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Experiment and ﬁtting calculation of migration critical
velocity of small-sized sediment particles erosion
in rainwater pipeline
Cuiyun Liu, Yanzhi Chen, Yuting Yang, Jingqin Zhou, Yiyang Wang,
Jie Zhou and Xiaohua Zhang

ABSTRACT
The migration critical velocity of small-sized sediment particles was investigated through
experiments under different particle sizes, pipe wall roughness, and sediment thickness. Such
experiments were carried out to simulate the erosion process of small-sized sediment particles in a
rainwater pipeline during rainfall. The mathematical models were established via quadratic ﬁtting to
calculate the critical velocity of migration. Results showed that small particles had powerful cohesive
force, and aggregates had strong erosion resistance. So, for the small-sized particles (in the range of
0.33–0.83 mm), the smaller the particle size, the larger the critical velocity. When the pipe wall
roughness was large, the ‘starting’ particle resistance was high. A large ﬂow dynamic was
needed to overcome such resistance. Thus, the critical velocity was great. The critical velocity was
also large when the sediment thickness was large. The difference rate between the critical velocity
calculated by mathematical models and the measured value was within the range of 3.60% to
5.33% and had good consistency. Under the research conditions, the critical velocity ranges of the
four commonly used pipes; namely, plexiglass, steel/PVC, galvanized/clay, and cast iron pipes, were
calculated.
Key words
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HIGHLIGHTS

•
•
•
•
•

The aggregates of small particles in rainwater pipes have strong erosion resistance.
The critical velocity is great when particle size is small (d50 ¼ 0.33–0.83 mm).
Critical velocity signiﬁcantly decreases when the pipe wall roughness reduces.
Difference rate between calculated and measured values is from 3.60% to 5.33%.
The critical velocity ranges of the four commonly used pipes have been calculated.
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GRAPHICAL ABSTRACT

INTRODUCTION
Sediments in rainwater pipelines can be easily washed up

The sediment in pipelines was continuously washed, and

and carried away during rainy days. Among the various sub-

the change in the height of sediment was measured to deter-

stances of urban stormwater pollutants, the suspended

mine the conditions of sediment erosion and transport

solids, heavy metals, and polycyclic aromatic hydrocarbons

(Campisano et al. ). The critical shear stresses of sediment

(PAHs) are considered the major causes of contamination in

at different erosion velocities in a sewer were determined

receiving environments (Zoppou ; Fletcher et al. ).

(Hrissanthou & Hartmann ). The transport capacity of

Previous research on the erosion process of sediments in

the sediment in the pressure drainage pipe was poor. The sedi-

drainage pipes focused on the exploration of the dynamic

ment showed signs of starting to migrate at a velocity of

migration of sediments in pipes under different conditions.

0.35 m/s, and signiﬁcant migration occurred at 0.50 m/s

Sediment transport regularity in pipelines was simulated

(Gunkel & Pawlowsky-Reusing ). In studying the ‘starting’

over time with an artiﬁcial neural network (Ebtehaj &

process of sediment particles in drainage pipelines, the move-

Bonakdari ). Nonlinear regression and MINITAB soft-

ment of riverbed sediments and the erosion of ground particles

ware were used to predict sediment migration under

by rain can be identiﬁed. A small amount of sediment move-

different conditions, involving few parameters and rapid cal-

ment was observed on the bed during the evaluation of the

culation (Ebtehaj et al. ). Gene expression programming

criteria for the riverbed sediment to start (He et al. ).

was used to simulate the movement of suspended particles

When the ﬂow velocity exceeds a certain limit, the sedi-

or sediments in pipelines (Ab. Ghani & Md. Azamathulla

ment particles will migrate. This limit is the ‘starting

). Sediment particle and sphere velocity measurements

velocity’, which is called the ‘critical velocity’ of sediment par-

were carried out in two pipe channels, and a semi-theoreti-

ticle migration. In theory, the particles cannot be washed out

cal equation was established for sediment transport at the

when the ﬂow velocity is lower than the ‘critical velocity’.

