
Darryl Tchokogoué
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This article describes the effects of gravity on the response of systems of identical, cyclically
arranged, centrifugal pendulum vibration absorbers (CPVAs) fitted to a rotor spinning
about a vertical axis. CPVAs are passive devices composed of movable masses suspended
on a rotor, suspended such that they reduce torsional vibrations at a given engine order.
Gravitational effects acting on the absorbers can be important for systems spinning at rela-
tively low rotation speeds, for example, during engine idle conditions. The main goal of this
study is to predict the response of a CPVA/rotor system in the presence of gravity. A line-
arized model that includes the effects of gravity and an order n torque acting on the rotor is
analyzed by exploiting the cyclic symmetry of the system. The results show that a system of N
absorbers responds in one or more groups, where the absorbers in each group have iden-
tical waveforms but shifted phases. The nature of the waveforms can have a limiting effect
on the absorber operating envelope. The number of groups is shown to depend on the
engine order n and the ratio N/n. It is also shown that there are special resonant effects
if the engine order is n= 1 or n= 2, the latter of which is particularly important in appli-
cations. In these cases, the response of the absorbers has a complicated dependence on
the relative levels of the applied torque and gravity. In addition, it is shown that for
N > 1, the rotor response is not affected by gravity, at least to leading order, due to the
cyclic symmetry of the gravity effects. The linear model and the attendant analytical predic-
tions are verified by numerical simulations of the full nonlinear equations of motion.
[DOI: 10.1115/1.4051030]
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1 Introduction
Torsional vibrations represent one of the major issues in power

transmission in rotating systems such as shafts and couplings.
These torsional vibrations are usually transmitted to the other
components of the vehicle or machine to which the engine is
linked and therefore can affect the performance and robustness of
those components, for example, by producing noise or leading to
system failure. Ideally, the torque will be generated and transmitted
“smoothly” throughout the entire system. However, in many appli-
cations, including aerospace and automotive systems, the torque has
fluctuations for which the excitation frequency is proportional to the
mean rotation rate of the engine, via a constant known as the engine
order, denoted here as n. A common example is internal combustion
engines for which the cylinder gas pressure varies significantly over
each cycle, leading to engine order torsional loading. In particular,
for four-stroke engines, the dominant engine excitation order is
one-half the number of cylinders, since each cylinder fires once
per two revolutions of the crank. In multi-cylinder engines, this har-
monic is generally much larger than higher order harmonics.
There are several means of reducing torsional vibrations. A

method that has been around for nearly a century, and has recently
become popular in automotive applications, is to use centrifugal
pendulum vibration absorbers (CPVAs). These absorbers allow

for smooth operation that offers improved fuel economy in automo-
tive engines, for example, by widening operating conditions for
torque converter lockup [1,2].
A CPVA does not require any external energy supply and acts as

a passive device. The restoring force on a centrifugal pendulum is
provided by centrifugal effects induced by the rotor, so that the
natural frequency of a CPVA is proportional to the mean rotating
speed of the rotor, thereby offering engine order tuning. The key
parameters for absorber design are its tuning order, which is set
by the geometry and inertia of the absorber and its effective rota-
tional mass about the rotor center. The absorber order is the ratio
of pendulum frequency to mean rotor speed, which depends on
the geometry of the CPVA and its suspension; this arrangement
allows it to be tuned relative to the engine order. Also, it is impor-
tant to note that, due to balancing issues, CPVAs are commonly dis-
tributed in a cyclic manner about the spinning rotor, a feature
exploited in the present analysis, where we consider systems with
N identical, cyclically arranged absorbers.
The implementation of CPVAs in automotive engines results in a

horizontal rotation axis, so that the CPVAs can be influenced by
gravity, which is an excitation of engine order one. The response
of the absorbers (and rotor) is a combination of two effects, of
orders n from the applied torque and order one from gravity. In
typical engines, gravity will be important only at low engine
speeds, specifically such that g is 5% or more of the rotor centrifugal
effects that act on the absorbers, which is around typical idle speeds
[3]. The order n component of the response of a set of identical
absorbers is generally synchronous since the order n excitation
comes from rotor angular acceleration and acts identically on all
absorbers. In contrast, the order one excitation from gravity
results in a response component that is cyclically phase shifted
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among the absorbers. The combination leads to absorbers that can
have distinct motions in amplitude and/or phase. This lack of syn-
chronous behavior among identical absorbers is known to be an
issue in their design since some absorbers may reach their amplitude
limits before others.
In addition to gravity, nonsynchronous responses among identical

absorbers can also result from dynamic instabilities related to nonlin-
ear inertial coupling among the absorbers [4–6]. Remedies to the
nonsynchornous problem include designs, which kinematically
lock the absorbers to one another, enforcing synchronicity [7], and
designs with springs between adjacent absorbers that can suppress,
but not eliminate, asynchronicity [8]. However, for simple, standard
bifilar designs, the asynchronous behavior presented in this study
will be present and can be important at low engine speeds.
Investigations on the effects of gravity on the dynamics of CPVA

systems with multiple absorbers have been carried out by Theisen [3],
Shi et al. [9], and Mu [10]. Theisen investigated the nonlinear
response of CPVAs with gravity using perturbation methods and
simulations, and Shi and Mu considered their linear response using
symmetry properties and simulations. The current work is based pri-
marily on Ref. [10] but has additional important generalizations to all
previous studies. The previous studies showed that the absorbers
would respond in a complicated manner that depends in a nontrivial
way on n and N. Three types of response conditions were observed:
(i) the absorbers all act identically with different phases related to their
position on the rotor; (ii) the absorbers arrange into two or more
groups with each group having identical, but phase shifted, wave-
forms; and (iii) each absorber has a unique response waveform. In
the present investigation, this grouping behavior is studied from a
general point of view using the symmetry properties of the system.
Also, the previous studies are interested in only the case where the
engine order is strictly greater than 1 and do not consider a general
number of absorbers N. The present results cover all realistic values
of the engine orders for systems with an arbitrary N, and a general
result is obtained that allows one to predict the absorber grouping
properties. Much of the development and background work can be
found in Refs. [3,9,10], but this study, which is carried out in a
more systematic manner, contains new results about the grouping
of absorbers, sheds light on the special resonant interactions that
occur for engine orders one and two, and provides useful analytical
predictions for the response of the absorbers and the rotor.
Gravity provides both direct and parametric excitation to the

CPVAs. Such systems have been studied in the context of paramet-
ric amplification, which also have both direct and parametric exci-
tation, but differ in a significant way since the frequency of the
parametric excitation is always at (or near) twice that of the direct
excitation [11,12]. Such a situation for CPVAs applies only in the
case n= 1/2, which is not important for CPVAs in automotive
engines. A system with similar gravity-driven dynamics is that of
a wind-turbine blade vibrations coupled through the rotor hub.
One difference between that system and the CPVA system is that
the wind turbines are excited through direct loading on the blades
rather than a torque on the rotor, such that the direct excitation on
the blades does not have a common phase. Acar et al. [13]
studied in-plane wind-turbine blade vibrations coupled through
the rotor for very large turbines with identical blades. That study
involved a combination of parametric and direct excitations at the
same order and presented an analysis of superharmonic resonances
of order two on the blades and the resulting rotor oscillations. In that
case, with three blades and order one parametric and direct excita-
tion, the three blades had the same response, although phase shifted.
In a follow-up study, Sapmaz et al. [14] looked at how blade
mistuning disrupted the uniformity of the blade responses and con-
sidered superharmonics of order three by using a second-order
multiple-scale analysis [15] and also examined an occurrence of
speed locking [16] due to blade resonance. Ikeda et al. [17]
studied out-of-plane nonlinear vibration of three parametrically
excited rotating blades coupled through the hub moving in the hor-
izontal plane on the top of the tower. They also considered vibration
localization and instability conditions. Also, in another relevant

study, primary resonance and superharmonic resonances of single
degree-of-freedom systems with direct and parametric excitation
at the same excitation frequency were studied using the method
of multiple scales (MMS) [18]. It was found that for primary reso-
nance, a first-order MMS analysis did not reveal a contribution from
the parametric terms, but a second-order MMS analysis uncovered a
parametric amplification. The characteristics of this parametric
amplification had some similarities with that of Ref. [12], although
it occurred in the subharmonic parametric wedge rather than at
primary resonance. Superharmonic resonances of order two were
also studied by a first-order MMS [19] and by the method of van
der Pol [20], and superharmonic resonances of order three in
the linearized system were studied by a second-order MMS [18].
However, in that case, the off-primary case does not involve any
effect equivalent to the first-order gravity term.
This article considers the response of CPVA systems in gravity,

focusing on the resulting waveforms of the absorbers and possible
grouping properties and resonances that can arise with different
numbers of absorbers and torque excitation orders. It is shown
that for n≠ 1, 2, the response is described by a relatively simple
linear time-invariant system with direct excitation from gravity
and the applied torque. However, it is shown that in the n= 1, 2
resonant cases, gravity has a nontrivial effect on the response of
the absorbers due to the gravitational parametric excitation. The
rotor response is also considered in this study, although we do
not focus on the performance of the absorbers in terms of reducing
torsional vibrations, as that topic has been extensively covered in
the literature, compared with Refs. [5,6,21]. In fact, it will be
seen that gravity has, to leading order, no effect on the rotor
response for N> 1 absorber systems with cyclic symmetry, when
the absorber responses follow that symmetry. For a single absorber
N= 1, gravity has a dramatic effect on the rotor, and this case is con-
sidered. Also, it is noted that when the absorbers are operating as
desired, they reduce the order n harmonic component of the rotor
response. In fact, this often leads to a situation where higher order,
nonlinear effects result in rotor vibration harmonics of orders 2n
and 3n that are comparable, or even larger, than the order n compo-
nent [21–23]. Since the present linear analysis ignores these higher
harmonics, simulations of the rotor response from the full nonlinear
equations of motion (EOM) may differ from the present predictions,
even when the absorber responses are accurately captured by the
linear analysis.
This article is arranged as follows: Sec. 2 outlines the governing

equations of motion and their nondimensioanlization and lineariza-
tion, resulting in a model with both direct and parametric excitation
acting on the absorbers. In Sec. 3, we carry out a perturbation anal-
ysis of the equations of motion to determine the system steady-state
response. Our approach takes advantage of the cyclic properties of
the equations of motion, which reveals their important features.
Section 4 describes the main results and demonstrates them using
some representative examples, and this article closes with a discus-
sion in Sec. 5.

