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Locally resonant materials allow for wave propagation control in the subwavelength
regime. Even though these materials do not need periodicity, they are usually designed
as periodic systems since this allows for the application of the Bloch theorem and analysis
of the entire system based on a single unit cell. However, geometries that are invariant to
translation result in equations of motion with periodic coefﬁcients only if we assume plane
wave propagation. When wave fronts are cylindrical or spherical, a system realized through
tessellation of a unit cell does not result in periodic coefﬁcients and the Bloch theorem
cannot be applied. Therefore, most studies of periodic locally resonant systems are
limited to plane wave propagation. In this article, we address this limitation by introducing
a locally resonant effective phononic crystal composed of a radially varying matrix with
attached torsional resonators. This material is not geometrically periodic but exhibits effective periodicity, i.e., its equations of motion are invariant to radial translations, allowing the
Bloch theorem to be applied to radially propagating torsional waves. We show that this
material can be analyzed under the already developed framework for metamaterials. To
show the importance of using an effectively periodic system, we compare its behavior to
a system that is not effectively periodic but has geometric periodicity. We show considerable
differences in transmission as well as in the negative effective properties of these two
systems. Locally resonant effective phononic crystals open possibilities for subwavelength
elastic wave control in the near ﬁeld of sources. [DOI: 10.1115/1.4052748]
Keywords: dynamics, materials in vibration and acoustics, vibration control, vibration
isolation

1 Introduction
Engineered periodic materials, usually referred to as phononic
crystals (PCs), allow for unprecedented ways of wave propagation
control [1,2]. PCs can be designed to obtain attenuation in selective
frequency ranges [3,4] or even to actively tune these ranges to
adjust to external stimuli on demand [5–7]. PCs can achieve negative refraction [8], break the diffraction limit [9], and even provide
robust topological wave guiding [10–13].
Since the functionality of PCs relies on the phenomenon of Bragg
scattering, the wavelengths at which PCs work are closely related to
the length scale of the system [14]. This becomes a limitation when
trying to control waves at low frequencies because it results in
impractically large systems or the need for extremely soft materials.
The introduction of locally resonant materials, typically referred to
as acoustic metamaterials, has provided a means of controlling
waves in the subwavelength regime [15]. This not only allowed
for low-frequency wave propagation control using relatively small
features but also introduced other interesting phenomena such as
negative effective properties [15] and enhanced damping [16].
Locally resonant materials do not need periodicity and even a
single resonator can display negative effective properties [17] or
provide vibration suppression [18]. However, involving periodicity
in these systems allows for the application of the Bloch theorem and
calculation of the band structure [14]. In this way, the behavior of
the inﬁnite system can be understood through the analysis of a
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single unit cell. This becomes particularly useful when dealing
with complex geometries, multiple resonators, and two-dimensional
(2D) and three-dimensional structures and has motivated the
designs of locally resonant metamaterials to be periodic. In fact,
many of the novel behaviors of locally resonant elastic metamaterials have been achieved using periodic systems. For example, negative refraction and super resolution have been achieved for square
[19] and hexagonal [20,21] periodic resonator arrays, and the phenomenon of metadamping [16] was ﬁrst shown for one-dimensional
(1D) periodic systems.
All these studies use the Bloch theorem for analysis, and this
theorem requires periodic coefﬁcients in the equations of motion.
This is why the study of periodic locally resonant materials in all
the aforementioned references is limited to periodic systems with
lattice vectors in a Cartesian coordinate system (or alternatively,
in the far ﬁeld of sources); it is for these lattice vectors that the equations of motion result in periodic coefﬁcients when the system is
geometrically periodic (i.e., geometry is invariant to translations
along lattice vectors). On the contrary, when the material is invariant to translation along lattice vectors in cylindrical or spherical
coordinates (or alternatively, in the near ﬁeld of sources), the equations of motion that describe their behavior lack periodic coefﬁcients and Bloch analysis cannot be applied [22–24]. In fact, most
studies that deal with PCs for cylindrical waves rely on analysis
of the ﬁnite structures [25–27] or far-ﬁeld approximations [28,29].
When it comes to near-ﬁeld vibrations, where wave fronts cannot
be approximated as plane, we must appeal to other solutions to be
able to apply Bloch analysis and thus utilize typical well-studied
properties of local resonant systems mentioned in references
herein. In this area, radial wave crystals have shown that through
anisotropic radially varying material properties, the acoustic and electromagnetic equations of motion can be forced to have periodic
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2 LREPC Derivation
To derive and analyze the LREPCs, we ﬁrst derive the equations
of motion for a cylindrical torsional wave propagating through a
heterogeneous material with varying thickness and a distributed
external moment, the latter of which will ultimately capture the
effects of local resonances. Assuming small tangential displacements independent of out-of-plane thickness and axisymmetric
wave propagation, the global equilibrium of an inﬁnitesimal cylindrical element (Fig. 1(a)) results in,
I

∂2 θ(r, t) ∂T(r, t)
dr + M(r, t)dr
=
∂t 2
∂r

(1)

where θ is the angular displacement, I is the polar mass moment of
inertia of the ring around its center, T is the torque on the inner ring
of the inﬁnitesimal element, and M(r, t) is a distributed external
moment (moment per unit radius). The torque can be expressed
as follows:
T(r, t) = 2πrh(r)rσ rθ (r, t)

(2)

where h(r) is the out-of-plane thickness and σrθ is the shear stress.
Assuming a linear isotropic material, the stresses can be written
in terms of the tangential displacements as follows:


∂uθ (r, t) uθ (r, t)
−
T(r, t) = 2πr 2 h(r)μ(r)
∂r
r
∂θ(r, t)
3
(3)
= 2πr h(r)μ(r)
∂r
where μ(r) is the material shear modulus and uθ = rθ is the tangential displacement. Given that the polar mass moment of inertia of the
inﬁnitesimal ring is
I = ρ(r)(2πrdr)h(r)r 2