limit of deposition in sewers (Ota & Perrusquia ). The

In this study, the erosion process of sediment particles in

raw acoustical turbidity was used as an online monitoring

a rainwater pipeline was simulated in the laboratory during

tool, and the accurate suspended solids concentration and

rainfall. The migration critical velocity of small-sized sedi-

water height could be obtained through this approach

ment particles was investigated under different particle

(Pallarès et al. ). The erosion or deposition process in

sizes, pipe wall roughness, and sediment thickness. On

a sewer channel in Paris were monitored for a long period

this basis, mathematical models were established to calcu-

of time during rainfall. Results showed that sediments with

late the critical velocity of sediment particles when being

small particle size (<4.15 mm) were likely to be washed

eroded in sewers under certain conditions. This approach

out (Shahsavari et al. ).

helps control sediment pollution in urban drainage pipes.
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Pipe, roughness, and the corresponding grit size of the sand paper

Pipe

Roughness (μm)

Grit size of sand paper (mesh)

Cast iron pipe

250

60

Galvanized/clay pipe

150

100

Steel/PVC pipe

38

400

Plexiglass pipe

0.041

/

Reactor
Figure 1 presents the device used for simulating the erosion

|

of 150 mm. The test pipe was connected to the bottom of a
water tank, and the pipe ﬂow was controlled through the

outlet of the pipe. Then, the suspended solids (SS) concen-

valve and ﬂow meter at the beginning of the pipe. The water

tration of the samples was measured. The experiments

ﬂow velocity was measured by a velocity instrument. To facili-

were completed considering changes in particle sizes, pipe

tate the placement of sediment particles in the pipe, grooves

wall roughnesses, and sediment thicknesses.

were made at the top of the pipe. The sand paper, with a
width of 12 cm, was laid on the inner wall of the pipe to simulate the commonly used drainage pipe materials. The grit size

Mathematical modeling

of sand paper was determined according to the roughness of
different pipes. Table 1 illustrates the pipe, wall roughness,

The ﬂux (B, the amount of sediment particles passing

and the corresponding grit size of sand paper. Roughness is

through the pipeline per unit time), erosion amount

measured with a roughness tester.

(W, cumulative amount of sediment particles eroded in the

The sediments used in the experiment were taken from

pipeline at a certain moment), and erosion rate (φ) of the

outdoor rainwater drains. Such sediments were air-dried to

sediment particles in the pipeline were calculated using

constant weight, and the sediment particles with different

the SS concentration and ﬂow of the water sample and

sizes were sieved with a mesh sieve. At the beginning of

Equations (1)–(3):

the experiment, sediment of a certain mass and particle
size was weighed and evenly mixed with a certain volume
of water. The wet sediments were evenly smeared on the

Bi ¼

Ci × Qi
3600

inner wall within the range of 1.00–1.25 m at the beginning
of the pipeline, with a thickness between 0.20 cm and

Wi ¼

0.35 cm. The valve was opened to a certain ﬂow level, and
sampling was conducted at 0, 15, 30, 45, and 60s at the

Figure 1

|

Simulation test device. (a) Side view of the device; (b) sectional view of the pipe.
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× (ti  ti1 ) þ Wi1
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(%)
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where Bi is the amount of sediment particles passing
through the pipeline per unit time at the time i (mg/s), Ci
is the SS concentration of the sample at the time i (mg/L),
Qi is the ﬂow at the time i (L/h), ti is the erosion time (s),
Wi is the cumulative amount of sediment particles eroded
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experimental and computational data. The mathematical
models describing the erosion process were developed
using Matlab 9.0 (R2016a). The mathematical models for

|

2021

Input variable

Input value

Research content and source

Flow
Pipe wall
roughness

720–1,440 L/h
400 μm,
2.55–14.91 μm

Solids transport
(Walski et al. )
Flow and sedimentation
dynamics (Lange & Wichern
; Cowle et al. )

Sediment
thickness

0.081–10 cm,
0.3–0.45 cm

Sediments in sewer (Bong et al.
; Larrarte et al. )

Median
particle
size

0.006–2 mm,
0–0.40 mm

Heavy metals in sediments (Li
et al. ), urban washoff
process with physical modeling
(Hong et al. )

mass of sedimentary particles (g).
probability statistics were used in this work based on the

21.2

Ranges of experimental parameters

in the pipeline at the time i (g), and W0 is the initial total
The principles and methods of ﬂuid mechanics and

|

calculating the critical velocity of different pipes in the erosion process were established through statistical analysis
and data ﬁtting.