2 Modeling
2.1 Assumptions. The model to be investigated consists of a

rigid rotor rotating about a fixed axis that is perpendicular to
gravity. Note that by Einstein’s equivalence principle, this analysis
also applies to a situation in which the system is accelerated in any
direction perpendicular to the rotor axis, for example, the forward
acceleration of a car with a transversely mounted engine. The
rotor is subjected to a harmonic torque of order n and is assumed
to spin with periodic fluctuations about a mean rate Ω. The N
absorbers are identical and cyclically arranged around the rotor.
They are modeled as point masses that move along paths relative
to the rotor, prescribed by design so that the absorber order is ñ,
which is close to n by design. (The point mass assumption is
valid for absorbers with bifilar suspensions and negligible inertia
of the support pins.) The rotor angle is expressed as θ and the
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absorber positions are denoted by Sj, j= 1,…, N, the arc lengths
along their paths, taken to be zero at their central positions, i.e.,
the path vertices. We assume that the absorbers and rotor are line-
arly damped. It will be assumed that all absorbers are geometrically
and materially identical, that is, mpj=M and all path parameters
are the same. However, the absorbers generally have distinct dis-
placements during the system response, so we do not assume that
the absorber positions Sj’s are equal.
Since the absorbers are cyclically placed around the rotor, the

angle indicating the location of absorber j on the rotor is thus
given by θj= θ+ϕj, where ϕj= 2π( j− 1)/N is the sector angle of
θj relative to θ, which points to the vertex of the path of absorber
j. Figure 1 depicts a schematic of this layout, showing four absorb-
ers and the cyclic sector layout.

2.2 Equation of Motion. Figure 1 shows details for one of the
N absorbers to specify their important features. The symbols used in
this figure are listed in Table 1, along with their physical descrip-
tions. The generalized coordinates for the dynamic model are
taken to be θ and Sj, j= 1,…,N. The rotor has the moment of
inertia Jrot, and the jth absorber has mass mpj=M.
The fluctuating torque acting on the rotor, from, for example,

cylinder gas pressure, is modeled as T0+ Tθ sin (nθ+ τ), where T0
is the mean torque, Tθ is the amplitude of the fluctuating torque
at order n (the engine order), and τ is a phase needed to define
the phase of the harmonic torque relative to the rotor orientation
(θ), that is, relative to gravity. This torque results in (relatively

small) fluctuations of the rotor speed, expressed as θ̇ − Ω, where
<θ̇ > =Ω is the mean rotor speed, which is assumed to be constant.
The EOM of the system are obtained using Lagrange’s equations,

as described, for example, in Ref. [24], where the effects of gravity
are included by using the associated potential energy [3,10].
The rotor EOM is given by

Jrot θ̈ +
∑N
j=1

mpj

[
R2(Sj)θ̈ +

dR2(Sj)
dS

Ṡjθ̇ + G(Sj)S̈j

+
dG(Sj)
dS

Ṡj
2 − g(Xp(Sj) cos (θj) + Yp(Sj) sin (θj))

]

= −c0θ̇ + T0 + Tθ sin (nθ + τ)

and the EOM for the jth absorber is expressed as follows:

mpj

[
S̈j + G(Sj)θ̈ −

1
2
dR2(Sj)
dS

θ̇
2

+ g −
dXp(Sj)
dS

sin (θj) +
dYp(Sj)
dS

cos (θj)

( )]
= −cajṠj

where Xp and Yp are the x and y components of the location of the
center of mass of mpj relative to O, c0 is the damping coefficient of
the rotor, and caj is the damping coefficient for the jth absorber. The
function G(Sj) appears in the kinetic energy as a result of the motion
of the absorber along its path and is given by

G(Sj) = R(Sj)

����������������
1 −

dR(Sj)
dSj

( )2
√

It represents a product of the radial distance R(Sj) and the cosine of
the angle between a unit vector tangent to the path and another that
is perpendicular to the radial line OC in Fig. 1. The term G(Sj)θ̈ in
the Sj equation dictates the level of base excitation from the rotor
angular acceleration onto the absorber, as well as the coupling of
the absorber motion back onto the rotor. These equations are fully
nonlinear and are to be nondimensionalized and linearized for the
present investigation.

2.3 Nondimensionalization and Linearization. To linearize
the EOM, one must specify the path of the absorber near its
vertex, as determined by the function R(S), which then dictates
X(S), Y(S), and G(S). A general family of epicycloidal paths that
includes the important cases of circular and tautochronic paths
will be considered here, the details for which are given in Table 2
as functions of the arc length variable S [6,24]. Here, ρ0 is the
path radius of curvature at the vertex (S= 0) (essentially, the effec-
tive absorber pendulum length), λ∈ [0,1] is a characteristic
parameter dictating the nonlinear nature of the path, and the angle
Φj is the angular position of absorber j from its vertex, given by
Φj = (1/λ) arcsin λ(Sj/ρ0)

( )
[24]. Upon linearization, these simplify

considerably, and λ will drop out of the present formulation. For
simulations of the full equations of motion, we employ the tauto-
chronic epicycloidal path with λ = ñ/

�������
1 + ñ2

√
, since it minimizes

nonlinear frequency shifts over the largest possible range of
absorber motions [24].
Note that the radius of curvature ρ0 dictates the small amplitude

(linear) absorber tuning order, ñ, which is purely geometry depen-
dent and governed by the relation:

ρ0 =
R0

ñ2 + 1

where ñ is the small amplitude absorber tuning. This can be shown
to be equal to the square root of the ratio of the distance from O to
the effective pendulum support point to the effective pendulum
length.

Table 1 Symbols and descriptions for Fig. 1

Symbols Description

O Center of rotor
C Center of the absorber path—its vertex
R0 Distance between O and C
S Arc length position of absorber mass
R(S) Distance between O and the absorber at S
M Absorber mass
Ω Mean rotational speed of rotor
θ Rotor crank angle
g Gravity
y Lab fixed vertical coordinate, in direction of g
x Lab fixed horizontal coordinate

Fig. 1 Layout of a rotor with N=4 absorbers with details shown
for a single absorber
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The nondimensionalization is carried out by rescaling variables
and functions, as follows:

(i) The normalized absorber displacement is defined by sj=
Sj/R0, where |sj| < 1/ñ

�������
1 + ñ2

√
(<1) for epicycloidal paths

(determined by the limits where G(sj) is real [6]). Therefore,
terms that depend on sj can be expanded in Taylor series
about sj= 0. Linear terms in sj are retained in the EOM.
Note that quadratic terms are required for some terms in
the path functions since derivatives of these functions
appear in the EOM.

(ii) The normalized rotating speed fluctuation is defined by
ω = (θ̇/Ω) − 1, where |ω|≪ 1, that is, the speed fluctuations
are small compared to Ω, for realistic operating conditions.
Note that the mean rotor speed is, to leading order, set by a
balance of the mean rotor torque and the rotor damping, i.e.,
<θ̇ > =Ω = T0/c0.

(iii) The independent variable is changed from time t to the rotor
angle θ. This converts the applied torque and the gravity
loads, which depend on θ, to harmonic forcing terms of
the usual form. By using the chain rule, it is seen that

d(·)/dt = θ̇ (d(·)/dθ) = θ̇(·)′ and d2(·)/dt2 = θ̈(·)′ + θ̇
2
(·)′′,

where (·)′ denotes the derivative with respect to θ. Interest-
ingly, for the rotor angular speed and acceleration, this con-
version yields θ̇ = Ω(1 + ω(θ)) and θ̈ = Ω2ω′(θ)(1 + ω(θ)).
This transformation is valid so long as θ̇ is never zero, as
is the case in for our steady-state analysis with small
speed fluctuations about Ω.

(iv) Dimensionless system parameters are formulated as follows:
• ν = NMR2

0/Jrot is the ratio of total absorber inertia to the
rotor inertia.

• Γθ = Tθ/JrotΩ2 is the fluctuating torque level normalized
by twice the kinetic energy of the rotor.

• γ= g/R0Ω2 is gravity normalized by the centrifugal accel-
eration of the absorber vertex.

• μa= ca/mΩ is the nondimensional absorber damping
coefficient.

Note that all these parameters are small in practice.
The full nonlinear equations for ω(θ) and sj(θ) can be found in,

for example, Ref. [6], for the case without gravity. Inclusion of
the gravity terms is described in Ref. [9] and can be expressed in
terms of the variables described herein. The fully nonlinear equa-
tions expressed in a dimensionless form are used to derive the lin-
earized equations presented below and for verification by numerical
simulations in Sec. 4.
The linearization of the equations of motion is carried out by an

expansion that retains only first-order terms in the sj’s and ω. The
resulting rotor equation can be solved for ω′, resulting in

ω′ =
1

1 + ν
Γθ sin (nθ + τ) −

ν

N

∑N
j=1

sj
′′

[ ]
(1)

where in this expression, we have ignored terms of the form νγsj
since these terms are of higher order and have a negligible effect
on the analytical results. Here, it is seen that the rotor angular
acceleration is a combination of the effects of the applied torque
and the sum of the absorber actions on the rotor. Also, note that
only orders 1 and n will be captured by this expression and, as
noted earlier, nonlinear effects can result in significant amplitudes
at larger harmonics, especially in the rotor response [21]. Also
note that if one locks the absorbers, a situation used to determine
the effectiveness of the absorbers’ dynamics in reducing rotor vibra-
tions, the sj′′ terms are zero and one can use the resulting version of
Eq. (1) for the baseline rotor angular acceleration. The mathematical
view of the absorbers’ effect on the rotor is that when they are oper-
ating as desired, the summed sj′′ terms in ω′, representing the torque
applied by the absorbers to the rotor, largely cancel the term arising
from the applied torque. Substituting the expression in Eq. (1) into
the linearized absorber EOM for the jth absorber allows one to
decouple them from the rotor EOM [10,25], resulting in

s′′j + μasj
′ + ñ2 − γ(1 + ñ2) cos (θj)