(4)

we can combine Eqs. (1), (3), and (4) to obtain the equations of
motion for radially propagating torsional waves,


∂2 θ(r, t) ∂
∂θ(r, t)
3
2πr
+ M(r, t) (5)
=
μ(r)h(r)
2πr 3 ρ(r)h(r)
∂t 2
∂r
∂r
We add an inﬁnite set of resonators of equal torsional stiffness, βr,
and equal polar mass moment of inertia, Ir, periodically spaced a
distance Δr from each other (Fig. 1(b)) to Eq. (5), by considering
them as moments distributed along an inﬁnitesimal ring and
adding an extra degree-of-freedom per resonator. Thus, the set of
equations that describes this system is
⎧

 
⎪
∂2 θ(r, t) ∂ 3
∂θ
⎪
3
⎪
r
+
B(r)
=
A(r)
βr (θ(ri , t) − θi (t))δ(r − ri )
r
⎨
∂t 2
∂r
∂r
i
⎪
⎪
d 2 θi (t)
⎪
⎩
Ir
= βr (θi (t) − θ(ri , t))
dt2
(6)
where B(r) = 2πρ(r)h(r) is the matrix density function, A(r) = 2πμ(r)
h(r) is the matrix stiffness function, δ(r) is the Kronecker-Delta
function, θi is the angular displacement of resonator i, ri = r0 +
iΔr is the location of resonator i, and r0 is the internal radius
(Fig. 1(d)). Note that μ, ρ, and h are the shear modulus, density,
and out-of-plane thickness of the material to which the resonators
are attached (light gray in Fig. 1), and they are assumed to be a function of the radius. For the remainder of this article, we refer to the
material to which resonators are attached as the matrix.
Inspection of Eq. (6) shows that periodic material properties and/
or thicknesses (i.e., periodic A(r) and B(r)) do not yield equations
with periodic coefﬁcients. Neither will we have periodic coefﬁcients if the material properties and thickness of the matrix are constant. This is different from the case of plane waves in for example
strings [30], bars [31], beams [36], shafts [34], or plates [37] with
local resonances. Generally, the Bloch theorem in our case cannot
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coefﬁcients [23], resulting in high Q-factor Fabri-Perot-like resonances. In elastic waves, the authors’ recent work proposed a combination of periodic plus isotropic radially varying material properties
that cause the equations of motion for radially propagating torsional
waves to be equivalent to those that describe wave propagation in a
Cartesian phononic material [22]. In this way, we extrapolated the
typical Bloch analysis in Cartesian systems to realize band gaps
and topological interface modes in cylindrical coordinates [22].
These materials are termed effective phononic crystals (EPCs),
since, even though they are not geometrically periodic, their equations of motion effectively describe a PC. However, both radial
wave crystals and EPCs are based on the Bragg scattering mechanism
(with the limitations this entails) and have not included nor analyzed
the effects of local resonances in the near ﬁeld of sources.
In this article, we extend the concept of EPCs [22] to include
local resonances in what we term a locally resonant effective phononic crystal (LREPC). We present a method that enables properties of Cartesian periodic locally resonant systems to be realized
with cylindrical wave fronts that are present in the near ﬁeld of
point sources in 2D. We show that by prescribing radially
varying material properties in the host medium and torsional local
resonances, we can reduce the equations of motion of radial torsional waves to those of axial waves in strings [30] or bars [31]
with local resonances, allowing the calculation of band structures
based on methods already developed in these references. We
focus here on radial torsional waves, which are relevant in rotating
machinery such as turbines, compressors, and engines [32];
however, extrapolation to other polarizations can be done using
an equivalent analytical treatment [22]. In fact, even though torsional vibrations are problematic in many mechanical systems,
the work on locally resonant materials for torsional waves is
limited to only a few studies [33,34], both of which deal with
plane wave propagation in Cartesian directions (i.e., torsional
waves propagating along a Cartesian axis).
To investigate LREPCs, we ﬁrst construct their equations of
motion by describing them as radially dependent heterogeneous
material with distributed moments that account for the torsional
resonators. We then use the ﬁnite element method to solve the 1D
equation of motion of torsional waves propagating through a
ﬁnite LREPC and calculate its transmission. We show that the behavior of the LREPC is independent of unit cell truncation and can be
predicted by the analytical band structure analysis. To show the
advantages of using LREPCs, we compare transmission of the
ﬁnite LREPCs with that of systems that are geometrically periodic
but not effectively periodic. We refer to the latter as the homogenous system (HS) due to its independence of material properties
on radius. We present three different comparisons. For the ﬁrst
two, we compare using the nondimensional parameters for stiffness,
moment of inertia, and frequency that are typically used for the
parametric analysis of locally resonant systems [30]. We ﬁrst
compare transmission of the LREPC with an HS that has equivalent
stiffness and moment of inertia nondimensional parameters.
However, in this case, the resonators of the HS have different resonant frequencies. Thus, we construct a second comparison between
an LREPC and an HS that has equal stiffness and frequency nondimensional parameters. In both of these comparisons, imposing the
respective nondimensional parameters to be equal forces each of
the resonators of the HS to have different stiffness and moment
of inertia. Thus, we make a third comparison with an HS with resonators that are all equal and the same as those of the LREPC. Since
the response of locally resonant material is strongly affected by its
overall stiffness, we set the static torsional stiffness of the ﬁnite
LREPC and HS to be the same in this comparison. Finally,
because many of the novel wave phenomena of locally resonant
systems arise from their negative effective properties [35], we calculate the ranges of negative effective dynamic moment of inertia
for the LREPC and all three cases of HS. By comparing transmission and effective properties of the LREPC and the HS, we aim
to show the possible advantages of using an LREPC when
dealing with radial torsional waves.

