9.
The plate is 0.3048 m by 0.762 m by 0.04445 m. Density of
bronze is 7468 kg/m3. Young’s modulus and Poisson’s ratio are
117 GPa and 0.3, respectively. The force applied at the drive
point is

500 sin2 (πt/t0 )N for t < t0
(18)
f (t) =
0
otherwise

Fig. 4 Convergence plot for 1D piston—tightly coupled
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where t0 = 5.5e − 4 s. The plate is meshed with 1920 linear hexahedral elements.
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Fig. 5 Convergence plot for 1D piston—loosely coupled

Fig. 10 Transverse acceleration at the accelerometer on the
bronze plate

The plate is immersed in an acoustic ﬂuid of radius r = 1.6 m. The
acoustic mesh is composed of 188,664 linear tetrahedral elements.
Tenth-order inﬁnite elements are used on the outer boundary of the
acoustic domain. Density of the water is 1000 kg/m3. Acoustic
sound speed is c0 = 1500 m/s.
Figure 10 shows the GSS and monolithic numerical schemes
compared to the experimental results from Ref. [11].
Both numerical schemes under-predict the amplitude of the
experiment, but the period is captured well. The GSS scheme is
seen to attenuate the structural vibrations faster than the monolithic
solution.

4 Conclusions

Fig. 8 Y-velocity at node 524

A partitioned-coupling approach for structural acoustics based on
the GSS algorithm was proposed. This method utilizes separate
solves for the acoustic and structural domains, making it amenable
to use with legacy software packages. Partitioning the system
removes ill-conditioning concerns that arise in more traditional
structural-acoustics solvers, where differences in material properties
cause numerical problems for monolithic solution methods.
We demonstrated second-order time accuracy of the partitioned
method on a quasi-one-dimensional piston problem. The Huang
sphere and bronze plate examples show that the GSS approach
yields solutions that are comparable to the monolithic solve for
the same problem. Additionally, the bronze plate results match
experimental data within reasonable tolerances.
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