( )
sj

= γ sin (θj) −
1

(1 + ν)
Γθ sin (nθ + τ) +

ν

N

∑N
k=1

s′′k

[ ]
(2)

where ν, γ, μa, and Γθ are generally small, on the order of 0.1 or less,
in practice. Note that this form of the equations of motion clearly
indicates the global inertial coupling of the absorber dynamics
through the rotor. It also shows how gravity drives the absorbers
both directly and parametrically through the sector rotor angle θj,
as expected in such a rotating system.
Since these absorbers are designed specifically to be effective

over a wide range of rotor speeds Ω, it is worth commenting on
the effects of Ω in light of the nondimensionalized system parame-
ters. The mean rotor speed appears in the gravity parameter γ, the
fluctuating torque parameter Γθ, and the absorber damping parame-
ter μa. In the examples presented later, we take fixed values of γ and
μa and vary the torque level Γθ, corresponding to a test in which the
mean rotor speed Ω is kept constant and the fluctuating torque level
Tθ is varied. To compare the present results with tests that vary Ω,
one must account for its effect on the dimensionless parameters
noted earlier. This is discussed in more detail in Sec. 3.4.
In the differential equation for absorber j, the absorber is sub-

jected to order n direct excitation, caused by the rotor angular accel-
eration (originally from the applied torque at order n), as well as by
direct and parametric excitation at order 1 arising from gravity. The
order n excitation is equal for all absorbers, since they are connected
identically to the rotor, which provides rotational base excitation
from the rotor angular acceleration. The order 1 excitations are
cyclic in nature since the gravitational forces on absorber j
depend on the absorber position on the rotor. Therefore, it can be
assumed that the response of the absorbers will have components
at order 1, cyclically shifted by index j around the rotor, and
order n, which will be identical for all absorbers, plus possible

Table 2 Nonlinear path functions from Ref. [24] and their expanded forms for the tautochronic
epicycloidal path tuned to order ñ with terms up to second-order in sj=Sj/R0 retained

Term Nonlinear expressions from Ref. [24] Expanded form in terms of sj

Xp(Sj) ρ0
1 − λ2

(sin (Φj) cos (λΦj) −
λ2Sj
ρ0

cos (Φj))
R0 sj

Yp(Sj) R0 +
ρ0

1 − λ2
( cos (Φj) cos (λΦj) +

λ2Sj
ρ0

sin (Φj) − 1) R0 1 −
1
2
(1 + ñ2)s2j

( )
R2(Sj) X2

p + Y2
p R2

0(1 − ñ2s2j )

G(Sj) R(Sj)

����������������
1 −

dR(Sj)
dSj

( )2
√

R0 1 −
1
2
ñ2s2j

( )
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linear combinations of these from the parametric excitation.
Explicit, approximate expressions for these components are
derived subsequently.
The nature of the absorber response components leads to some

interesting consequences, the first of which is an observation about
the rotor response, which depends on the absorber responses; see
Eq. (1). When the absorber response components are identical at
order n and phase shifted by ϕj at order 1, the effects of the
absorbers on the rotor at order n add directly, while, for N> 1,
those of order 1 sum to zero, due to their cyclic nature [26].
This implies that for N> 1 gravity has no effect on the rotor
response, unless the order n components of the absorbers are
affected by gravity, which we show is not the case. The second
consequence is the important grouping behavior described in
Sec. 2.4.

2.4 Grouping Behavior. As observed in previous studies
[3,10], in some cases, the steady-state response of the absorbers is
composed of subgroups where some absorbers have equal ampli-
tude but are phase-shifted, and multiple subgroups can occur. To
predict how this grouping will occur for a given n and N, it is con-
venient to express the general form of the response of the jth
absorber with an order n component of complex amplitude 2A
and a cyclic order 1 component of complex amplitude 2B as
follows:

sj(θ) = Aei(nθ+τ) + Beiθj + c.c. (3)

where τ accounts for the phase shift between the orders, c.c.
denotes the complex conjugate of the preceding terms, and, recall
that θj= θ+ (2π( j− 1)/N ) is the rotor angle for the position of
absorber j. Consider the kth absorber, which is ℓ sections circumfer-
entially away from the jth absorber, so that k= j+ℓ. The response
of this absorber is expressed as follows:

sk(θ) = Aei(nθ+τ) + Bei(θj+(2πℓ/N)) + c.c. (4)

noting that the order n response is the same for all absorbers and that
the order one component is phase shifted by the sector angle
between the absorbers. Note that this form holds for ℓ= 1, 2,…,
(N− 1).
Now consider the conditions under which the waveform of the

kth absorber will be identical to that of the jth absorber, but with
a different phase. To this end, we add a dummy phase ψ to both
components of absorber j and examine the conditions for which
sk(θ)= sj(θ+ψ). The following expansion of sj(θ+ψ) is used to
compare it with sk:

sj(θ + ψ) = Aei(nθ+nψ+τ) + Bei(θj+ψ) + c.c. (5)

Since there are two groups of exponential functions (order 1
and order n) with different orders in the steady-state response
of each absorber, to have sk(θ)= sj(θ+ψ), it is necessary to
have nψ= 2πp, p ∈ Z and ψ− (2πℓ/N )= 2πq, q ∈ Z, where Z is
the set of integers. The condition for identical absorber waveforms
can be expressed by eliminating ψ from these two conditions,
resulting in the following condition on ℓ as a function of indices
p and q,

ℓ =
N

n
(p − nq) (6)

By accounting for the condition that ℓ= 1, 2,…, (N− 1), the
grouping behavior for order n torque and N cyclically placed
absorbers is summarized in Table 3, by indicating the number of
groups that will occur for each case. The rigorous proof for these
results is given in the Appendix. Note that Table 3 includes
results for four-stroke engines with an odd number of cylinders,
for which 2n is an integer but n is not an integer. Note that the

number of groups can be N/n, N/2n, or N and can range from 1,
in which case all absorbers act identically (with phase shifts), to
N, where each absorber has a distinct waveform. These general
results will be demonstrated by examples after the steady-state
responses are analyzed.
Some interesting cases of practical interest include the following:

Consider a four-cylinder, four-stroke engine, which has n= 2, with
N absorbers; this arrangement will result in N/2 groups if N is even
and N groups if N is odd. Similarly, consider a three-cylinder
engine, which has n= 1.5, with N absorbers: this arrangement
will result in N/3 groups if N is a multiple of 3, otherwise all absorb-
ers will act individually, that is, there will be N groups.

3 Steady-State Response
To carry out an analysis of the steady-state responses, even for

the linearized model, we require an approximation technique due
to the presence of the gravitational parametric excitation effects
on the absorbers. Here, we employ the MMS on the linear EOMs
by introducing a small parameter, ϵ̂, to be used in the expansions.
This method will automatically indicate situations in which reso-
nant effects can occur. The case of order n= 1 will require a differ-
ent scaling from n≠ 1, since in that case the gravity term provides
direct resonant excitation to the absorbers. It will also be seen
that the effects of the parametric excitation come into play only
for n= 2. For n≠ 2, the response is described by expressions that
represent straightforward linear vibration analysis. Here, the analy-
sis is facilitated by exploiting the cyclic nature of the equations of
motion [26].

3.1 Scaling and Slow Flow Equations. In these absorber
systems, practical conditions are well suited for the introduction
of a small parameter, and these have guided our choice of nondi-
mensional parameters, as described earlier. Specifically, the absorb-
ers have small inertia when compared to the rotor (ν≪ 1, which
implies small interabsorber coupling through the rotor), the absorb-
ers are lightly damped (μa≪ 1), and the fluctuating torque is small
compared with the rotor kinetic energy (Γθ ≪ 1), resulting in rela-
tively small fluctuations in rotor speed (ω≪ 1), and the travel of the
absorbers is small compared to the size of the rotor (s≪ 1). These
parameters will be scaled by ϵ̂ ≪ 1 in Eq. (2). We begin with a
general scaling and chose specific orders to bring out the physics
of interest. Specifically, we let

sj = ϵ̂Ppj, ω = ϵ̂Wξ, ν = ϵ̂Bδ, μa = ϵ̂Lμ̃a, γ = ϵ̂Gγ̃, Γθ = ϵ̂ΓΓ̃θ,

ñ = n(1 + ϵ̂Qσ) (7)

and seek exponents that capture the dynamics of interest. The phys-
ical meanings of these scaled variables and parameters are as
follows: pj is the absorber displacement, δ is the inertia ratio, μ̃a
is the absorber damping, γ̃ is the strength of gravity, Γ̃θ is the ampli-
tude of the fluctuating torque, and σ is the tuning offset of the
absorber relative to the engine order, which is set by design
[6,27]. Note that with the use of ϵ̂, we have one free variable so
that we can take δ= 1 and define the inertia ratio to be ϵ̂B. Using
this scaling in Eq. (2) and choosing exponents that keep the

Table 3 Summary of grouping properties

N

n n
Number of
groups

Shift
index

Number of
absorbers per group

Integer Integer
N

n

N

n
n

Integer Not integer
N

2n
N

2n
2n

Not integer Either N N 1
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parametric excitation term at leading order, along with the other
effects of interest, namely, direct excitation, damping, and coupling,
one selects P= L=G=B=Q= 1/2 and Γ= 1. It will be seen that

this scaling works for n≠ 1 and that another form of the scaling
is required for n= 1. Expanding Eq. (2) and defining ϵ = ϵ̂1/2 give
the leading order absorber equation as follows:

p′′j + n2pj − γ̃ sin (θ j) + ϵ μ̃ap
′
j +

δ

N
n2

∑N
k=1

pk + (2n2σ − γ̃(1 + n2) cos (θj))pj + Γ̃θ sin (nθ + τ)

[ ]
= 0 (8)