be applied, and the analysis used in these references becomes
invalid unless we ﬁnd a way to force periodic coefﬁcients in the
equations of motion. Thus, we deﬁne A(r) and B(r) not to be periodic or constant, but to be such that the equations of motion are
periodic. We can do this by setting,
⎧
A
⎪
⎨ A(r) = 30
r
(7)
⎪
⎩ B(r) = B0
r3
where A0 and B0 are constants that scale the stiffness and density,
respectively, of the underlying media in the LREPC. Essentially,
to physically realize the LREPC, the products of the matrix
modulus and the matrix density with its thickness must be inversely
proportional to r 3. For example, one way of physical realization is
to have a matrix made of a homogenous material and vary its thickness with r −3. The equations of motion for this selection of A(r) and
B(r) reduce to
⎧
⎪
∂2 θ(r, t)
∂2 θ 
⎪
⎪ B0
= A0 2 +
βr (θ(ri , t) − θi (t))δ(r − ri )
⎨
2
∂t
∂r
i
(8)
⎪
⎪
d 2 θi (t)
⎪
⎩
Ir
= βr (θi (t) − θ(ri , t))
dt2
These equations are now invariant to translations of the form r →
r + iΔr, and thus, we can apply the Bloch theorem. In fact, these
equations are equivalent to those of the systems in Refs.
[30,31,34,36], and thus, analysis therein is valid here as well
without parametric limitations. Note that the system we have developed does not have geometric periodicity (i.e., we cannot translate a
unit cell along its radial lattice vector to recover the full system), but
its equations of motion have periodic coefﬁcients, and thus, its
behavior will mimic that of a Cartesian geometrically periodic
system. This system is effectively periodic and contains local resonances, and thus, we refer to it as a LREPC.
The analysis of LREPCs is straightforward, since their equations
of motion are equivalent to the well-known one-dimensional Cartesian system with periodic local resonances. The dispersion relation
for this system can be obtained by applying the Bloch theorem
using an LREPC unit cell (Fig. 1(c)) [30]:
P
cos (kΔr) = cos (κΔr) − sin (κΔr)
2

(9)

B0
k is the Bloch wave number, κ = ω
, and
A0
2
ω Ir β r
. Here, the deﬁnition of the unit cell is strictly
P=
A0 κ(βr − ω2 Ir )
mathematical and in terms of the equations of motion. We deﬁne
the unit cell of the LREPC as the geometry that when tessellated
in space by its lattice vectors (in this case, Δrêr ; see Fig. 1(b)),
keeps its equations of motion invariant. This is different from the
typical geometrical deﬁnition of unit cell, where tessellation of
the unit cell results in the entire geometry. Following the

where
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normalization given in Ref. [30], we deﬁne the following set of nondimensional parameters for the LREPC,
I LREPC = Ir
B0 Δr

(10)

β Δr
βLREPC = r
A0

(11)

ω
 LREPC =

ωr
ω0

(12)

π A0
is the Bragg frequency associated with the unit
Δr B0
cell and the overbar indicates a nondimensional parameter. Note
that the quasi-static torsional stiffness of the matrix material of a
A0
and its moment of inertia
unit cell of the LREPC is βmLREPC =
Δr
ImLREPC = B0 Δr (see Appendices A and B for the calculation of stiffness and inertia of the matrix). Thus, we can interpret Eqs. (10) and
(11) as inertia and stiffness ratios of resonators to the matrix material, respectively. The dispersion relation can then be written in
terms of these nondimensional quantities as follows:




ω
Q
ω
π − sin
π
(13)
cos (kΔr) = cos
ω0
2
ω0
where ω0 =

I LREPC π ω
 2LREPC (ω/ω0 )
. Note that βLREPC does not
2
 LREPC − (ω/ω0 )2
ω
appear in this expression for the dispersion relation because only
two of the three nondimensional parameters in Eqs. (10)–(12) are
independent. For example, algebraic manipulation results in
1 βLREPC
 LREPC =
, and we could rewrite Eq. (13) in terms of
ω
π I LREPC
βLREPC instead of I LREPC . We introduce all three of these parameters
because they will later become useful when comparing the LREPC
with a noneffectively periodic system.

where Q =

3 Comparisons Between LREPCs and Homogenous
Systems
To understand the advantages of using an LREPC, particularly
when it comes to near-ﬁeld vibrations, we compare it to a material
whose matrix consists of constants μ, ρ, and h (Eq. (6)):
AHS (r) = A0HS
BHS (r) = B0HS

(14)

where A0HS and B0HS are stiffness and density constants, respectively. We refer to this system as the HS. The HS has material properties that are independent of radius, and thus, we can deﬁne a unit
cell in the HS that results in the entire geometry when tessellated
JUNE 2022, Vol. 144 / 031007-3
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Fig. 1 (a) Inﬁnitesimal radial element with a distributed moment, (b) inﬁnite LREPC with local
torsional resonances, (c) LREPC unit cell, and (d) ﬁnite four-unit cell LREPC with local
resonances

3.1 Comparison Between LREPC and Homogenous System
Based on Stiffness, Mass, and Frequency Ratios. To compare the
LREPC and HS with equal nondimensional parameters, we ﬁrst
deﬁne these parameters for the HS. Equations (10) and (11) can be
interpreted in terms of resonator to matrix stiffness and inertia
ratios, respectively. Thus, we deﬁne the stiffness and inertia nondimensional parameters of the HS based on this interpretation.
β
βHS = r =
βmHS

β
r2 2 
r r
2A0HS 2 2 1 2
r2 − r1

Ir
I HS = Ir =
ImHS B0HS 4
(r − r14 )
4 2

(15)