0.83 mm. When the particle size decreases from 0.83 mm
VL ¼ f(x)

(4)

to 0.33 mm, the critical velocity increases from 0.441 m/s
to approximately 0.530 m/s.

where VL is the migration critical velocity in the erosion pro-

At the same particle size, the large ﬂow velocity has

cess (m/s), and x is the parameter related to pipeline and

large ﬂow energy. Therefore, the large ﬂow velocity has a

sediment conditions, such as particle size (d50, median

high erosion rate. For example, under the particle size of

diameter, mm), and sediment thickness (h, cm).

0.83 mm, the ﬂow velocity increases from 0.387 m/s to

The ‘critical velocity’ is deﬁned in this study as the water

0.481 m/s, and the erosion rate increases from 6.16% to

ﬂow velocity corresponding to an erosion rate of approxi-

13.22%. When the particle size is 0.33 mm, the ﬂow velocity

mately 10% (speciﬁcally in the range of 9.50%–10.50%)

increases from 0.497 m/s to 0.553 m/s, and the erosion rate

when the erosion time is 1 min.

increases from 6.75% to 12.88%.
Rainwater pipes have different pipe wall roughnesses
due to diverse pipe materials, rainwater quality, or service

RESULTS

life. The four roughnesses in Figure 2(b) correspond to the
four commonly used pipes (Table 1). The pipe wall rough-

Factors inﬂuencing the migration critical velocity of

ness has a great impact on the migration critical velocity.

small-sized sediment particles in a rainwater pipeline

The critical velocity signiﬁcantly decreases with the
decrease of roughness. The pipe wall roughnesses of 250,

The critical velocity at which the sediment particles are

150, 38, and 0.041 μm correspond to the critical velocities

going to start eroding in the rainwater pipeline is affected

of 0.864, 0.781, 0.553, and 0.441 m/s, respectively.

by many factors: the three factors, namely, particle sizes

The different sediment thickness in the pipeline will also

(d50), pipe wall roughness (μ), and sediment thickness (h),

bring about the changes in the migration critical velocity.

have a great impact (Hong et al. ; Aksoy et al. ;

Figure 2(c) studies the relationship between the two. Evi-

Liu et al. ). The parameter selection of this study is

dently, the critical velocity changes in the same direction

based on the data from the literature (Table 2).

as the sediment thickness, that is, the critical velocity is

The effect of sediment particle size on the migration

small when the sediment thickness is also small. In this

critical velocity is shown in Figure 2(a). Under the same con-

study, the change of sediment thickness is small. When the

ditions, the critical velocity is small when the particle size is

thickness reduces from 0.35 cm to 0.20 cm, the critical vel-

large; that is, within the smaller range of 0.33 mm to

ocity decreases from 0.497 m/s to 0.418 m/s.
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Inﬂuencing factors of the migration critical velocity. (a) Sediment particle size (μ ¼ 0.041 μm, h ¼ 0.25 cm); (b) pipe wall roughness (d50 ¼ 0.83 mm, h ¼ 0.25 cm); (c) sediment
thickness (d50 ¼ 0.83 mm, μ ¼ 0.041 μm).

Migration critical velocity of the four types of pipes

values of the critical velocity gradually increase with the
roughness increase. When the roughness increases from

When the particle size, pipe wall roughness, and sediment

0.041 μm (plexiglass pipe) to 250 μm (cast iron pipe), the

thickness are within a certain range, the range of the critical

minimum value increases from 0.418 m/s to 0.820 m/s,

velocity in pipelines is obtained through experiments.

and the maximum value increases from 0.561 m/s to

Figure 3 lists the critical velocity ranges of the four types

1.195 m/s, both of which almost have been doubled.

of pipes when the particle size is between 0.33 mm and

Figure 3 shows that the range of the critical velocity also

0.83 mm, and the sediment thickness is between 0.20 cm

increases with the roughness increase. The variation rate

and 0.35 cm. In summary, the minimum and maximum

between the maximum and the minimum values in the
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Calculation models of the migration critical velocity of sediment in the
rainwater pipe

Figure 3

|

Pipe

d50 (mm)