Following the standard procedure for the MMS, the absorber
response can be expressed as an expansion of pj:

pj = p0j + ϵp1j + · · ·
where both the p0 and p1 depend on “time” (actually, angular displa-
cement) scales θ̂0 = θ and θ̂1 = ϵθ, where the overhat is used so that
these time scales are not confused with the absorber angles θj. (Note
that the rotor angle here plays the role of time, so that the applied
torque appears in the usual manner as a harmonic excitation.)
The equations at order ϵ0 and ϵ1 are given by

ϵ0 : D2
0 p0j + n2 p0j = γ̃ sin (θ̂ j0)

ϵ1 : D2
0p1j + n2p1j = −2D0D1 p0j − μ̃aD0 p0j −

1
N
δ n2

∑N
k=1

p0k

− [2n2σ − (1 + n2)γ̃ cos (θ̂ j0)] p0j − Γ̃θ sin (nθ̂0 + τ) (9)

where D0 is the partial derivative respect to the scaled rotor angle
θ̂0, D1 is the partial derivative with respect to θ̂1, and θ̂ j0 = θ̂0 + ϕj.
From the ϵ0 equation, the solution for p0, which includes

so-called hard excitation [28], is given by

p0j = Aj(θ̂1)e
inθ̂0 + Λeiθ̂ j0 + c.c. (10)

where Λ = γ̃/2i(n2 − 1) captures the order one response to gravity.
Here, it is seen that this solution is valid for n≠ 1 and that a different
scaling is needed for n= 1, which is investigated subsequently in
Sec. 3.3.
By using this solution for p0j in the ϵ1 equation, the following

equation is obtained for p1j:

ϵ1: D0
2p1j + n2p1j = −2D0D1(Aje

inθ̂0 + Λei(θ̂0+ϕj) + c.c.)

− μ̃aD0(Aje
inθ̂0 + Λei(θ̂0+ϕj) + c.c.)

−
1
N
δ n2

∑N
k=1

(Ake
inθ̂0 + Λei(θ̂0+ϕk) + c.c.)

− 2n2σ(Aje
inθ̂0 + Λei(θ̂0+ϕj) + c.c.)

+
1
2
γ̃(1 + n2)(ei(θ̂0+ϕj) + e−i(θ̂0+ϕj))(Aje

inθ̂0 + Λei(θ̂0+ϕj) + c.c.)

−
1
2i
Γ̃θ(e

i(nθ̂0+τ) − e−i(nθ̂0+τ))

In order to obtain a bounded solution as θ̂0 evolves, secular terms
must be eliminated. Here, the secular terms are at order n and
depend of the value of n. The possible cases are n= 1, n= 2, and
n≠ 1, 2. Since the system must be rescaled for n= 1, the analysis
following immediately below considers the situations for n= 2
and n≠ 1, 2.
For n≠ 1, 2, i.e., nonresonant cases, the elimination of secular

terms leads to the following slow flow equation for the complex
amplitude Aj of the jth absorber:

A′
j +

1
2
(μ̃a − 2inσ)Aj − i

δn

2N

∑N
k=1

Ak =
1
4n

Γ̃θe
iτ (11)

For n= 2, that is, a superharmonic resonance of order two, the elim-
ination of secular terms yields the following slow flow equation for
the amplitude of the jth absorber:

A′
j +

1
2
(μ̃a − 2inσ)Aj − i

δn

2N

∑N
k=1

Ak =
1
4n

Γ̃θe
iτ − i

1
4n

γ̃(1 + n2)Λei2ϕj

(12)

where Aj is a function of θ̂1.
Equations (11) and (12) can be written in a matrix form as

follows:

A′ +KA = Ft + Fg (13)

where A is the vector of complex amplitudes, Ft is the forcing from
the applied torque, Fg results from gravity, and the complex stiff-
ness matrix is given by

K=
1
2

μ̃a− in 2σ+
δ

N

( )
−i

δn

N
·· · −i

δn

N

−i
δn

N
μ̃a− in 2σ+

δ

N

( )
·· · −i

δn

N

..

. ..
. ..

. ..
.

−i
δn

N
−i

δn

N
·· · μ̃a− in 2σ+

δ

N

( )

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(14)

and the torque excitation terms are given by

Ft =
Γ̃θ

4n

1
1

..

.

1

⎛
⎜⎜⎜⎝

⎞
⎟⎟⎟⎠eiτ (15)

For n≠ 1, 2 gravity has no effects, that is, Fg= 0, while for n= 2,

Fg = −
iγ̃(1 + n2)Λ

4n

e2iϕ1

e2iϕ2

..

.

e2iϕN

⎛
⎜⎜⎜⎝

⎞
⎟⎟⎟⎠ (16)

3.2 Case n≠ 1: Diagonalization and Steady-State Solution.
The stiffness matrix K has the benefit of being symmetric and cir-
culant [26]. The equations of motion (13) can be decoupled using
the (N×N ) Fourier matrix in the form

EN =
1��
N

√

1 1 · · · 1
W1

N W2
N · · · W (N−1)

N

..

. ..
. ..

. ..
.

W (N−1)
N W2(N−1)

N · · · W (N−1)2
N

⎛
⎜⎜⎜⎝

⎞
⎟⎟⎟⎠ (17)

with WN= ei(2π/N ) and the elements of Fourier matrix given by
(EN) jk = (1/

��
N

√
)ei(2π/N)(j−1)(k−1), where j, k= 1, 2,…,N [26].

The Hermitian of the Fourier matrix is given by its complex

conjugate transpose and is denoted by E†N . It can be shown that

EN · E†N = I [26].

061011-6 / Vol. 143, DECEMBER 2021 Transactions of the ASME

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/vibrationacoustics/article-pdf/143/6/061011/6778557/vib_143_6_061011.pdf by guest on 30 M

ay 2023



The complex amplitude vector U of the order n component of the
response is conveniently defined as follows:

A = ENU (18)

Using this substitution in Eq. (13) and premultiplying the result by

E†N result in the uncoupled equations for the components of U
given by

U′ + K̃U = E†NF (19)

with the diagonalized stiffness matrix:

K̃ = E†NKEN

=
1
2

μ̃a − in(2σ + δ) 0 · · · 0
0 μ̃a − 2in2σ · · · 0

..

. ..
. ..

. ..
.

0 0 · · · μ̃a − 2inσ

⎛
⎜⎜⎜⎝

⎞
⎟⎟⎟⎠ (20)

The steady-state solution at order n is given by Ass=ENUss for
which U′

ss= 0. The complex amplitudes at order n for the various
n≠ 1 cases are thus determined to be

• n≠ 1, 2 and any value of N :Ass = Γ̃θeiτ/(2n(μ̃a−

in(2σ + δ)))

1

..

.

1

⎛
⎜⎝

⎞
⎟⎠

• n= 2 and N= 1, Ass = (Γ̃θeiτ − iΛγ̃(1 + n2))/(2n(μ̃a−
in(2σ + δ)))

• n= 2 and N= 2, Ass = (Γ̃θeiτ − iΛγ̃(1 + n2))/(2n(μ̃a−

in(2σ + δ)))
1
1

( )

• n= 2 and N> 2, Ass = Γ̃θeiτ/(2n(μ̃a − in(2σ + δ)))

1

..

.

1

⎛
⎜⎝

⎞
⎟⎠ −

(iΛγ̃(1 + n2))/(2n(μ̃a − 2inσ))

e2iϕ1

..

.

e2iϕN

⎛
⎜⎝

⎞
⎟⎠

The steady-state response of the jth absorber is a combination of
the effects from the hard gravitational excitation and the resonant
terms and at leading order can thus be approximated as follows
for these separate cases (using the original θ scales here),

• n≠ 1, 2 and any value of N:

pjss =
Γ̃θ

2n(μ̃a − in(2σ + δ))
ei(nθ+τ) +

γ̃

2i(n2 − 1)
eiθj + c.c.

(21)

• n= 2 and N≤ 2:

pjss =
Γ̃θ

4(μ̃a − 2i(2σ + δ))
ei(2θ+τ)

−
5γ̃2

24(μ̃a − 2i(2σ + δ))
ei2θj −

iγ̃

6
eiθj + c.c. (22)

• n= 2 and N > 2:

pjss=
Γ̃θ

4(μ̃a−2i(2σ+δ))
ei(2θ+τ)−

5γ̃2

24(μ̃a−4iσ)
ei2θj −

iγ̃

6
eiθj +c.c.

(23)

where θj= θ+ (2π( j− 1))/N, and in the latter two equations, we
have used n= 2 and its version of the hard excitation response
amplitude, Λ = −(i γ̃/6).

It is seen that in all cases the response has a component at order 1
with identical amplitude and sector phase shifts from the direct
excitation due to gravity, and a component at order n with
identical amplitude and equal phase from the applied torque. In
the case n≠ 1, 2, the response is not affected by the parametric
gravity effect, and thus, there are no interactions between gravity
and the applied torque, and the response is a simple superposition
of these two terms. For n= 2, a case of practical importance,
the gravitational parametric effects come into play and provide an
additional phase-shifted component at order 2 proportional to γ̃2.
The amplitudes of the this component are slightly different depend-
ing on whether N is larger than 2, but the form of the response is
the same. The key difference in the forms of the gravitational
response for N≤ 2 and N> 2 is the presence of the inertia ratio δ
(which is equal to unity for the present scaling) in the denominator
for N≤ 2. This limits the response amplitude to a finite value even
when the absorber is tuned exactly (σ= 0) and undamped (μ̃a = 0),
whereas in this situation for N> 2, the second-order absorber ampli-
tudes become unbounded, signaling an instability in the response
that requires a nonlinear analysis.
In terms of the absorber grouping behavior, for n≠ 1, 2, the form

of the response is just as it was assumed in Eq. (3) and thus the
grouping behavior is as predicted in Table 3. For n= 2, the order
n response also depends on the relative position of the absorber,
but it can be proven that in this case the grouping behavior is also
as predicted.
We next turn to the case of n= 1.