(16)

where βmHS and ImHS are quasi-static torsional stiffness and inertia of
the unit cell of the matrix of the HS (see Appendices A and B for
further details), r1 = r0 + (n − 1)Δr and r2 = r0 + nΔr, where n is
 , we deﬁne an analogous ω0
the unit cell number. Finally, for ω
based on the matrix material properties,
 HS =
ω

ωr
ωr
=
ω0HS
π A0HS
Δr B0HS

(17)

Note that ω0HS is not the Bragg frequency of the HS, but it is deﬁned in
an analogous way as ω0. In fact, a Bragg frequency does not exist for
the HS since it is not effectively periodic. Both βHS and I HS are
031007-4 / Vol. 144, JUNE 2022

dependent on the radial location of the unit cell. This is a direct
result of the material not being effectively periodic. Furthermore,
they each have a different dependence on radius. Thus, forcing
these two parameters to be the same in all units changes the resonance
 HS for each unit
frequencies of the resonators, resulting in different ω
 HS and βHS (or I HS ) to be the same in all
cell. Similarly, if we ﬁx ω
units, then I HS (or βHS ) will vary. In summary, only two of these
three parameters can be ﬁxed to be equal to those in the LREPC in
all units, and the other one must be allowed to vary.
Here, we analyze two cases: one where βHS and I HS are ﬁxed to
 HS is allowed to vary, and one
be equal to those of the LREPC and ω
 HS are ﬁxed to be equal to those of the LREPC and
where βHS and ω
I HS is allowed to vary. Fixing I HS and ω
 HS has an analogous result
 HS , and thus, we exclude it from this article since
to ﬁxing βHS and ω
it does not add any further understanding. For all comparisons, we
keep the shear wave speed of the matrix the same in the LREPC and
A0 A0HS 
=
, and thus, ω0HS = ω0 .
HS i.e.,
B0 B0HS
3.1.1 βLREPC = βHS and ILREPC = IHS . We ﬁrst impose
βLREPC = βHS and I LREPC = I HS in all units. To see the effect these
constants have on the LREPC and HS systems, we calculate the
 , and transmission for both the
band structure of the LREPC, ω
LREPC and HS for different values of βLREPC and I LREPC (Fig. 2).
Forcing stiffness and inertia parameters to be equal in the LREPC and
 LREPC , which is more pronounced at smaller r0/Δr
 HS ≠ ω
HS imposes ω
 LREPC as the unit cell number
(Fig. 2(b)). Furthermore, ω
 HS  ω
increases (Fig. 2(b)). Thus, the behavior of the last few units of the
HS should approach those of the LREPC. This will affect the effective
dynamic moment of inertias of each unit cell of the HS (Sec. 4).
β
β
As r0/Δr increases, HS  LREPC and the resonator resonances
I HS
I LREPC
of the HS converge to those of the LREPC (Fig. 2(b)). Thus, the
transmission response of the HS approaches that of the LREPC
(Figs. 2(c) and 2(d)). This is analogous to the far ﬁeld of sources
where waves are approximately plane.
Transmission reduction of the LREPC (Figs. 2(c) and 2(d))
agrees well with the predicted band gaps from dispersion
(Fig. 2(a)) for all βLREPC and I LREPC . As expected, as these nondimensional parameters increase, the band gap width increases
(Fig. 2(a)), which is also reﬂected in the transmission curves
(Fig. 2(c)). We do not include the response of the LREPC for different r0/Δr in Figs. 2(c) and 2(d) because the response of the
LREPC is independent of this ratio since it is effectively periodic.
The varying material properties of the LREPC compensate for diffraction typical of cylindrical waves, and thus, we see no reduction
in transmission outside the band gap region. Essentially, radial torsional waves in the LREPC behave as plane waves, and thus, they
do not show fundamental features of cylindrical waves such as
complex acoustic impedance or spatial wave attenuation from diffraction in the nondissipative system. The response of the LREPC
to torsional waves is equivalent to that of a Cartesian system with
periodic local resonances. Therefore, any properties of metamaterials that exist through periodic assumptions and band structure analysis apply to the LREPC in the near and far ﬁelds.
The behavior of the HS, on the other hand, strongly depends on
r0/Δr. In fact, the response of this system is quite different from that
of the LRPEC in the near ﬁeld, i.e., small r0/Δr, for all β and I (Figs.
2(c) and 2(d)). The detuning of resonators of the different unit cells
(Fig. 2(b)) results in a reduction in transmission that is not aligned
with the band gap predicted by the dispersion curve of the LREPC.
In fact, peaks followed by narrow dips are present in the lower frequency range (Fig. 2(c)). These dips widen as the inertia and stiffness ratios increase (Figs. 2(ci)–2(ciii)) due to the larger resonator
masses. Interestingly, at large β and I, these peaks and dips widen
such that they overlap for the last three resonators (Fig. 2(diii)),
resulting in a rainbow-trapping like effect [38].
The reason for the differences found in this comparison is that the
HS does not have the same resonance frequency in all its resonators.
Transactions of the ASME
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along the radial lattice vector, Δrêr (Fig. 1(c) with constant h and
matrix material properties). In this way, we can say the HS is a geometrically periodic system. However, this system does not have periodic coefﬁcients in the equations of motion (Eq. (6)) and cannot be
analyzed using the Bloch theorem, and therefore, it is not effectively
periodic. Thus, it is not possible to obtain the behavior of the HS
based on a unit cell analysis and the response of the ﬁnite HS will
depend on how we decide to truncate the system [22]. To compare
the LREPC to the HS, we must do so in terms of the response of
their ﬁnite versions. Therefore, we compare the LREPC and the
HS by calculating the transmission of a four-unit cell system
(Fig. 1(d)) for different ratios of internal radius (r0) to periodicity
constant (Δr). We choose four-unit cells because (1) typical periodic
systems approximate the inﬁnite behavior predicted from the band
structure and we expect a four-unit cell LREPC behavior to have
enough units to approximate the band structure prediction and (2)
when using a limited number of unit cells, most of the system
remains in the near ﬁeld, where effective periodicity becomes most
important. We use a 1D ﬁnite element code programmed in
MATLAB to solve for the frequency response of the ﬁnite systems
(Eq. (6)) assuming material properties of Eqs. (7) and (14), for the
LREPC and HS, respectively. We calculate transmission as the
ratio of input to output angular displacements.
In locally resonant systems, the behavior is strongly inﬂuenced
by how stiff and dense the matrix material is compared to the stiffness and moment of inertia of the resonators (Eqs. (10)–(13)). Thus,
a fair comparison between LREPCs and HS is one where the relationship between stiffness and moment of inertia of the matrix materials and those of the resonators of the two systems are somehow
comparable. We can do this by using two different approaches:
(1) deﬁne a set of nondimensional parameters in Eqs. (10)–(12)
for the HS and compare the LREPC to the HS with equal nondimensional parameters and (2) compare the LREPC and HS with equal
torsional static stiffness and equal resonators. For all cases, we calculate the transmission for different internal radii to periodicity
constant ratios, r0/Δr (Fig. 1(d)). The purpose of these case
studies is to show that the LREPC response is different than the
HS in the near ﬁeld, i.e., at small r0/Δr, and gradually converges
to the HS in the far ﬁeld, i.e., as r0/Δr increases.