Calculation models for VL

R2

Plexiglass pipe

0.83
0.69
0.59
0.33

0.7027h 0.3258
0.7223h 0.3003
0.7124h 0.2479
0.7048h 0.2125

0.9775
0.9764
0.9538
0.9787

Steel/PVC pipe

0.83
0.69
0.59
0.33

0.8370h 0.2881
0.8802h 0.2928
0.9102h 0.2860
0.9720h 0.3166

0.9021
0.8942
0.7785
0.7827

Galvanized/clay pipe

0.83
0.69
0.59
0.33

1.3950h 0.4013
1.3890h 0.3654
1.3270h 0.2675
1.2930h 0.2205

0.9743
0.9761
0.9801
0.9336

Cast iron pipe

0.83
0.69
0.59
0.33

1.5660h 0.4167
1.7580h 0.4785
1.8270h 0.4644
1.8600h 0.4342

0.9213
0.8981
0.9683
0.9477

Migration critical velocity ranges of the four types of pipes.

critical velocity range of each pipe has been calculated.
The variation rates of the four pipes, namely, plexiglass
pipe, steel/PVC pipe, galvanized/clay pipe, and cast

0.7124 and 0.7048) and four values of b (0.3258, 0.3003,

iron pipe, are 34.21%, 34.70%, 39.62%, and 45.73%, respect-

0.2479 and 0.2125) corresponding to the four particle sizes

ively. Under large roughness, when the particle size or

(d50 ¼ 0.83 mm, 0.69 mm, 0.59 mm and 0.33 mm). The func-

sediment

tional relationship between constants a or b and the particle

thickness

changes,

more

complex

erosion

characteristics are shown, thereby making the critical vel-

size of the sediment were established, respectively:

ocity span large.

Mathematical models for the migration critical velocity

a ¼ 5:726 × 1017 e40:55d50 þ 0:6894 e0:063d50

(6)

b ¼ 0:1385 e1:049d50 þ 89:25 e39:98d50

(7)

of small-sized sediment particles
Equations (6) and (7) were substituted into (5), and the
The calculation models of the migration critical velocity for

mathematical model of the migration critical velocity of

each pipe under four particle sizes were established by stat-

plexiglass pipe was established as Equation (8).

istical analysis and data ﬁtting (Table 3).
The general formula is shown in Equation (5):

VL ¼ (5:726 × 1017 e40:55d50 þ 0:6894e0:063d50 )
1:049

VL ¼ a  h

b

(5)

where VL and h are the same as in Equation (4), and a and b
are constants reﬂecting the differences in the pipe material
and particle size.
The quadratic ﬁtting of the migration critical velocity
was performed in Table 3. Take the plexiglass pipe as an
example, there were four values of a (0.7027, 0.7223,
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× h(0:1385e

d50 þ89:25e39:98 d50

)

(8)

In the same way, the mathematical models of the other
three pipes were established as Equations (9)–(11).
Steel/PVC pipe:
VL ¼ (0:255e4:894d50 þ 1:163e0:39d50 )
8 67:07

× h(1:221×10

e

d50 þ0:2848 e0:021 d50

)

(9)
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Comparison between the calculated and the measured

Galvanized/clay pipe:

values of the migration critical velocity
VL ¼ (2:557 × 1017 e40:87 d50 þ 1:212e0:181 d50 )
1:484

× h(0:12e

d50 þ1:814×104 e40:97 d50

)

(10)

ocity of the erosion under different conditions and to
compare with the experimental measured values under the

Cast iron pipe:

same conditions. The results shown in Figures 4–7 correspond to the above-mentioned four types of pipes.

VL ¼ (0:03672e3:568 d50 þ 1:805e0:2789 d50 )
× h(4:614 × 10

Equations (8)–(11) were used to calculate the critical vel-

17 42:27

e

d50 þ0:3971e0:269 d50

)

Figures 4–7 display the calculated and measured values
(11)

under different conditions, and the difference rates between
the two are also shown. Under different particle sizes,

The migration critical velocity under a certain sediment

roughnesses, and sediment thicknesses, the difference rates

thickness and particle size could be calculated according to

between the calculated and the measured values are in the

Equations (8)–(11).

range of 3.60% to 5.33%. Globally, the simulation results

Figure 4

|

Comparison between the calculated and the measured values of the critical velocity for plexiglass pipe. (a) d50 ¼ 0.83 mm; (b) d50 ¼ 0.69 mm; (c) d50 ¼ 0.59 mm; (d) d50 ¼
0.33 mm.
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Comparison between the calculated and the measured values of the critical velocity for steel/PVC pipe. (a) d50 ¼ 0.83 mm; (b) d50 ¼ 0.69 mm; (c) d50 ¼ 0.59 mm; (d) d50 ¼
0.33 mm.