3.3 Case n= 1. To complete the study, the case when the
engine order n= 1 must be analyzed, which corresponds to
two-cylinder, four-stroke engines and one-cylinder, two-stroke
engines. Here, gravity and the engine torque act at the same order
and interesting interactions are expected to occur. For that
purpose, it is necessary to rescale Eq. (2). By using the terms of
scaling introduced in Eq. (7), the parametric terms now can be
pushed out to higher order since they will have little effect when
compared to the gravitational direct excitation term, which will be
resonant. To this end, the scaling used is P=L=B=Q= 1/2 and
G=Γ= 1, and the expansion of the EOM becomes, to leading
order,

p′′j + pj + ϵ μ̃ap
′
j +

δ

N

∑N
k=1

pk + 2σpj − γ̃ sin (θj)+ Γ̃θ sin (θ + τ)

[ ]
= 0

which has no parametric excitation terms and thus is a time-
invariant linear dynamical system, albeit with an interesting combi-
nation of excitation terms. From the ϵ0 equation, the solution for p0
is given by p0j = Aj ei(θ̂0) + c.c., where Aj depends on θ̂1. By repla-
cing p0j in the ϵ1 equation and eliminating the secular terms at first
order, we find:

A′
j +

1
2
(μ̃a − 2iσ)Aj − i

δ

2N

∑N
k=1

Ak =
1
4

Γ̃θe
iτ − γ̃eiϕj

( )
(24)

This equation is similar to Eqs. (11) and (12). Following the same
procedure, it is found that the form of the steady-state absorber
response depends on the number of absorbers and is given by

• n= 1, N= 1:

p1ss =
Γ̃θeiτ − γ̃

2(μ̃a − i(2σ + δ))
eiθ + c.c. (25)

• n= 1, N> 1:

pjss =
Γ̃θ

2(μ̃a − i(2σ + δ))
ei(θ+τ) −

γ̃

2(μ̃a − 2iσ)
eiθj + c.c. (26)

where we have combined terms in the N= 1 result since they have
common coefficients and common order. Here, the response is
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simply a superposition of the direct resonant effects from the
applied torque and gravity. Note that the key difference in the
forms of the gravitational response for N= 1 and N> 1 is the pres-
ence of the inertia ratio δ (which is equal to unity for the present
scaling) in the denominator for N= 1 (similar to the n= 2 case).
This limits the response amplitude to a finite value even when the
absorber is tuned exactly (σ= 0) and undamped (μ̃a = 0), whereas
in this situation for N> 1, the absorber amplitude again becomes
unbounded, signaling an instability that requires a nonlinear
analysis.

3.4 Discussion of Analytical Results. The main results for the
response of the absorbers are provided by the expressions given in
Eqs. (21)–(23), (25), and (26) for the cases of n and N indicated,
from which one can obtain the rotor angular acceleration from
Eq. (1) (for N> 1), which is considered in Sec. 3.5.
First, note that the absorber responses have components at orders

n and 1, as was assumed for the grouping results shown in Table 3.
Therefore, we expect that the grouping analysis will hold for all
cases, and this is indeed found to be true in numerical simulations
of the EOM.
In terms of the harmonic content of the absorber response, the

order n component arising from the torque is equal for all absorbers
and is simply a linear, near resonant response since the absorbers are
tuned close to order n. These components have equal complex
amplitudes, implying they have identical magnitudes (proportional
to Γθ) and phase.
The most straightforward case is when there are no resonances,

that is, n≠ 1, 2. Here, the order n and 1 components of the absorber
response arise directly and independently from the torque and
gravity, respectively. The response in this case is simply the
response predicted from linear vibration theory obtained by ignor-
ing the parametric gravitational term. The order n response of the
absorbers is proportional in amplitude to Γθ, and the order 1
response has amplitude proportional to γ with cyclic phases. The
grouping and waveforms of the response make even these simple
cases of interest.
In the resonant cases n= 1, 2, the order n component of the

absorber response contains components from both the applied
torque and gravity. In these cases, the behavior of the absorbers,
and their resulting effects on the rotor, can be nontrivial, as
described later.
The n= 1 case has several interesting features. Here, the response

of each absorber is entirely of order 1 with terms coming from the
applied torque and gravity; see Eqs. (25) and (26). The order 1
responses from gravity have amplitudes proportional to γ and
cyclic phases, but their form depends on whether they are resonant
(n= 1, resonant excitation) or nonresonant (n≠ 1, hard excitation).
For N> 1, the gravity terms are cyclic and do not contribute to the
rotor acceleration. However, for N= 1, the single absorber will try
to cancel the applied torque, but the presence of gravity results in an
amplitude and phase shift of the absorber response at order 1. Here,
the absorber response, in physical units, is given by S1=R0 A1 e

iθ+
c.c.. Using Eq. (25) and the attendant scaling, the nondimensional
complex absorber amplitude A1 can be expressed in terms of nondi-
mensional physical variables as follows:

A1 =
Γθ eiτ − γ

2(μa − iν)
, n = 1, N = 1 (27)

where we have taken δ= 1 so that ϵ= ν is the inertia ratio, and then
ignored terms at higher order, specifically, δ+ σ≈ 1. The compo-
nent proportional to Γθ has the correct phase for counteracting the
fluctuating torque, but clearly gravity affects the absorber amplitude
and phase. In this case, since there is only a single absorber,
under some parameter conditions the absorber can amplify the
rotor vibrations. An example of this is shown in Sec. 4. In fact,
under some circumstances, e.g., τ= 0, there exists a torque ampli-
tude where the absorber response is zero and it will have no
effect on the rotor response to the torque.

For n= 1 and N> 1, the absorbers have N groups, that is, each
absorber has a distinct response. Expressing the absorbers’
responses in physical units as Sj=R0 Aj e

iθ+ c.c., using Eq. (26)
and ignoring higher order terms, the nondimensional complex
amplitudes of these responses are given by

Aj =
1
2

Γθ eiτ

μa − iν
−
γ ei2π(j−1)/N

μa

( )
, j = 1, . . . , N, n = 1 (28)

demonstrating that the amplitudes and phases depend on j. Also,
note that for small damping, gravity can lead to a large response,
signaling a possible instability.
The other nontrivial case is n= 2, for which the second harmonic

of the absorber response is of interest since it is a combination of the
component from the torque, with amplitude proportional to Γθ and
equal phases, and a resonant component from the parametric
gravitational excitation that is proportional to γ2 with cyclic
phases. Here, we express the physical response as Sj=R0(Aj,1

eiθ +Aj,2 ei 2θ)+ c.c., using Eqs. (22) and (23). To show one of
the interesting features of this harmonic, we consider the special
case with N= 2, for which the second-order harmonic
coefficients have the same nondimensional complex amplitudes
and are given by

Aj,2 =
6Γθeiτ − 5γ2

24(μa − i2ν)
, j = 1, 2; n = 2, N = 2 (29)

which has a magnitude of

|A j,2| = 1
24

��������������������������������
25γ4 − 60γ2Γθ cos (τ) + 36Γ2

θ

μ2a + 4ν2

√
,

j = 1, 2; n = 2, N = 2

(30)

This result indicates that as the torque amplitude is increased from
zero, the second-order harmonic amplitude can have a nonmono-
tonic behavior. For values of the phase τ for which sinτ≥ and
cosτ≥ 0, the magnitude has a minimum value of
5 γ2 sin τ/(24

����������
μ2a + 4ν2

√
) at a critical value of Γ∗

θ = 5 γ2 cos τ/6,
and clearly, the response experiences a phase shift as Γθ is varied
through this value. This is demonstrated in an example in Sec. 4.
This absorber behavior has an interesting effect on the rotor beha-
vior, since at torque levels below this threshold the absorbers
amplify the rotor response, while above this threshold, their phase
is correct for reducing the rotor vibration. This is considered in
more detail below.
The results have been described in terms of the nondimensional

system and input parameters. An interesting question with practical
implications is the dependence of the response on the mean rotor
speed Ω. As noted in Sec. 1, this dependence is hidden by the
way the parameters have been scaled, but some basic features are
relatively simple to tease out of the results. The response for n≠ 1
consists of two harmonics, of orders 1 and n, and at most three
terms, with amplitudes proportional to Γθ at order n, γ2 (only for
n= 2) at order 2, and γ at order 1. Recalling that Γθ = Tθ/(JrotΩ2)
and γ= g/(R0Ω2), it is seen that the general effects of Ω are to
reduce the vibration amplitudes of the absorbers, as expected.
(The consideration of μa= ca/(MΩ) is more subtle, since increasing
Ω increases contact stresses and thus affects ca.) The rotor angular
acceleration similarly decreases asΩ increases, a fact well known to
designers of such systems, which are most severely tested at small
rotational speeds. These effects on absorber amplitude and rotor
acceleration scale the same, specifically like 1/Ω2, for all terms in
the response except in the case n= 2, where the term proportional
to γ2 has a stronger dependence on Ω, specifically, 1/Ω4. So, as
the rotor speed is increased, the order 2 effects from gravitational
parametric excitation will rapidly diminish. On the other hand, at
low speeds, for n= 2, this effect may become prominent in the
order 2 component of the response.
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3.5 Rotor Behavior. The focus show earlier has been on the
dynamics of the absorbers, but the goal of a CPVA system is to
reduce the order n torsional vibrations on the rotor. Here, we con-
sider the formulation of the rotor angular acceleration in terms of
the absorber dynamics as derived earlier. As noted earlier, the
present analysis describes only the order 1 and n components of
the response and that higher harmonics can become prevalent in
the rotor response since the absorbers generally render the order n
harmonic small. More detailed investigations of the rotor vibration
reduction, without considering the effects of gravity, have been con-
sidered previously [6,21,22,27,29].
To investigate the rotor behavior, we use the rotor angular accel-

eration given in Eq. (1), noting that ν= ϵ≪ 1 and using the scaling
in Eq. (7), resulting in the following leading order expression

ω′ = ϵ2 Γ̃θ sin (nθ + τ) −
1
N

∑N
j=1

pj
′′

( )

The absorber acceleration pj′′ can be expressed in terms of the cor-
responding leading order terms in Eq. (8) so that the rotor acceler-
ation is given in terms of pj, as follows:

ω′ = ϵ2 Γ̃θ sin (nθ + τ) +
1
N

∑N
j=1

(n2pj + γ̃ sin θj)