The lack of effective periodicity of the HS system forces the resonant frequencies of each of its resonators to be different enough
to considerably affect the response when keeping β and I constant
across its units.
 LREPC = ω
 HS . In this next case, we
3.1.2 βLREPC = βHS and ω
 HS = ω
 LREPC to understand what happens
set βHS = βLREPC and ω
when the resonance frequencies of resonators are all the same in
 HS is constant, all resonators of the HS
the HS. Note that since ω
have the same resonance frequency (Eq. (17)). In addition, for βHS
to be constant, the resonators of the HS must have different stiffness
values, since βmHS depends on radius (Eq. (15)). This forces each of
the resonators of the HS to also have different moments of inertia to
keep their resonance frequencies the same. The LREPC used for this
case is the same as for the case of βLREPC = βHS and I LREPC = I HS
(Sec. 3.1.1).
 HS constant results in I HS that varies with radius
Keeping βHS and ω
(Fig. 3(b)). I HS asymptotically approaches I LREPC as unit cell number
increases (Fig. 3(b)) and thus similar to the previous comparison, we
expect the last few units of the HS to behave more similarly to those
of LREPC compared to the ﬁrst few units. As we shall see in Sec. 4,
this will affect the dynamic effective moment of inertia of each unit
cell of the HS. As r0/Δr increases, the difference in I HS and I LREPC
becomes smaller (Fig. 3(b)). Thus, the HS response approaches
that of the LREPC as r0/Δr increases (Fig. 3(c)).
Journal of Vibration and Acoustics

In the near ﬁeld, we observe a different response between the
LREPC and HS, even close to the resonator resonance frequency
 , we observe resonant peaks
(Figs. 3(c) and 3(d)). For all β and ω
of the HS inside the band gap range of the LREPC close to both
the upper and lower edges of the band gap (Figs. 3(c) and 3(d)).
These resonant peaks seem to penetrate further inside the band gap
as stiffness and inertia nondimensional parameters increase (Figs.
3(di)–3(diii)). For higher nondimensional parameters, there is a
peak in HS transmission in the neighborhood of the resonance frequency of the resonator (Fig. (3diii)), which is not present for the
LREPC. This is clear evidence that the behaviors of the systems
are quite different even close to the resonance frequency of the resonators, frequency ranges where these materials are typically designed
to work.
Both of these comparisons show that in the near ﬁeld of sources,
the HS transmission is quite different from that of the LREPC.
Thus, typical properties of periodic locally resonant systems may
not be applicable for the HSs. These transmission results are evidence that to replicate well-known phenomena in periodic locally
resonant systems in the near ﬁeld of sources, one must use an
LREPC.
3.2 Comparison Between LRPEC and Homogenous System
With Equal Static Torsional Stiffness and Resonators. In both
previous comparisons (Sec. 3.1), the resonators of the HS are
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 on unit cell, (c) transmission, and
Fig. 2 (a) LREPC band structure, (b) dependence of ω
(d) zoom in of transmission close to the lower band gap edge of the LREPC. Parameters
βHS = 0.01 and ILREPC = IHS = 1, (ii) 
βLREPC = 
βHS =
for each row are as follows: (i) 
βLREPC = 
βLREPC = 
βHS = 1 and ILREPC = IHS = 100. Black-dotted lines
0.1 and ILREPC = IHS = 10, and (iii) 
indicate the resonance frequency of the LRPEC resonators.

different in each unit cell. Thus, one might argue that differences in
behavior arise from differences in the resonators. In this new case,
we aim to compare an LREPC with an HS that has the same resonators, i.e., each resonator has the same stiffness and moment of
inertia. To make an accurate comparison, we must somehow
relate the stiffnesses and densities of the matrix materials of the
LREPC and HS. To do this, we set the static torsional stiffness of
both ﬁnite systems equal to each other, a possible engineering
requirement in the application of these systems.
The objective of this comparison is to study the possible advantages of LREPCs for vibration control applications. When designing a component, there are usually requirements for loading
bearing capabilities, for example, a minimum static stiffness.
One limitation of locally resonant materials is that the larger the
stiffness of the matrix material (which is what carries the load in
these systems), the larger the resonator masses and stiffnesses
needed for a certain band gap width. This results in more
massive systems (in terms of their total mass, i.e., matrix plus resonators) when larger matrix stiffnesses are required, which can be
undesirable for performance and cost. So for the ﬁnal comparison,
we compare a four-unit cell LREPC with an HS that has the same
quasi-static torsional stiffness and the same resonators.
031007-6 / Vol. 144, JUNE 2022