show a good agreement with the experimental data. The

they form can greatly resist erosion (Eshel et al. ). The

established mathematical models can efﬁciently simulate

results showed that the high water ﬂow dynamic and rainfall

the critical state of erosion in the rainwater pipeline.

intensity often lead to high water erosion (Defersha &
Melesse ; Shi et al. ; Guo et al. ). It was also proposed that rainfall intensity had a greater impact on the

DISCUSSION

distribution of sediment particles than slope (Berger et al.
). When other conditions remain unchanged, the high
water ﬂow or rainfall intensity could bring great water

Factors inﬂuencing the migration critical velocity of
small-sized sediment particles in a rainwater pipeline

ﬂow velocity, which can efﬁciently erode the sediment on
the slope or in the pipeline.

Highly aggregated soils have been proven to be resistant to
;

When the water ﬂow dynamic is sufﬁciently large, the

&

aggregates formed by the sedimentary particles can be disin-

Ahmadbeigi ). When the sediment particles are ﬁne,

tegrated and transported. A threshold for rainfall intensity

the adhesive force is strong, and the agglomerates that

was found, beyond which the disintegration of aggregates

water

erosion

(Shi

et

al.

Mahmoodabadi

Downloaded from http://iwaponline.com/ws/article-pdf/21/2/593/859462/ws021020593.pdf
by guest

601

Figure 6

C. Liu et al.

|

|

Migration critical velocity of small particles in rainwater pipe

Water Supply

|

21.2

|

2021

Comparison between the calculated and the measured values of the critical velocity for galvanized/clay pipe. (a) d50 ¼ 0.83 mm; (b) d50 ¼ 0.69 mm; (c) d50 ¼ 0.59 mm; (d) d50 ¼
0.33 mm.

(particle size > 0.25 mm) would be serious (Wang et al.

away and ﬂoated; thus, the critical velocity is large

). The high rainfall intensity could release ﬁne particles

(Figure 2(a)). The effects of the hydraulic conditions,

by breaking up large aggregates (Hao et al. ). In this

river bed roughness, and particle composition were con-

study, the sediment aggregates are presumed to have been

sidered during the study of the starting conditions of non-

disintegrated or partially disintegrated when the erosion

uniform sediment particles on the river bed. The coarse

rate has reached 10%. Therefore, the erosion rate of 10%

particles were easy to start, and the ﬁne particles were dif-

was used as an evaluation index.

ﬁcult to start (He et al. ).

The sediment particles in this study belong to the cat-

Once disintegration occurred, the transport mechanism

egory of small particle size (d50 ¼ 0.33–0.83 mm), and all

between the ﬁne and the coarse particles differed. During

have strong viscosity. When the median particle size is

the erosion of red soil by rainfall runoff, sediments with a

small, the content of ﬁne particles is high, the cohesive

particle size of <0.1 mm were transferred in the form of sus-

force is strong, and aggregates are difﬁcult to be eroded

pension/jump, whereas large sediments with a particle size

and transported. Under the same conditions, small-sized

of 0.5–2 mm were transferred in the rolling form (Wu

particles need high water ﬂow dynamic to be washed

et al. ). It was pointed out that the particle size of
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Comparison between the calculated and the measured values of the critical velocity for cast iron pipe. (a) d50 ¼ 0.83 mm; (b) d50 ¼ 0.69 mm; (c) d50 ¼ 0.59 mm; (d) d50 ¼
0.33 mm.

sediment transported in the form of suspension/jump was

soil surface roughness also affected the threshold ﬂow of

approximately <0.05 mm under rainfall conditions (Hao

wind and water erosion, which increased with the increase

et al. ). In this study, the median particle size was in

of roughness (Bullard et al. ).

the range of 0.33 mm to 0.83 mm, and the transport of
both forms should exist after the aggregate collapse.
When the bed roughness increased, the energy loss