( )
(31)

where we have retained the hard excitation term γ̃ sin θj, which is
valid for n≠ 1. However, for all values of n and N> 1, this
gravity term will sum to zero due to the cyclic nature of the terms
[26]. In fact, for N> 1, all terms in the summation that involve
cyclic angles, including those in pj, will sum to zero, including
the order 1 terms in pj that appear for all cases, as well as the
cyclic order 2 terms that arise in the n= 2 resonant case. This
leaves only the order n terms from the torque in the summation,
which are all equal. Of course, if for any reason the cyclic symmetry
does not hold, for example, due to nonlinear symmetry breaking
bifurcations [6], this conclusion no longer holds. Therefore, in the
following discussion, our main focus is on the N> 1 case with
cyclic symmetry, aware that for N= 1 (a rare case in practical imple-
mentations), the gravity term will need to be retained; this case is
considered below and in one of the examples provided in Sec. 4.
We can provide an expression for the rotor acceleration in terms

of physical variables for N> 1 and any value of n by using sj= ϵpj,
retaining only the order n component of pj that does not involve the
cyclic angle, denoted here as s[n](θ), using the fact that all such
terms are equal (so that the sum is easily carried out), and replacing
ϵ with ν, which yields

ω′ = Γθ sin (nθ + τ) + νn2s[n](θ), N > 1 (32)

Here, the expressions for pj in sj= ϵpj, used to obtain s[n](θ), are
given in Eq. (21) for n≠ 1, 2, in Eqs. (22) and (23) for n= 2, and
Eqs. (25) and (26) for n= 1. After determining ω′, the physical,
dimensional rotor angular acceleration is given, to leading order,
by θ̈ = Ω2ω′.
For the absorbers to be effective, the order n torque that they gen-

erate on the rotor must be (at least approximately) out of phase with
respect to the applied torque so that these torques (at least partially)
cancel one another. In terms of Eq. (32), this is achieved by having
the applied torque term counteracted by the absorber response term.
This is generally the case, but is not true in the n= 1, 2 resonant
cases at low torque levels, as demonstrated below. The effectiveness
of the absorbers can then be assessed by comparing the magnitude
of the order n component of the rotor angular acceleration with
absorbers active with that when the absorbers are fixed at s= 0.
That is, one compares the net amplitude of the oscillation given
in Eq. (32) (which is order n), with the magnitude of ω′ correspond-
ing to sj= 0 for all absorbers, that is, with |ω′|s=0 = Γθ. This com-
parison is considered in the literature and is not emphasized here,

except in two nontrivial examples with n=N= 1 and n=N= 2,
as described next.
A particularly interesting case is that of a single absorber N= 1,

since in this case, the gravity terms at order 1 cannot sum to zero in
Eq. (31). Here, the rotor absorber system is not dynamically
balanced and will have an order 1 oscillation from gravity acting
on the single absorber. Even if one statically balances the rotor
with a counterweight opposite the absorber, the motion of the
absorber will cause an order 1 oscillation of the rotor, even when
there is no applied torque and only gravity is acting. (This is
easily seen by Eq. (32), from which this situation can be addressed
by taking two absorbers for which s1 is active and s2≡ 0 is fixed in
place.) While this is true for any order n applied torque, the most
interesting situation is for N= 1 and n= 1, for which the rotor
response is entirely at order 1 (to the leading order) and is given by

ω′ = Γθ sin (θ + τ) + νs1(θ) + γ sin θ, N = n = 1 (33)

for which we have used the special scaling of the gravity coefficient
for n= 1. In this case, which is considered in an example in Sec. 4,
order 1 oscillations of the rotor are directly caused by the applied
torque, gravity, and the absorber response, the latter of which is
affected by both the applied torque and gravity, as indicated in
Eq. (25). This results in a situation where the absorber can either
attenuate or amplify the rotor response, depending on system and
forcing conditions.
Similarly, in the case n=N= 2, as noted earlier, the second-order

component of the absorber response can shift phase as the torque
level varies and even have zero amplitude at the crossover point.
At low torque levels, the absorbers are in phase with the applied
torque and thus amplify rotor vibrations. At the threshold value of
the torque, derived earlier, the second-order absorber component
is small (even zero) and the absorbers have no effect on the rotor.
Above the threshold the absorbers function as desires, since they
operate with the desired phase.
We now turn to some examples that demonstrate in more detail

the more interesting features described earlier.

4 Sample Results
This section focuses on demonstrating the main features of the

analytical predictions developed above. It should be noted that
numerical solutions of the linear parametric EOMs given in
Eq. (2) using MATHEMATICA confirm the validity of the MMS analy-
sis for sufficiently small values of the nondimensional parameters.
Typically, values of 0.05 or less for Γθ, γ, σ, μa, ν, and ϵ (noting
that for δ= 1, ν= ϵ) are sufficient for accurate results for the
absorber and rotor responses at orders 1 and n. However, the
rotor response can exhibit higher order harmonics not predicted
by the present analysis [21–23]. For many cases, even larger
values work quite well, but for the n= 1, N= 1 resonant case, one
must keep the excitation parameters to less than ∼0.03 for accept-
able results. A comparison of the absorber responses from the
analytical results and simulations of both the linear and nonlinear
EOM is provided below for one of the most interesting resonant
cases, N= n= 2.
One of the main points of the results presented here are the nature

of the response waveforms and how these depend on the various
cases of n and N. These general observations will carry over to
the nonlinear model, except when instabilities and bifurcations
occur, since they are based on the dominant orders in the response,
which remain valid at least into the weakly nonlinear operating
regime, which for epicycloidal paths can involve relatively large
absorber responses [6].
Cases with various combinations involving engine orders n= 1,

1.5, 2 and N= 1, 2, 3, 4 absorbers are used for the results presented
in this section. These are sufficient to demonstrate the interesting
features of the response and the grouping behavior, and they are
the most relevant for practical applications.
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Some general comments about the engine orders considered and
their resonance conditions are offered before the cases are
presented.

• n= 1, corresponding to a four-stroke, two-cylinder engine:
The gravity direct excitation term is resonant and scaled at
the second order, and the gravity parametric term is nonreso-
nant and is scaled out of the present analysis. We will consider
systems with N= 1 absorbers to demonstrate the absorber as an
attenuator and an amplifier of the rotor vibration, and with N=
3 to show an interesting grouping and amplitude behavior.

• n= 1.5, corresponding to a four-stroke, three-cylinder engine:
The direct excitation term from gravity is nonresonant and is
scaled at the leading order and the gravity parametric term is
nonresonant and is scaled out of the present analysis. For
this case, we consider N= 3 to demonstrate a single group
for a multiabsorber system.

• n= 2, corresponding to a four-stroke, four-cylinder engine:
The direct excitation term from gravity is nonresonant and is
scaled at the leading order and the gravity parametric term is
resonant, scaled at the second order, and its effects are cap-
tured by the present analysis. Systems with N= 2, 3, 4 are
considered to demonstrate various grouping behaviors and
the resonant effects of gravity.

For our sample results, we consider a rotor absorber system with
R0= 0.1 m spinning at mean speeds above 400 rpm, for which the
nondimensionalized gravity parameter γ= g/R0Ω2 ranges from
very small up to a value ∼0.05. The torque level Γθ varies over a
range that depends on engine load and speed conditions, and
values are chosen to highlight interesting features of the response.

The damping ratio ζ = μa/2ñ ≈ μa/2n is used to determine the
damping parameter, μa= 2 nζ, and we take ζ= 0.01, 1% of critical
damping, typical for these absorbers. By taking δ= 1, the system
inertia ratio is given by ν = ϵ = NmR2

0/Jrot , which we take to be
equal to 0.0355 N, so that each individual absorber has an inertia
ratio of 0.0355. The absorbers are assumed to be evenly tuned or
slightly overtuned, as done in practice [6,27], with 0≤ σ≤ 0.02.
We take the phase between gravity and the applied torque to be
τ = 0 unless otherwise specified.
The responses are plotted over a crank angle of 4π. Since 2n is the

number of cylinders (in a four-stroke IC engine), it is always an
integer, and the period of the absorber steady-state response is 2π
for an even number of cylinders and 4π for an odd number of cyl-
inders. We now consider seven cases that highlight the main results.
For case 2, we provide results from numerical simulations of both
the fully coupled nonlinear equations of motion for the rotor and
absorbers and the linear equations of motion for the absorbers.
The results from this resonant case demonstrate the validity of the
linear model and the analytical predictions obtained from it. The
other cases have similar agreement between theory and simulations.

Case 1: n= 1, N= 1. This is a special case involving a resonance
and a single absorber, for which gravity directly affects the rotor
response, as described earlier. Figures 2 and 3 show the steady-state
response of the absorber and rotor as predicted by the theory for two
levels of the torque amplitude. For the rotor response, we show the
result for the absorber active (s= s1≠ 0) and the absorber locked in
place (s≡ 0), for which the rotor angular acceleration is given by
ω′|s=0 = Γθ sin (θ + τ). For the larger value of torque, Fig. 2, it is
seen that the absorber attenuates the rotor vibrations by about

Fig. 2 Steady-state absorber response (from Eq. (25)) and rotor angular acceleration (from Eq. (33)) versus the rotor angle for
n=1 and N=1. Parameter values: ϵ=0.0355, σ=0, μa=0.02, τ=0, γ=0.02, and Γθ = 0.05. (a) Absorber response and (b) rotor
response, where solid curve is for the absorber locked and the dashed curve is for the absorber active.

Fig. 3 Steady-state absorber response (from Eq. (25)) and rotor angular acceleration (from Eq. (33)) versus the rotor angle for
the same parameter values as Fig. 2, except Γθ = 0.005. (a) Absorber response and (b) rotor response.
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40%, while for the smaller torque level, Fig. 3, the absorber ampli-
fies the rotor vibration by a factor >3. Figure 4 shows the ratio of
rotor response amplitude with and without the absorber active,
|ω′|/Γθ, versus the torque amplitude, for example, parameter
values, indicating the range over which the absorbers amplify
(>1) and attenuate (<1) the rotor response. For the example param-
eters, the amplification/attenuation transition occurs at Γθ ≈ 0.020.
The amplification may not be a practical issue; however, since when
the torque is relatively small, the rotor vibrations resulting from
the torque are likewise small, although this will depend on the oper-
ating parameters. The “amplification” that occurs for small torque
levels is a result of the fact that the gravitational component of
the response persists in this case (N= 1) and is independent of the
applied torque, and when one normalizes by Γθ, the normalized
coefficient γ/Γθ becomes large for small torque levels.