The static torsional stiffnesses of the ﬁnite four-unit cell of the
LREPC and the HS are (see Appendix A for more details):
A0
rout − r0

(18)

2 2
2A0HS rout
r0
2
rout − r02

(19)

βLREPC =
βHS =

where rout = r0 + 4Δr, is the outer radius of the ﬁnite system. Equating Eqs. (18) and (19) results in,
A0HS =

A0 (rout + r0 )
2 r2
2rout
0

(20)

Note that these equations only deﬁne values of A0HS but not those
of B0HS. To deﬁne B0HS, we consider that in the limit as r → ∞,
both systems should have the same response. This is true if
B0HS = B0 A0HS /A0 , which is equivalent to setting the shear wave
speed of the matrix of the LREPC and HS to be the same.
Interestingly, there is an extra advantage, apart from dynamic
effects, of using the LREPC over the HS. For equal quasi-static
Transactions of the ASME
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Fig. 3 (a) LREPC band structure, (b) dependence of I on unit cell, (c) transmission, and
(d) zoom in of transmission close to the lower band gap edge of the LREPC. Parameters for
 LREPC = ω
 HS = 0.032, (ii) 
βHS = 0.01 and ω
βLREPC = 
βHS = 0.1
each row are as follows: (i) 
βLREPC = 
 HS = 0.032, and (iii) 
 LREPC = ω
 HS = 0.032. Black-dotted lines
 LREPC = ω
βLREPC = 
βHS = 1 and ω
and ω
indicate the resonance frequency of the LRPEC resonators.

stiffness and internal radius, the LREPC has both a lower moment
of inertia and a lower mass compared to the HS (Fig. (4a)) (refer to
Appendices B and C for more details). This means that the LREPC
uses mass more efﬁciently. This can be explained by looking at the
solution to the quasi-static problem with a ﬁxed internal radius and a
prescribed angular displacement on the external radius (Fig. (4b)).
In the HS, the angular displacements signiﬁcantly increase with
radius at lower radii, while displacements are approximately constant at larger radii. This means that the deformation is concentrated
only at very small radii, and most of the material does not deform:
This indicates an inefﬁcient distribution of the stiffness and thus of
the mass of the matrix of the HS. However, in the LREPC, the
angular displacement increases monotonically, meaning the deformation is evenly distributed over the radius. This indicates an efﬁcient distribution of mass, resulting in a lighter system for equal
static torsional stiffness. Lower inertia and mass can be advantageous in rotating systems that need to be accelerated and

decelerated since they require lower forces and thus lower power
to change angular speeds.
Transmissions of LREPC and HS based on this comparison are
shown in Fig. 5. As expected, the LREPC transmission has no
dependence on r0/Δr, and its transmission reduction region agrees
well with the one predicted from dispersion (Figs. 5(a) and 5(b)).
Even though all resonators of the HS and the LREPC are the
same, their response is still considerably different at lower r0/Δr
(Figs. 5(b) and 5(c)). At low ratios, there are large differences
close to the resonator resonance frequencies, where metamaterials
support band gaps. Like the HSs from Sec. 3.1, this HS cannot
support properties that stem from Bloch analysis.
 I, and
To further understand the system behaviors, we calculate β,
 for the HS and the LREPC (Figs. 5(d)–5(f )). Since resonator freω
 ; however, β and
quencies are the same, both systems have the same ω
I are quite different. Contrary to comparisons with equal nondimensional parameters (Sec. 3.1), for a ﬁxed value of r0/Δr, βHS and I HS do

Fig. 5 (a) LREPC band structure, (b) transmission, (c) zoom in of transmission close to the
 for each unit cell. Black-dotted lines indicate
lower band gap edge, (d) 
β, (e) I, and ( f ) ω
the resonance frequency of the LREPC and HS resonators. Dashed lines on (c) represent the response of the LREPC and HS system with rigidly attached resonators. For clarity,
these are plotted only for the LREPC and the HS with the lower r0/Δr.
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Fig. 4 (a) Ratios of mass and moment of inertia of four-unit cell LREPC and HS with equal torsional stiffness and (b) static angular displacements of the LREPC and HS with boundary conditions θ(r0 = 0.01) = 0 and θ(rout = r0 + 4Δr = 0.41) = 1

4 Effective Dynamic Moment of Inertia
Capabilities of locally resonant materials such as negative refraction [20,39], mode conversion [20], and low-frequency vibration
absorption [15] arise from their negative effective dynamic

properties. Here, we compare the effective dynamic moments of
inertia (Ieff) of the LREPC and HS as ﬁnal evidence of how
LREPCs can be advantageous for novel wave propagation control
in the near ﬁeld of sources.
Ieff for a unit cell is numerically calculated by analyzing its
dynamic response to a unit harmonic displacement at its boundary
nodes [40]. Under the long wavelength assumption,
Ieff (ω) =