When the ﬂow or velocity increases to a certain extent,
the particles begin to ‘start’. Therefore, a larger wall roughness has a great critical velocity, which will also consume

increased due to the exchange of the ﬂuid and the boundary

a substantial amount of energy (Figure 2(b)). It was found

(Cheng et al. ). The frictional resistance of the sedimen-

that the particle’s movement on the pipe wall was blocked

tary particles on the pipe wall was great with the increase of

due to the pipe roughness, and a substantial amount of

the friction coefﬁcient (Cheng et al. ). The soil surface

energy was consumed to maintain the state of continued

roughness had a signiﬁcant delayed effect on runoff gener-

movement (Li et al. ). The motion of large particles in

ation during the study of the effect of soil surface

the drainage pipe was studied, and it was concluded that

roughness on runoff; the surface runoff was difﬁcult to

increasing the ﬂow rate would easily cause the particles to

form when roughness increased (Ding & Huang ). The

move (Walski et al. ).
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middle and lower reaches of the channel would be covered

reaches the same 10%, the absolute amount of particles

with

sedimentary

particles

ﬂoating by eroding is great, and the water ﬂow dynamic is

(Caviedes-Voullieme et al. ).

from

upstream

erosion

needed (Caviedes-Voullieme et al. ).
Migration critical velocity of the four types of pipes

CONCLUSIONS
In general, the minimum and maximum values of the critical
velocity gradually increase with the increase of pipe rough-

In this study, the sediment particles in the rainwater pipeline

ness (Figure 3). The above-mentioned analysis indicated

may migrate due to water erosion. The ﬂow velocity corre-

that when the roughness of the pipe is large, it will cause

sponding to the erosion rate of 10% is taken as the

a large resistance to the water ﬂow, thereby resulting in

migration critical velocity. The critical velocity of sediment

the decline of the water ﬂow dynamic (Celmer et al. ;

particles with small size presents regularity under different

Cheng et al. ; Bullard et al. ). A high ﬂow velocity

particle sizes, pipe wall roughnesses, and sediment

is required to make the particles ‘start’. The erosion charac-

thicknesses.

teristics become complicated with the roughness increase,

The sediment particles in the rainwater pipeline are vis-

thereby making the range span of the critical velocity large.

cous. The cohesive force of particles with a small size is
relatively strong. The formed aggregates also have strong

Fitting calculation for the migration critical velocity

erosion resistance. The critical velocity is great when the
particle size is small (d50 ¼ 0.33–0.83 mm). The critical vel-

The critical velocity ranges for the four pipes are calculated

ocity signiﬁcantly decreases with the decrease in the pipe

on the basis of the studied particle size and sediment thick-

wall roughness. When the deposition thickness is large,

ness

(Equations

the absolute number of particles ﬂoating and transporting

(8)–(11)): 0.413–0.573 m/s for the plexiglass pipe, 0.525–

corresponding to the erosion rate of 10% is great; thus, the

by

using

the

mathematical

models

0.697 m/s for the steel/PVC pipe, 0.719–1.021 m/s for the

migration critical velocity is also large. Under the research

galvanized/clay pipe, and 0.790–1.179 m/s for the cast iron

conditions, the migration critical velocities of small-sized

pipe (Figures 4–7).

sediment particles in pipes with four types of wall roughness

The starting conditions of sediment in the bottom bed of

have been determined: 0.413–0.573 m/s for the plexiglass

natural rivers were simulated and studied; the results indi-

pipe, 0.525–0.697 m/s for the steel/PVC pipe, 0.719–

cated that the starting velocity of sediment with a particle

1.021 m/s for the galvanized/clay pipe, and 0.790–

size between 0.75 mm and 3.5 mm was within the range of

1.179 m/s for the cast iron pipe. The mathematical models

0.1–0.5 m/s under different slopes (He et al. ). When

for calculating the migration critical velocity of small-sized

the particle size is in a large range (i.e. 0.001–10 mm),

sediment particles in rainwater pipelines were established

the starting velocity is in the range of 0.02–1.0 m/s

through quadratic ﬁtting. Under the conditions of this

(He et al. ).

study, the difference rate between the calculated and the

The ﬂow velocity in the drainage pipes that can continuously move large particles (referring to the vertical height of

measured values is in the range of 3.60% to 5.33%, thereby
showing a good consistency between the two.

the particles being greater than the water depth in the pipe)
is in the range of 0.6–1.0 m/s (Walski et al. ). A sediment erosion test was carried out in a channel with a
length of 1.24 km (sediment particle size distribution:
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