Case 2: n= 2, N= 2. For this case, there will be one group, that
is, both absorbers will have identical waveforms, but shifted by the
cyclic phase of π. A sample response is shown in Fig. 5, which
clearly shows the shifted waveforms. In this case, the more interest-
ing feature is the amplitude and phase of the second harmonic as a
function of the torque level, which is depicted in Fig. 6. The curves
are from the theoretical predictions, demonstrating the nonmono-
tonic nature of the second harmonic and its phase shift as it
passes through the minimum value. Below the minimum point of
the second harmonic, the absorbers amplify the rotor vibrations,
while above this point, they perform as intended. This behavior
of the rotor vibrations as the torque is varied is qualitatively

similar to that of case 1. Here, the crossover point, at which the
absorbers have a zero second-order component, is clearly indicated
in Fig. 6, and the threshold value of the torque has been derived
earlier.
Also shown in Fig. 6 are results from numerical simulations of

both the full nonlinear equations of motion for the absorbers and
rotor and the linear absorber equations of motion, demonstrating
the validity of the analytical results.

Case 3: n= 1, N= 3. In this case, each absorber response is dom-
inated by its order 1 component, but there are three groups, so that
each absorber has a unique waveform that is distinguished by its
amplitude, as indicated by the example shown in Fig. 7. Figure 8
shows the amplitudes of the three absorbers as a function of the
torque level, showing that they emerge from a non-zero value (cor-
responding to the amplitude due to gravity alone) and then separate
rather significantly. This has implications for design, since in this

Fig. 4 Ratio of the amplitude of the rotor response with the
absorber active and locked, |ω′|/Γθ, along with the attenuation/
amplification boundary at unity. Parameters are those used in
Fig. 2, except that Γθ is varied. The transition is at Γθ ≈ 0.020
for these parameters.

Fig. 5 Steady-state response of both absorbers versus the rotor
angle for n=2 and N=2 (from Eq. (22)). Parameter values: ϵ=
0.071, σ=0, μa=0.04, τ= 0, γ=0.05, and Γθ = 0.005.

Fig. 6 Harmonic amplitudes versus torque level. The solid line
is the second-order harmonic amplitude and the dotted line is
the first harmonic amplitude, both with the effects of gravity,
computed from Eq. (22). The dashed line is the second harmonic
amplitude without gravity, γ̃ = 0, from Eq. (22). Results from
numerical simulations are also presented, obtained by allowing
the system to settle into steady state and computing the ampli-
tudes of the Fourier coefficients of the absorbers’ responses;
open circles (*’s, respectively) are the amplitudes of the order 1
components obtained from numerical simulation of the fully non-
linear (linear, respectively) equations of motion and open
squares (×’s, respectively) are the amplitudes of the order 2 com-
ponents obtained from numerical simulations of the fully nonlin-
ear (linear, respectively) equations of motion. Parameter values
are the same as for Fig. 5 except that here Γθ is varied and γ=
0 for the case without gravity.

Fig. 7 Steady-state response of absorbers versus the rotor
angle for n=1 and N=3 (computed using Eq. (26)). Parameter
values: ϵ=0.1065, σ=0, μa=0.02, τ=0, γ=0.01, and Γθ = 0.05.
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case, the amplitude of at least one absorber is significantly increased
by gravitational effects.

Case 4: n= 2, N= 3. In this case, there are again three groups, as
indicated by the example shown in Fig. 9. The feature of interest
here is that each response has harmonics at orders 1 and 2 and
that here these harmonic amplitudes are relatively equal for all

three absorbers for these parameter values, but their phasing leads
to distinct waveforms. Figure 10 shows the amplitudes of the
second-order components of the three absorbers as a function of
the torque level. The amplitude of the order one components is pro-
portional to γ and is independent of the torque level.

Case 5: n= 2, N= 4. This is a common arrangement of four
absorbers in a four-cylinder engine. An example of this behavior
is depicted in Fig. 11. In this case, there are two groups, absorbers

Fig. 9 Steady-state response of absorbers versus the rotor
angle for n=2 and N=3 (computed using Eq. (23)). Parameter
values: ϵ=0.1065, σ=0.02, μa=0.04, τ=0, γ=0.03, and
Γθ = 0.01.

Fig. 8 Steady-state response amplitudes of the absorbers
versus the torque amplitude for n=1 and N=3 (computed
using Eq. (26)). Parameter values are the same as for Fig. 7
except that Γθ is varied.

Fig. 10 Amplitudes of the second-order harmonic of the
steady-state responses of the absorbers versus the torque
amplitude for n=2 and N=3 (computed using Eq. (23)). Parame-
ter values are the same as for Fig. 9 except that Γθ is varied.

Fig. 12 Steady-state response of absorbers versus the rotor
angle for n=1.5 and N=3 (computed using Eq. (21)). Parameter
values: ϵ=0.1065, σ=0, μa=0.03, τ=0, γ=0.05, and Γθ = 0.02.

Fig. 11 Steady-state response of absorbers versus the rotor
angle for n=2 and N=4 (computed using Eq. (23)). Parameter
values: ϵ=0.142, σ=0, μa=0.04, τ=0, γ=0.05, and Γθ = 0.02.

Fig. 13 Steady-state response of absorbers versus the rotor
angle for n=1.5 and N=2 (computed using Eq. (21)). Parameter
values: ϵ=0.071, σ=0, μa=0.03, τ=0, γ=0.05, and Γθ = 0.02.
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1 and 3 in one group and absorbers 2 and 4 in the other group.
Again the amplitude can have nonmonotonic dependence on the
torque amplitude, due to the resonant term from gravity at
second-order.

Case 6: n= 1.5, N= 3. This is another common application, a
three-cylinder engine with three absorbers. This is a nonresonant
case with a single group, an example of which is shown in
Fig. 12. Here, the amplitude of the absorbers monotonically
increases as the torque level is increased.

Case 7: n= 1.5, N= 2. This is also a nonresonant case but with
two groups, here implying that each absorber has a unique wave-
form, an example of which is shown in Fig. 13. The waveforms
appear to be similar, but a close examination of the peaks reveals
that they are distinct. Here, the amplitude of the absorber monoton-
ically increases as the torque level is increased.

5 Conclusions
The results presented in this article describe the effects of gravity

on rotor systems fitted with identical, cyclically arranged CPVAs.
The results build and significantly expand on the preliminary
results offered by Theisen [3], Shi et al. [9], and Mu [10]. The
main objectives of the present effort were as follows: (i) to
predict the grouping behavior of the absorbers for arbitrary
numbers of CPVAs, N, and engine orders, n; (ii) to carry out a sys-
tematic analysis of the effects of direct and parametric excitation
from gravitational effects for the linearized model for all realistic
values of N and n; and (iii) finally, to investigate in detail the
special cases of engine orders n= 1, 2 where resonance effects
arise. These investigations were carried out based on a linearized
mathematical model, using mathematical tools from perturbation
theory and circulant matrices, for which the theoretical results
were confirmed using numerical simulations.
The grouping analysis is quite general and is used to predict the

waveforms of the absorbers” responses and how these organize
themselves for different values of N and n. The main results are
summarized in Table 3, where the numbers of groups are provided
along with the phase shifts between absorbers of the same group.
The present results are expected to be valid for a wide range of
motions for tautochronic path absorbers, which remain essentially
linear out to large amplitudes [6]. The main caveat to this observa-
tion is that systems of identical absorbers can undergo dynamic
instabilities due to nonlinear coupling [4–6], and this may result
in a breakdown of the present analysis; in fact, this is signaled by
the singularities in the present results for very small damping and
detuning. The analysis in Ref. [3] indicates that the weakly nonlin-
ear response for systems with circular path absorbers with gravity
follows the same grouping behavior (which was not analyzed in
Ref. [3]), but that the absorber response curves follow a softening
Duffing type behavior. This is expected, since the grouping analysis
relies on the fact that the absorber response is dominated by
harmonics at orders 1 and n, which will be true even for circular
path absorbers.
The investigation on the effects of the gravitational parametric

excitation on the system allowed us to distinguish between two
main cases: the resonant cases n= 1, 2, where both gravity and
applied torque contribute to the order n component of the absorber
response, and the nonresonant cases n≠ 1, 2, where the effects of

the applied torque and gravity are independent. The present
results offer approximate analytical expressions for the steady-states
responses that match the general form assumed for the grouping
analysis, which holds for all values of N and n, and match numerical
simulations of the full model EOM.
For the resonant cases, one can determine the conditions on phys-

ical parameters at which the absorber motions have roughly equal
components from the applied torque and gravity. Based on the ana-
lytical results, it is seen that for order 1, this condition is given by
Γθ/γ ∼ 1, which translates to T0 R0/Jrot g∼ 1. For order 2, this con-
dition is given by Γθ/γ2 ∼ 1 which translates to T0R2

0Ω
2/Jrotg2 ∼ 1.