T(ω)
−ω2 θavg

(21)

where T is the resultant torque on the boundary nodes of the unit
cell (calculated using Eq. (2)) and θavg is the average of the
angular displacements at the boundary nodes of the unit cell.
Figure 6 shows the frequency ranges of negative Ieff of each unit
cell of the LREPC and HS for each of the three comparisons (Sec.
r0
3), taking
= 0.1, βLREPC = 0.01, and I LREPC = 1. Due to its effecΔr
tive periodicity, Ieff for all unit cells of the LREPC are the same.
Similar to a Cartesian periodic locally resonant system, e.g.,
Ref. [17], the frequency range of negative Ieff of all units of the
LREPC align with the band gap frequency range. Because the
LREPC is effectively periodic, the negative Ieff occurs in
the entire system and is independent of radius. On the contrary,
the HS equations of motion are not invariant to translations,
and thus, each of the HS units will have different dynamic effective
properties. In fact, the frequency ranges of negative Ieff are different
for all HSs studied.
For the case where βHS = βLREPC and I HS = I LREPC (Sec. 3.1.1),
the resonators of the HS all have different resonance frequencies
(Fig. 2(bi)). The lower bounds of the range of negative Ieff of this
HS are equal to the resonance frequency of the resonator of each
unit cell (Fig. 6(a)). As the unit cell number increases, the resonance
frequency of the resonators of the HS, and thus, its Ieff, approaches
that of the LREPC. The range of negative Ieff is different for each
unit cell, and there is no overlap of ranges between the ﬁrst unit
and the other three units.
 HS = ω
 LREPC (Sec. 3.1.2) also
The HS where βHS = βLREPC and ω
shows differences in the Ieff of its unit cells (Fig. 6(b)). Since all
its resonators have the same resonance frequency (and equal to
that of the LREPC), the lower bound of the frequency range of negative Ieff for the HS is the same as that of the LREPC. However,
these ranges are smaller in the HS compared to the LREPC, particularly in the ﬁrst few unit cells. This can be explained by looking at
the dependence of I HS on unit cell (Fig. 3(bi)). In the inner unit cells,
I HS are small compared to I LREPC , and thus, the Ieff becomes negative in a narrower frequency region. In the outer unit cells
(approaching the far ﬁeld), I HS converges to I LREPC and thus so
do the Ieff of LREPC and HS.
In the HS with equal static torsional stiffness and resonators
(Sec. 3.2), all resonators are the same (Fig. 5(f)), but the stiffness
and moment of inertias of the HS matrix increase with each unit

r0
Fig. 6 Frequency ranges of negative effective moment of inertia with
= 0.1 for (a) 
βHS =
Δr

βLREPC = 0.01 and IHS = ILREPC = 1, (b) 


βHS = βLREPC = 0.01 and ωHS = ωLREPC = 0.032, and
(c) equal static torsional stiffness and resonators with 
βLRPEC = 0.01 and ILREPC = 1. Inset on
(c) shows zoom in view in the neighborhood of the lower band gap edge of the LREPC.
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not asymptotically approximate βLREPC and I LREPC , respectively, as
the unit cell number increases (Figs. 5(d) and 3(e)). This is
because the matrix of the HS becomes stiffer and more massive (in
terms of the moment of inertia) as radius increases (Eqs. (15) and
(16)). In fact, any HS with equal resonators on all its units will
have decreasing βHS and I HS as unit cell increases. As shown in
Sec. 4, this will affect the effective dynamic properties of this HS
system. However, as r0/Δr increases, the HS transmission approximates that of the LRPEC (Fig. (5c)). This is because as r0/Δr
 HS approach βLREPC , I LREPC , and ω
 LREPC ,
increases, βHS , I HS , and ω
respectively (Figs. 5(d) and 5(e)).
To understand the effect of the resonators on each system, we use
as reference the transmission for both HS and LREPC when resonators are rigidly attached to the matrix (Fig. 5(c)—dashed lines). The
reason we do this is so we can normalize for the lower overall transmission due to diffraction in the HS, which is compensated for in
the LREPC with the radially dependent matrix material properties.
At low r0/Δr, only a narrow range of frequencies show differences
in transmission of the HS (Fig. 5(c)). The effect of the resonators in
the transmission of the HS is narrowband compared to the LREPC.
This is because of two reasons: (1) the HS has more overall mass
and inertia (Fig. 4(a)), which is also reﬂected in I values
(Fig. 5(e)), and (2) the matrix of the HS is softer for low radii but
stiffer at larger radii (Fig. 4(b)) compared to the matrix of the
LREPC, thus, while for the ﬁrst resonator βHS > βLREPC , the other
three show βHS < βLREPC (Fig. 5(d)). Although the masses and stiffnesses of the resonators are the same for LREPC and HS, they
produce a smaller effect in the HS and are thus less efﬁcient in
affecting response compared to the resonators in the LREPC.
Note that in the locally resonant case, even for r0/Δr as high as 1
(Fig. 5(b)), where our previous study on Bragg scattering-based
EPCs [22] have shown that the behavior of the EPCs to be quite
close to their homogenous counterparts, the transmission of the
LREPC and the HS is quite different. This is because the near-ﬁeld
effects are more signiﬁcant at lower frequencies and lower radii.
The Bragg scattering-based EPC requires large unit cells (i.e.,
larger radii) to obtain low-frequency band gaps. Even if band gaps
frequencies in EPCs were lower, most of the structure would still
be operating at large radii where near-ﬁeld effects are not as signiﬁcant. Instead, in the LREPC, band gap frequencies depend on the
resonant frequencies of the resonators and are independent of unit
cell size. Thus, low-frequency band gaps can be obtained for metamaterials with small radii where near-ﬁeld effects are more signiﬁcant. Note that the band gaps of the LREPC presented here are
about 4% of the Bragg frequency (Fig. 5(a)).

cell (Eqs. (15) and (16)). Thus, βHS and I HS decrease as unit cell
increases (Figs. 5(d) and 5(e)), resulting in a frequency range of
negative Ieff that decreases as the unit cell increases (Fig. 6(c)). In
fact, this range becomes almost negligible in the fourth and ﬁnal
unit cells.
This analysis shows that negative effective properties of all the
HSs occur over a limited frequency range and also depend on
radius. On the contrary, the LREPC behavior is independent of
radius, and all its units show a negative effective moment of
inertia inside the frequency ranges predicted by its band structure,
just like Cartesian metamaterials.