The absorbers will function with the correct phase only when the
applied torque is sufficiently large so that these ratios are signifi-
cantly larger than unity.
The response of the rotor, which is the ultimate goal of the

CPVA system, can be compared to the response with the absorbers
locked. The absorbers, in the absence of gravity and if properly
tuned, generally reduce the amplitude of rotor vibration.
However, when gravity acts on the system, as seen herein, for
the resonant cases n= 1, 2, the absorber amplitudes and phases
have a complicated dependence on the ratio Γθ/γn. In these
cases, at relatively small torque amplitudes, the absorbers can
amplify the rotor vibrations, but at larger torque amplitudes, the
absorbers perform as desired. The importance of these effects
will depend on the specific system parameters and operating
conditions.
Generally, for N> 1, except in the resonant case n=N= 2, the

cyclic nature of the absorber response due to gravity results in
their net cancellation in the rotor response, so that previous work
on CPVAs generally carries over. Specifically, except for the
cases N= 1 and n=N= 2, gravity does not affect the response of
the rotor to the present level of analysis, even though gravity has
a significant effect on the response of the absorbers. However, for
a single absorber (N= 1), there is no such cancellation and the
gravity term directly affects the rotor response. For n≠ 1, N= 1,
the effects from gravity and the torque are independent, since
they are at different orders. However, for n= 1, N= 1, the effects
combine and can result in amplification of the rotor vibrations, as
described in case 1 in Sec. 4. For n=N= 2, the resonance causes
gravity to affect the second-order absorber response and results in
its non-monotonic amplitude as the torque is varied, and the
attendant nonmonotonic effect on the rotor response, as described
in case 2 in Sec. 4.
Note that this study does not give specific information about the

stability of the response, which is of particular interest in the reso-
nant cases n= 1, 2. The possibilities for instabilities are indicated in
cases where the response predicted by this linear analysis can
become unbounded for small detuning and damping. To extend
the present analysis, it would be necessary to investigate nonlinear
system models with gravity, along the lines of the preliminary
study of Theisen [3]. This would provide stability information
about the response and would also provide important information
about the higher order harmonic components in the rotor response
[21,22]. In addition, future work on this topic should include exper-
imental verification of the analytical predictions provided by the
present study (see Table 4).
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Appendix
Grouping Behavior Proof. Given the general structure of pos-

sible steady-state solutions derived in Secs. 3.2 and 3.3 for N
equally spaced absorbers on a rotor subjected to an order n excita-
tion and gravity, a question arises: Which absorbers can belong to a
subgroup where each member of the subgroup has an identical,
phase-shifted response to any other absorber in the subgroup? To
address this question, a smallest shift index ℓ is identified such
that, if possible, sj(θ+ψ)= sj+ℓ(θ) for some angle ψ∈ (0, 2π).
Upon identifying this smallest index ℓ, every ℓth absorber counting
from absorber j along the rotor belongs to a subgroup that includes
the jth absorber. The proof below will demonstrate that the index ℓ
divides N (the number of absorbers) evenly, as it must, so that the
number of absorbers per subgroup is N/ℓ.
The template steady-state solution indicated in Eq. (A1) of

Lemma 1 represents all possible steady-state solutions cases.
Choices for absorber amplitude coefficients A, B, and C, and
phase angles ρA, ρB, and ρC are case dependent. The steady-state
response of the jth absorber in the case where engine order n≠ 1,
2 is identified in Eq. (21) (and so B= 0 in this case). When n= 2,
Eqs. (22) and (23) identify the steady-state response when the
number of absorbers N≤ 2 and N> 2, respectively. On the other
hand, for n= 1, Eqs. (25) and (26) give the steady-state solution
for the cases for N= 1 and N > 1, respectively. Without loss of gen-
erality, the coefficients A, B, and C can be assumed real, because if
they are complex, phase angles ρA, ρB, and ρC can be adjusted to
create an equivalent expression where A, B, or C are positive real
values. The absorber vibration amplitudes are 2A, 2B, and 2C
because the complex conjugate of each exponential term is added
back as part of the templated solution. For the derivations in this
Appendix, the specific values of A, B, and C are unimportant,
because the investigation here centers on when a phase angle
shift ψ is mathematically possible for a given modeling scenario
defined by the values for N and n; the amplitudes are unimportant
for determining when this can be so. Likewise, the actual constant
values of ρA, ρB, and ρC are not important, as these variables fall
away from simplified congruencies that identify when a phase
angle ψ exists such that Eq. (A3) can be satisfied. Of course, the
nature of the waveforms in each group depend on these amplitudes
and phases, and expressions for these are provided in this article.
Concepts and notation from elementary number theory facilitate

the proofs that follow. Specifically, an integer p is said to divide
integer q if and only if there is a positive integer c such that q
can be written as q= c · p. The notation for indicating that p
divides q is follows:

p|q
Two integers p and q are said to be relatively prime if the only pos-
itive integer that divides both p and q is 1. For example, p= 21 and
q = 10 are relatively prime, because the only positive integer divisor
shared by both p and q is 1. Also, the greatest common divisor of
two integers p and q is denoted by

gcd (p, q)

and is defined to be the largest positive integer that divides both p
and q. For p= 21 and q= 10, the greatest common divisor is
gcd(21, 10)= 1. On the other hand, gcd(21, 15)= 3. Finally, as
usual, we denote the set of integers by Z.
The Lemmas and Theorem below assume order n to be a proper

fraction a/b. That is, n= a/b where integers a and b have a greatest
common divisor of 1: gcd(a, b)= 1. For four-stroke internal com-
bustion engines with an even number of cylinders, b= 1 and a is
half the number of cylinders. For four-stroke internal combustion

engines with an odd number of cylinders, b= 2 and a is the
number of cylinders. For some technologies available today (for
example, dynamic skip fire where cylinder firing densities can be
prescribed), more exotic engine orders are possible, but always in
the form of a rational number n= a/b.
LEMMA 1. Let engine order n= a/b, where a and b are relatively

prime integers (no common prime factors). Suppose there are N
absorbers, and that N≥ 2. Let integer ℓ be selected from
{1, 2, . . .N − 1}. Define f= gcd(a, N), and let a1= a/f and N1=
N/f (so that a1 and N1 are relatively prime). The general
steady-state form of the jth absorber can be expressed as follows:

sj(θ) = Aei(nθ+ρA) + Bei(nθj+ρB) + Cei(θj+ρC ) + c.c. (A1)

where A, B, and C can be considered positive real coefficients; ρA,
ρB, and ρC allow for phase differences between harmonic compo-
nents; c.c. denotes the complex conjugate of the preceding terms;
and θj= θ+ (2π( j− 1))/N. Let k= j+ ℓ (so that absorber k is an
absorber ℓ circumferential sections from absorber j), and define

sk(θ) = Aei(nθ+ρA) + Bei(nθj+n
2πℓ
N +ρB) + Cei(θj+

2πℓ
N +ρC ) + c.c. (A2)

Then, there exists a phase angle shift ψ such that

sj(θ + ψ ) = sk(θ) (A3)

if and only if there is an integer q such that

bN1|(ℓ + Nq) (A4)

Proof. The condition that sj(θ+ψ)= sk(θ) implies that

nψ ≡ 0 (mod2π) (A5)

θj +
2πℓ
N

≡ θj + ψ (mod2π) (A6)

Congruence (A5) holds if and only if there exists an integer p
such that

n · ψ
2π

= p (A7)

Congruence (A6) holds if and only if there exists an integer q
such that

2πℓ
N

= ψ − 2π · q

which holds if and only if

ℓ

N
=

ψ

2π
− q (A8)

It follows that a phase angle ψ exists if and only if there exist inte-
gers p and q such that

ℓ

N
+ q

( )
n = p (A9)

Equation (A9) holds if and only if

(ℓ + Nq)
n

N
∈ Z

⇔ (ℓ + Nq) · a
b
· 1
N

∈ Z

⇔ (ℓ + Nq) · a1f

bN1f
∈ Z

⇔ (ℓ + Nq) · a1
bN1

∈ Z

(A10)

Because bN1 has no common factors with a1, relation (A10) can be
true if and only if bN1|(ℓ+N q). ▪
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LEMMA 2. Let ℓ, f, q, and N1 be defined as in the previous lemma.
Suppose that bN1|(ℓ+Nq). Then, N1|ℓ.
Proof. This is an immediate consequence of the hypothesis that
bN1|(ℓ+Nq). To demonstrate that N1 must divide ℓ, observe that
ℓ+N1fq= cbN1 if and only if

ℓ = cbN1 − N1fq

= (cb − qf )N1

ℓ ∈ {1, 2, . . .N − 1}, so ℓ≥ 1, which implies the integer coefficient
cb− qf ≥ 1, which implies that N1|ℓ. ▪
THEOREM 1. Let f, N1, n= a/b, and N be defined as in Lemma 1.

Let f> 1, so that N1=N/f<N. Then, ℓ = N1 ∈ {1, 2, . . . , N − 1} is
the smallest shift index for which there is a phase angle shift ψ so
that Eq. (A3) is satisfied. Shift index N1 corresponds to a phase
angle satisfying

ψ ≡
2π
f

(mod 2π) (A11)

Proof. Because gcd(a, b)= gcd(a1 · f, b)= 1, it follows that
gcd( f, b)= 1. Bezout’s identity3 can be applied to conclude that
there exist integers q′ and c′ such that

gcd(b, f ) = 1 = c′b − q′f (A12)

Multiplying the last equation through by N1, it follows that

N1 + q′N1f = c′bN1 (A13)

This implies that bN1|(N1+ q′ N1 f ). Then, Lemma 1 shows that N1

is a shift index for which a phase angle ψ exists such that Eq. (A3)
holds. The previous Lemma shows that N1 always divides a shift
index; hence, N1 is the smallest shift index possible for which a
phase angle ψ exists such that Eq. (A3) holds. Congruence (A11)
follows from Eq. (A6) when ℓ=N1. ▪
Remarks. Lemma 2 implies that if f= 1, and hence that N1=N,
there is no shift index ℓ ∈ {1, 2, . . .N − 1}; in this case, every
absorber has a unique waveform. For f≥ 2, when ℓ= d N1, where
d ∈ {1, 2, . . . f − 1}, Eq. (A13) can be multiplied through by d to
show that dbN1|(d N1+ d q′ N1 f ), which shows that there exists a
ψ such that sj(θ + ψ) = s([j+dN1]modN)(θ).
The parameter ℓ is a generator of an additive subgroup within the

additive group ZN. (ZN is the group of integers with addition modulo
N as the group operation.) Starting at an index k∈ZN, and repeat-
edly adding ℓ using addition modulo N, generates a subgroup of
indexes in ZN = {0, 1 . . .N − 1}, where each element of the sub-
group identifies a single absorber along the rotor. The order of
element ℓ∈ ZN defines the cardinality of the subgroup, and
hence, the number of absorbers in the subgroup, all of which
have identical but phase-shifted responses.
The results of Theorem 1 can be used to express the information

in Table 3 in a more rigorous, abstract, and compact manner. ▪
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