5 Conclusion
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Nomenclature
h
A
B
I
M
T
I
r0
rout
uθ
A0
A0HS
B0
B0HS
Ieff
Ir
I HS

I LREPC

=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=

βr =
βHS =
βLREPC =
β =
βHS =
βLREPC =
Δr =
θ =
μ =
ρ =
σrθ =
ω =

out-of-plane thickness
matrix stiffness function LREPC
matrix density function LREPC
polar mass moment of inertia
external moment
torque
moment of inertia nondimensional parameter
inner radius
outer radius
tangential displacements
matrix stiffness constant of LREPC
matrix stiffness constant of HS
matrix density constant of LREPC
matrix density constant of HS
effective dynamic moment of inertia
polar mass moment of inertia of the resonators
moment of inertia nondimensional parameter of the HS
moment of inertia nondimensional parameter of the
LREPC
torsional stiffness of resonators
static torsional stiffness of four-unit cell HS
static torsional stiffness of four-unit cell LREPC
stiffness nondimensional parameter
stiffness nondimensional parameter of the HS
stiffness nondimensional parameter of the LREPC
periodicity constant
angular displacement
shear modulus
density
shear stress
angular frequency

Appendix A: Static Stiffness of LREPC and Homogenous
System
Static torsional stiffness of LREPC and HS ﬁnite systems, as well
as their unit cells, are calculated by solving the boundary value
problem arising from Eq. (6), neglecting inertial effects and imposing angular displacements in both inner and outer ring surfaces:
⎧ 

∂ 3
∂θ
⎪
⎪
r A(r)
=0
⎨
∂r
∂r
(A1)
⎪
θ(rin ) = θ1
⎪
⎩
θ(rout ) = θ2
We substitute material properties for the LREPC (Eq. (7)) and the
HS (Eq. (14)) and solve for θ(r). We deﬁne the static torsional stiffness as follows:
β=

T(rout )
θ2 − θ 1

(A2)

where T(r) is the moment as deﬁned in Eq. (3). We replace rout and
rin by inner and outer radii of the unit cell, respectively, and by r0
and r0 + NΔr for static stiffness of the unit cells and systems of N
unit cells, respectively.
JUNE 2022, Vol. 144 / 031007-9

Downloaded from http://asmedigitalcollection.asme.org/vibrationacoustics/article-pdf/144/3/031007/6786944/vib_144_3_031007.pdf by guest on 06 December 2022

In this article, we extend the concept of EPCs [22] to include local
resonances, in what we term LREPCs. We show that by using radially varying matrix properties with attached resonators, we can
obtain a locally resonant material with equations of motions that
are invariant to translations. This allows the application of the
Bloch theorem, not only simplifying the analysis but also enabling
properties of periodic locally resonant systems in the near ﬁeld of
sources, where plane wave assumptions are not valid.
We compare the behavior of the LREPC to three different HSs
that are not “effectively periodic” but instead have geometrically
periodic matrix material properties. Because of this, the equations
of motion of the HSs are not invariant to translations. For all
three cases, the transmission of the LREPC is quite different than
the HS, particularly in the near ﬁeld. This shows that using the
LREPC is the only way to realize the typical properties of locally
resonant metamaterials for cylindrical wave fronts. To further
support this point, we show that the negative Ieff of the HS strongly
depend on the radius and are limited to small frequency ranges, particularly in the near ﬁeld. However, frequency ranges of negative Ieff
of the LREPC are independent of radius and coincide with its band
gap frequencies, just like typical Cartesian locally resonant systems.
Interestingly, cylindrical and spherical waves are not the only
examples where geometrically periodic systems result in nonperiodic coefﬁcients; for example, this is also the case in periodic
pendula. In fact, periodically architected pendula approximate a
periodic behavior if a large mass is added at its end, and recent
work has shown that a “pseudo” unit cell can be deﬁned from the
dynamics of the ﬁnite system [41]. Even though there are differences in terms of mathematical approaches and compositions,
radial wave crystals [23], EPCs [22] and LREPCs, and periodically
architected pendula [41] all have a similar overarching concept:
moving away from geometric periodicity and instead deﬁning a
mathematically periodic system, thus expanding the boundary of
where the Bloch theorem applies. In this way, these studies
broaden the concepts of PCs and metamaterials to a new range of
mechanical systems.
Our study considers torsional waves and axisymmetric wave
propagation, which has applications to rotational machinery or
microelectromechanical systems, opening opportunities to embedded wave propagation control mechanisms in waves that propagate
outward from a central source or axis. However, similar mathematical treatment could extend these concepts to other wave polarizations and nonaxisymmetric wave propagation. In this way, we
can further exploit the platform presented herein to address nearﬁeld effects in metamaterials.

Data Availability Statement

Appendix B: Polar Mass Moment of Inertia of LREPC
and Homogenous System
Moment of inertia of LREPC and HS systems as well as their unit
cells are calculated as follows:
r
out 2π
 h(r)



ρ(r)r dV =

r
out

ρ(r)r drdθdz = 2π

2

ρ(r)h(r)r 3 dr

3

Ω

rin 0 0
r
out

= 2π

rin

B(r)r 3 dr

(B1)

rin

Appendix C: Mass of LREPC and Homogenous System
Mass of LREPC and HS systems are follows:


r0 +NΔr
 h(r)

 2π

ρ(r)dV =
Ω

r0 +NΔr


ρ(r)rdrdθdz = 2π
r0

0

0

ρ(r)h(r)rdr
r0

r0 +NΔr


= 2π

B(r)rdr

(C1)

r0

We substitute material properties for the LREPC (Eq. (7)) and the
HS (Eq. (14)) and replace rout and rin by inner and outer radii of the
unit cell and by r0 and r0 + NΔr for the mass of the unit cells and
whole systems, respectively.
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